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Abstract

In this work our main aim is to develop new method proves for the first and
second Uniqueness Theorems for the primary deconitfmos of modules over
commutative unital rings. The first asserts essalfiii that prime ideals which
occur in the set of ideal§(N:x);x € M}are independent of the particular
decomposition of N. The last result asserts thatethminimal primary

decomposition of N of isolated set of prime idea independent of the
decomposition.Our method guarantees primary decosifpon of modules over
commutative unital rings.
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1.0 Introduction

The theory of commutative unital ring holds suchraportant place in Algebra that it is not surprgsithat our literature
is rich its generalization. To see how one mightdakto the kind of generalization to be discudsext, we state that an
arbitrary submodule needs not to have a primarpmeosition. However, in this paper, we shall ondyibterested in
those that have, for example Neatherian module bRob et al [1] studied and obtained excellent ltesan primary
power of prime ideal. Kunz et al [2] proved thath@o — MaCaulay rings and ideal have invariantsigélaaic groups.
Danilov [3] presented the concept of the groupdef classes of a complete ring where ideal omeratiemained crisp.
Yamamoto [4] and Lipman [5] took a departure frdme earlier mentioned by considering the decomposiields of
difference sets and the Jacobian ideal of the neodifflerence. Bazzoni [6], Lidia

et al [7] and Lipman [8] studied the concept of mled from different approaches and obtained intiexggesults.

n
Inspired by these successful approaches, we shdévatdifa be a decomposable ideal aAd= N 4 be a minimal

1=
primary decomposition of a.

P _

Let — —r(qi),lsi <n. Then R are precisely the prime ideals which occur in tbet of radicals

r(g: X), (XD A) , and hence are independent of the particular dposition of 2.

n
and if abe a decomposable ideal, lat= N G be a minimal primary decomposition Qf, Iet{ P,: - B } be
= —_ —'m

m

isolated set of prime ideal @. then N @ is independent of decomposition.
- j: J

We shall restate and prove the analogues of thenfirig standard results for ideals of commutatings.
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1.1  Theorem (First Uniqueness Theorem)

n
Let abe a decomposable ideal aAid= N 4 be a minimal primary decomposition oflaet p

= I’(qi ), 1<i < n.Then p are precisely the prime ideals which occur ingaeof  radicalsr (Q.: X), (XDA) ,
and hence are independent of the particular decsitiqroof a.

1.2 Proposition
Let S be a multiplicatively closed subset of a oartative ring A, and leq] be p — primary ideal. Then
@) f Snpzg S'q=S"'A
(i) If SNnpze S_lq is S_lp— primary and its contraction inA is . Hence primary ideals

correspondencég o S‘lg) between ideals if5 ™A and contracted ideals iA. .

1.3 Proposition
Let S be a multiplicatively closed subseét,a decomposable ideai = N ¢ a minimal primary decomposition &.

Let B = r(gI )and suppose thgi numbered so thab meets Prias ooer Py but not Prs oo P - Then

m m
a®= S_lg. = ir=11 S_lg ,a% = in g and these are minimal primary decompositions.

1.4  Theorem: (Second Uniqueness Theorem)

n
Let abe a decomposable ideal, Bt= N g be a minimal primary decomposition &f, Iet{ P, plm} be isolated

i=1 =
m
set of prime ideal of. then N qj is independent of decomposition. In particular.
d [

1.5 Corollary
The isolated primary components (i.e. primary congmis g, corresponding to the minimal prime idegls) are

uniquely determined ba.

Assume that M is a fixedA -module, and suppose thdil, P is submodules ofM . Consider the set

(N:P)={aDA:aPDN}.Thenitisclearthatia,bD(N:P),and xOp then
(aib)x=axibXDN,sinceaPD N, bP O N. Moreover, for any uDA,aD(N:P) ,  we have
uaP = u(aP) OuNON. Thus(N : P) the ideal quotient of the submodule IS, P.

Let N be a submodule of M , the radical of N (in M) is the ideal

rm(N)z{aDA:aqM O N for someq > (})zr(N M)

LetaJA |3 defines and endomorphisg®) : M - M namely@, (X) =ax. The elemen@ is nilpotent in M if @}

is a nilpotent, and a is a zero-divisorM if @ is a zero-divisor in the ring of homomorphismsidf .

N isa primary submodule oM if
(i) Every zero-divisor in M/N is nilpotent.
First we prove the following:
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1.6 Lemma

() If N is a primary submodule d¥1 , then M (N) is a prime ideal,p, of A ; and if
(i) N;,1<i < n are p— primary submodules, then so is their intersection.

Proof
0] SupposeN is primary, we prove thak,, (N) is a prime ideal as follows:

(@) We first claim that, (N) Z A . IndeedN # M = there existsx 1M, X0 N . But then, this entails that
10r, (N)=r(N:M).
(b) Supposeab [T, (N), bOr, (N) Thena% ™ O N, b™ O N. But then
ga“ (bqu + N) =a%%+N =N for any uldM . Hence, sinceb% + N # N , it follows
that a” is a zero-divisor inM /N and so must be nilpotent, sind¢ is primary. That for some

p>0 P:M/N - M/N

, we have#2 is the zero endomorphism. Thatisa”M O N and whence

allr, (N) , proving that this ideal is some prime ideQI,, of
A.

n
(i) First of all, it is clear thatirzw1 N, # M, since noN, equal M by hypothesis.

Furthermore, it is clear that r(irglNi M j ={aDA :a’™ O N,,1<i < n for someq > })
n n
=0r(N:M)=np=p
SetN = 51 N, and leta be a zero-divisor ifVI/N . Then there exists som¢[J N andax+ N = N.
That is,axJ N, x O N . But then,X[IN = there exists somg, with X[ N,but axJ N, . Since N, is primary,
we see thata is a zero-divisor in M/N and so must be nilpotent. Whence, there exig$> O and
a’M ON, = al r(Ni ‘M ) =p=ry (N) by what we have proved. This proves in turn thaE 51 Nis p-

primary as required.
A primary decomposition of submodul® of M is, an expression of\ as a finite intersection of primary

n
submodules, sajN = n N, . If moreover
i=1

(i) the p. =1, (N) are all distinct, and

(i) No proper subfamily ol{ N, 'S} generates\ , thatis, N, [/ n N, (1S i< n), the primary decomposition
j#i

n
N = n N, is said to be minima( or irredundanbr reducecbr normat-).

i=1

1.7 Remark
It is clear from the above lemma, that if a primdegcomposition exists, we can achieve (i) and theran omit only the
superfluous terms to achieve (ii) thus any prinrdggomposition can be normalized to achieve a mind®eomposition.
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1.8 Lemma
If N is a p — primary submodule oM , thenQ = (N M ) isa p— primary ideal ofA .

Proof
Since N is p— primary, N#M and thus 100q . Suppose ang, ng , then for some
XON, abxON, bxON. That is,a(bX+ N) =Nandbx+ N # N, and so a zero-divisorin ~ M/N and is

nilpotent by hypothesis. Thus there exigt$> O such thata "M [ N for somen > 0. Thusall p, and thusq is
p — primary as required.E.D .

1.9 Lemma

n
() Let p,, ..., p,be prime ideals and led be an ideal contained ihl P;. Thena O p, for somei .
—_ —_ - jzl_ - —
n .
(i) Let &, ..., a,be ideals and lef be a prime ideal containing}lg.j . Then p U g for somel . If
r iz L
n .
p= _nlg- , then p = g, for somel .
L L
Proof
n
() This is proved by induction om in the forma [/ P (i << I’l) =all _Dl P; . It is certainly true if
L L
n=1.1f n>1and the result is true fdh —1. Then for eachj, there existsx; [Ja such thatx; U p;. Whenever

i Z j. If for some ], we havex; 0 p;.we are then through. If not, thex 0 p; for all | But, then consider the
element

y= lel,xz, e X2y Xjpq .- X, we havey a andy U p;, 1< j<n.
= L

Hencea /] _Dl P,

j=
(ii) Suppose p[Ja; for all ] . Then there exists X Oa;, x,0p,1<j<n and therefore
y=mx; Uma, U ﬂgj , but y I p, since p is prime and no factor of belongs top. Hence p [/l N &; . Finally,
if p=na,thenforsomd,a [ pU &, showing thatp = & for somei. Q. E. D.

1.10 Lemma
Let N be a p — primary submodule oM . Then

@ if XxON, r(N:x)=A and
(i) if XxON, r(N :X) =p and(N :X) is p = primary.

Proof
() if XON, thenAX N, hence(N : X) =A andr(N : X) = r(A) =A.
@iy if XON andaD(N :X), then ax[JN . Hence & is a zero-divisor inM/N and must be
nilpotent. Put another wayd belongs tor(N M ) = p. That is,(N X X) 1l P. Since it should be clear
that(N M ) 0 (N : X) , We see tha(N M ) O (N : X) O P . Taking radicals, we deduce

Journal of the Nigerian Association of Mathematic&hysics Volume 28 No. 1, (November, 2014), 39 — 46
42



Primary Decomposition of... Adagba J of NAMP

p:r(N:M)DI’(B):E. To see that9=(N:X) is P~ primary, supposea(bX+N)=0DM/N or

bq. Finally, X(ON — 1D9. This completes the proof.

1.11 Lemma
Let She a multiplicatively closed subset &, N, P submodules oM . Then

@) r(S‘lN:S'lM)=S'1(r(N:M)) and
S'NNnS*P=S*(NnP).
Proof
0} |f§DS_1(r(N:M)), then aDr(N:M) and soa"M ON , for somen>0. Thus

z—nD(S_lN:S_lM)andsog (s*N:s™™).

Conversely, |f b Or (S N:S™*M ) then?—: D(S_lN :S™M )

for somen > 0. Whence, for any— DSlM we have— Y

u t"x v
for some yON, vOOS . That s l(vbnx—t”uy)=O , for some 1S . Whence
(o) D(N:M)=WbDr (N:M) gy (M) = ?ﬁi\fms (r(N:M))  Thus,

S*(r(N:M))Or(S'™N:S™)OS*(r(N:M)).

(i) Clearly, let S™ (N n P) 0S™N n S'P. conversely, lee[1S™N n S*P, then— =z= i/
S

for somexON, yOP, s,t0S. That is,u(tx—sy) =0 forsomeuldS.

Whenceutx = usy 1N n P = 2_5_%_ﬂ=%’55‘1(N n P).
S

Thatis, ST(NnP)OS'™NNnS'™POS*(NnP).QE.D.

1.12 Theorem (First Uniqueness Theorem)

Let N be decomposable submodule Af-module.M , and letN = m N be a minimal primary decomposition of
=1

N . Let P, =y (Nj ), 1< j<n. Then, theP, is precisely the prime ideals which occur in thes ef ideals

{r(N : X); xQ M} , and hence are independent of the particular dposition of N .

Proof

For any XM we have( N :X)=(_rqle :Xj: rq (N- :X).
i=
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n
Taking radicals, we obtain(N : X) = _ﬂlr(Nj :X) = Drlw\‘ p, (by 1.10). Supposdé(N . X) is a prime idealP of
1= XUNj —

A  thenP = (r(N : X)) =0 N, = P =P for somei (by 1.9). Hence, every prime ideal of the fol‘r(]N : X)
XUN;

is one of theP, =r(Nj :M)er(Nj),lsjsn.

Conversely, for eachj , there exists some; N, X; U n N, (since the decomposition is minimal).
i#]

Whence, by (1.9) again, we deduce théﬂ\l X ) = EJ . This completes the proof of our theorem.

1.13 Remarks
() Theorem 1.12 asserts that even though the pyixrmnponentij may fail to be invariants, their

associated radical$,(Nj : M) are invariants ofN . Thus, in particular, the number of factors is an

invariant of N .
(i) The prime idealsE, ..., p,, are said to belong ttN or are said to be associated with. We write

ASS(N)={B, ... p,}.

1.14 Proposition
Let S be a multiplicatively closed subset of a ridy, let N be a P -primary submodule of anA -module, M .
Then

(i) f SNP#¢@ S™N=S"M and

(i) if SN P#¢@ SN is an S_lE—primary submodule oS™M and its contraction ifM is N .
Hence, primary submodules correspond to primarynsalules in the correspondenéS“lN o N)
between submodules i *M and contracted submodulel .

Proof

0] IfudSn p,then,u”DS_ln(N:M) forsomen>O.HenceuTD(S_lN :S_lM) and% is a
unit of STA . Whence (S‘lN :S'M ) =S?A and so S'M OS'N , proving that
S'™N:S'M.

(ii) If Sn p=g,thenudS andux[JN both translate into the statement thta(tx+ N) =N andU is not
nilpointin M/N .

Hence, by the primary nature & , we deduceux O N, ud p=Xx+N =N = x[ON.

. . . . ec _ -1 ¢ X — y
Moreover, from the claim of implications XN —(S N) = E—? for some yUON

tdsS = u(tx— y) =0 for someulds = sxON, for somes0S= xXON, we deduce the implications,

XON® =0ON = N® O N. Since, in any casdN [J N*, we concludethaN = N%,if Sn p=g.
Furthermore, using (1.11)(i), we obtair(S‘lN :S'M ) = S‘l(r (N:M )) = S™'p. Since in general the

contraction of a primary submodule is itself prigat will be sufficient to prove thaB™N is primary. But then to see

_ a _ _ X _
that SN is primary, note that it~ is a zero-divisor inS lM/S 'N , then for somet— O0S™N, we have
S
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aX -
< OS™N . Whence,ax N but XTIN . We deduce thad is a zero-divisor inN/M and so@"M O N, for

n

a _

somen >0 (by hypothesis orl\ ). Clearly, then— must be the zero-endomorphism SflM/S !N . This shows
S

that SN is primary as desired, Q. E. D.

1.15 Proposition
Let S be a multiplicatively closed subset &, N is a decomposable submodule of

n
A -moduleM, N = nle, a minimal primary decomposition dfl . Let P=ry (Nj) and suppose thdl; are
j=

numbered so thab meetsP,,,,

.o, P, butnotP, ..., P

m*

m m
Then, N®* =S'N = _ﬂl S_lNi, N® = NN, and these are minimal primary decompositions.
i=

i=1
Proof
Ne=S'N = n S™N; (by induction and (1110 S™N, and SN, is S™P —primary (by 1.14)L<i <m.
j= i=

Since theP is distinct, theS™ p. are distinctl<i < m. Hence the decomposition &N is a minimal primary
decomposition. Contracting both sides, we have

NE = (2 S—lNij - 2 (S-lNi )C = 2 (Ni) (by 3.14 again). Q. E. D.
i=1 i=1 i=1

Next, a subsek of a set{ P pn} of prime ideal associated with a decomposable sdote N denoted
by 20 A$( N) is isolated if it satisfies the following condiisz pOdX and p'0 ASS( N) and
pO p'= p'OZ. In particular, if p is a minimal prime ideal belonging t , then{ p} is isolated.

Let 2 be any isolated subset aﬁ\$(N) and letS=A - p% p. Then, S is multiplicatively closed, since

10 S becausdl[0 0 p andsOS,t0S=1t, sl p forany p= st p for any p, since eachp is prime.
Furthermore, an important property o is the following: for any p'[] AS(N) , we have

pPOZ=pns=¢;, pPUZ=pl] %p (by Lemma 1.9 (i)} p N SZ @. We now use this type oP and
F F L g F

proposition 1.15 to obtain

1.16 Theorem (Second Uniqueness Theorem)

n
Let N be a decomposable ideal, Bt = n Nj be a minimal primary set of prime ideals b . Then,
j=1

m
{ Py - B } be an isolated set of prime ideals . Then,'ﬁl le is independent of the decomposition.

Proof

m
nlev = N, hence depends only dN (since the p; depends only orN ).
i= i =

1.17 Corollary
The isolated primary components (i.e. the primamylponentij corresponding to maximal prime ideep§) are

uniquely determined b .
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Proof
This is a particular case of our second uniquetiessem.

1.18 Concluding Remarks

1. Our discussion of primary decomposition of A-moduland ideals of commutative rings as a special
case), helps to explain the supreme importanceriofepideals in commutative Algebra. Intuitively onan
think of prime sub-modules as the basic distincbuéding blocks of modules in much the same ragpame
numbers in Number Theory.

2. We have used fractional modules in a significany waprove the main results of this paper which tarée
found in (1.12) and (1.16).
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