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Abstract 
 

A Cooper pair problem was solved using perturbation theory. The energy of a 

two-electron bound state (cooper pair) in a superconductor is one of the main results 

of the theory of superconductivity. The analysis of this work shows that the energy of 

cooper pair depend on the potential    that appear in the exponential term at the 

Fermi surface. 
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1.0     Introduction 
In this paper we are going to solve the cooper problem, which is the problem of weak attractive electrons in the Fermi 

surface, that form a bond state of two electrons. 

The cooper pair is composed of two electrons with opposite spin and momentum [1], such that the spin wave function should 

be antisymmetric [2].At low temperature they condense and their Bose-Einstein condensate is a super fluid and this is the 

amazing state that we know as superconductor [3]. 

The phenomenon of superconductivity depends on the transition temperature and isotope effect of material [4]. This 

phenomenon dramatically illustrates the differences between systems of quantum mechanical particles that obey Bose-

Einstein statistics instead of Fermi-Dirac (FD) statistics. At room temperature, electrons, which have spin 
 ⁄ , are distributed 

among their possible energy states according to FD statistics. At very low temperatures, because of their low kinetic energy 

the electrons pair up to form spin-0 Cooper electron pairs, named after the American physicist Leon Cooper. Since these 

electron pairs have zero spin, they behave as bosons, and promptly condense into the same ground state. A large energy gap 

between this ground state and the first excited state ensures that any current is “frozen in.” This causes the current to flow 

through without resistance, which is one of the defining properties of superconducting materials [5]. 

The cooper pair’s problem has not been attacked using perturbation theory before [6].The solution of cooper problem will 

involve the same method used in single particle quantum mechanics and  it is very simple technically[7]. 

We must content our self here with a sketch outline derivation of the fundamental principle of the whole theory-the 

demonstration first given by Bardeen, Cooper and Schrieffer (BCS), that the ground state of an assembly of mutual attracting 

fermions is separated by an energy gap from lowest excited levels of the energy spectrum. 

The superconducting state of the BCS theory is a radically new type of quantum state, which requires special treatment. 

The starting point for the full discussion of superconductivity would be the identification of mechanism for an attractive force 

between the electrons. However efficiently it may be screened, the direct coulomb interaction between like charges is always 

repulsive. But the positively charge ions provide sources of attraction for the electrons, and may be used as intermediaries: 

the exchange of phonons between electrons can give rise to an effective electron–electron interaction which is complicated in 

form but which is negative –attractive-when the energy difference of the two electron states is small[8]. 

The origin of electron attraction in natural superconductors is subtle actually. The physical picture of what happens is far 

from simple and seems to elude or involve a common quarsi particle description [9 – 11]. 

 

2.0 Theoretical Analysis 

In order to understand how an attraction between two electrons can occur, we must consider the interaction of an electron 

with a lattice as shown in Figure 1. 
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Figure1: Simple crystal lattice pattern with ion in each corner or at each lattice point and electrons are moving through. 

Whenever an electron passes the region in a lattice where we have positive ions charge, the electron polarizes the lattice, so it 

will take the lattice time to relax. When another electron passes the same region the positive ions will attract again and this 

results to the weak effective phonon- mediated attraction  between the electrons, so in some ways they exchanges elastic 

waves which are called phonons. 

The cooper pair formation can be summarized in five steps as follows: 

1. An electron moves through the positively charged ion cores of the lattice and gets attracted causing distortion. 

2. The distortion of the lattice causes the local area to gain a small positive charge. 

3. The area of positive charge can attract an electron towards the first electron. 

4. This attraction can overcome the repulsive coulumbic forces and create a binding between the two electrons. 

5. The pair of electrons can then travel through the lattice as a single entity known as cooper pair. 

Phonon- Mediated Attraction   

When electrons interact by exchanging phonons, the energy and momentum must be conserved in that process. 

 

 

 

 

 

 

 

 

 

Figure 2:Feynman diagram shows that as electrons move around the crystal lattice they exchange phonons. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 3: Spherical Fermi surface  
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In order to understand this interaction and the typical energy involve in such process we need to consider the spherical Fermi 

surface in Figure 3.  

What we know is the typical energy of the Fermi electron𝐸  and𝐸  𝐾   . When converted to temperature we get 

   
  

  
       𝐾                                                                                (1) 

       𝐸             𝑦             𝑝        𝐾     𝑧                  

   
𝐸 

𝐾 

 
ℏ𝜔 

𝐾 

                     ( )  

         𝑝         𝑝        𝐸  𝑃           𝑦 

 Equations (1) and (2) show that the phonon energy available is pretty low compared to the Fermi-energy of electrons. 

3.0 Analysis of the Interaction  
The exact interaction is complicated so we will use a simple model. Consider the given potential 

 (𝑝)  ,
                   

  

  
 𝐸  ℏ𝜔 

                                  
    …………………………(3) 

This corresponds to local attraction in free space; it is momentum dependent interaction, V(P), between the two electrons 

attracted to each other and located at a narrow shell. 

This two electrons exchange phonon energyℏ𝜔 . If these two electrons are located beyond this narrow region the attraction is 

zero. The problem of one particle in a quantum well has been solved [4]. Now two particles attracted to each other by the 

potential in momentum space will now be was considered. 

The two-particle Schrödinger equation is given by 

*
ℏ   

  
    ( )+  ( )  𝐸 ( )             ( ) 

*
ℏ   

 
    ( )+  ( )  𝐸 ( )           ( ) 

Where   is reduce mass of the two electrons which is defined by 

  
    

     

 
 

 
             

     ( )      ( ) is called delta potential energy function, which has bound state and negative energy. 

The only way that we can solve this problem is by changing the position space of equations (4) and (5) into momentum space 

version. So we introduce Fourier transform and specifically for Dirac delta function we used 

𝐹[ ( )]   ( )̃  ∫  ( )        

 

  

            ( ) 
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………………………………(7) 

The representation of the wave function  ( )in a form of Fourier transform in momentum-space  is given by 
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      ( ) 

(  𝑝)  (𝑝) is called Fourier transform of   ( ).Since  ( ) is sharply peaked at r = 0, therefore 
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…………………(11) 

Substituting equations (7), (8), (9) and (11) into equation (5), gives 

the momentum-space version of equation (5) which is  

𝑝  (𝑝)

 
   ∫

  𝑝

(  ℏ) 
 (𝑝)  𝐸 (𝑝)       (  )

     ℏ  

 

Where  (𝑝)Is the two-particle wave function in the momentum space, 

  is the effective interaction constant (attraction), and  
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∫
  𝑝

(  ℏ) 
 (𝑝)   ( )

     ℏ  

                                                         (  ) 

Equation (13) shows that the constraints in the integral correspond to electrons interacting in a narrow shell near the Fermi 

surface. This means that we limit the integration over momentum in the vicinity of the Fermi surface, such that there is 

possibility of the phonon exchange. 

Equations (4) and (12) are basically the cooper pairing problem. The result of this calculation is going to be the pairing of 

two electrons into a bound state. 

However the interesting thing that happens is that because electrons are playing roll in this pairing or interactions with 

phonon, they exist in the vicinity of Fermi-surface and this surface is two-dimensional. This gives rise to the sense of 

reducing dimensionality.  We see that in real space we started with 3-dimentional system, so effectively what we are dealing 

here is reduced dimension and this give rise to appearance of bound state in a much unexpected way. 

It is clear that the phonon’s momentum is much smaller than that of electrons  

ℏ   𝑝 . 

Where    is the typical phonon’s wave vector, called Debye wave vector. 

The energy of the two particles is 

𝐸   𝐸                                                                                 (  ) 

 

Where 𝐸  
  

 

  
, isthe Fermi energy, and 

 , is the main quantity of interest, the pairing energy of two electrons. 

This pairing will be possible if and only if a solution to equation (12) exist with      

(That is, we can rewrite it as   , with    ). Hence,  

𝐸   𝐸                                                                                                  (  ) 
So we can have a bound state by doing so the energy. Which physically implies that electrons can find a way to lower their 

energy via pairing and becoming bosons, the cooper pairs: the latter eventually condenses and their Bose-Eistein condensate 

is a superconductor. 

Using the shorthand notation for the integral over P in equation (13) as ∫
 

,we can re-write the latter as follows 

(
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By dividing both sides of (11) by the expression in the square brackets in (17) and then integrating over the momentum, and 

then it becomes: 
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∫
 

*
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     (  ) 

The term in the left-hand side (an unknown constant) cancels out the corresponding integral in the right hand side, leading to 

the following self-consistency equation. This is one of the key equations of the Bardeen–Cooper-Schrieffer (BCS) theory of 

the super conductivity often called the BCS self-consistency equation. 

  ∫
  

*
  

 
  𝐸   + 

     (  ) 

Since all the action happens near the Fermi surface, i.e.𝑝 𝑝 (𝑝 Fermi-momentum) as follows from the constraints in 

equation (20) we can simplify the integral as follows: 

∫
  𝑝

(  ℏ) 

     ℏ  

 
 

(  ℏ) 
∫    𝑝

  𝑝      (  )

     ℏ  

 

Since nothing depends on the angle, we can integrate over     leading to a factor of     

We can also introduce a new variable which has the physical meaning of the electron energy relative to the threshold-Fermi-

energy. 
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And approximating the remaining momentum terms in the numerator as 𝑝 𝑝  which is  
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Equation (20) becomes 
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Substituting (23) in to (25) gives  
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Taking exponential of both sides we get 
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4.0 Result and Discussion 

Equation (41) is obtained as one of the main results of the theory of superconductivity, the energy of  two-electrons bound 

into a state (cooper pair) in a superconductor. 

From the Equation (41) we see that the electrons are finding ways to lower their energy by forming cooper pair. They 

basically form the superconductor. 

This small interaction potential energy       that appear in the exponential term has great effect. For instance,   
 

Journal of the Nigerian Association of Mathematical Physics Volume 27 (July, 2014), 263 – 268 



268 

 

Solution of Cooper Pair…        Idris Ahmad              J of NAMP
 

 

i. If    it   is small then the energy of the bound state (called superconducting gap) is also small. 

ii. If we did not have the exponential term, we remain with phonon energy. this implies that we can have 

superconductivity at very high temperature(room temperature)  

iii. The exact calculation as proposed by Yuri[2] has an extra factor due to the fact that all the matrix elements are 

calculated in the renormalized state. 

iv. Equation (41) shows that    at any interaction strength. Because it only happens in the vicinity of the Fermi 

surface, this also shows that the Fermi surface is very important in this study.  

If potential    is small,   also is small. Equation (41) as a function of    is a very unusual function. We have already seen 

that this function is special because it does not have Taylor expansion so there is no way one can approach this result by 

doing so but through “perturbation theory” This may be one of the reasons why it took so long for people to figure out the 

key to superconductivity. 

 

References 

[1]  E. Jonathan and W. Dieter “Andreev Reflection in Nb-InAs Structure: Phase coherence, Ballistic transport and Edge 

channels” Advance in solid state physics, Volume 46 Springer – Verlag, Berlin, Germany (2008). 

[2]  Yuri M. Galperin “Introduction to modern solid state physics” FYS 448, Department of physics, P.O.Box 1048 

Blinder, Oslo (2008).  

[3]  N.Haramein and Rauscher “Collective coherent oscillation plasma modes in surrounding media of black holes and 

vacuum structure-quantum processes with considerations of space time torque and coriolis forces”, tecnic research 

laboratory, 3500s. Tomahawk Rd (2005). 

[4]  C.A.Reynolds, B.Serin,W.H.Wright and L.B.Nesbitt “Superconductivity of isotopes of mercury” Rutgers university, 

New Brunswick, New Jersey, March 24, (1950).  

[5]  Microsoft ® Encarta ® 2009. © 1993-2008 Microsoft Corporation. 

[6]  E.Muller-Hartmann “Recent theoretical work on magnetic impurities in the superconductors”, Academic press, New 

York and London, A subsidary of Harcourt brace Jovanovich, (1973). 

[7]  C.L.Tang “fundamental of quantum mechanics for solid state electronics and optics”, Cornell university, Ithaca 

,Cambridge university press, New York. (2005). 

[8]  J.M.Ziman “Element of advance quantum theory” syndic, Cambridge university press, (1969). 

[9]  J.Zittartz, Phys,vol 237, page419 (1970) 

[10]  A.J.Rusinor, pismaZh.Eksp. Teor.fiz. vol 9, page 146 (1969) 

[11]  Y.Naaoka and T.matsuura, Progr. Theor. Phys. Vol. 46, page364 (1971) 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Journal of the Nigerian Association of Mathematical Physics Volume 27 (July, 2014), 263 – 268  


