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Stability of FTCS Scheme for the Solution of Advection equation
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Abstract

The forward in time and central in space scheme is used for the solution of one
dimensional partial differential equation. On the application of the Von Neumann
stability analysis, we find that, the forward in time and central in space scheme is not
stable for all values of « .
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1.0 Introduction
Let consider the forward in time and central in space (FTCS) scheme given as

oc(u’-1 —u* )

+1 j+1 Jj—1

u' > D
where « is some constant [1]

We also consider the advection equation
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= U;
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Where, at
t=0, u(x,0)=f(x), 0<x<1
as x=0, u(0,t)=g(x), =0 (3)

Here, u=u(x,t) is an unknown function of x and t respectively. The unknown

u(x, t) = u(xq, xq, ..., Xn, t) is either a scalar or a vector function [2].

The solution of (2) and (3) is gotten in an arbitrary region R x [0,T] with suitable boundary condition
R % [0, T], where R is the boundary of R [3].

Using the FTCS or forward in time and central in space scheme in (1) as

“(”}nﬂ ~ u}l—l)

utt = - =
and applying Taylor series expansion [4], scheme (1) becomes
t 2

u*t = ut + Atul + Tu?t + -
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w' + Atuf + Tu{‘t =u' —a(y' + Axu} +
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= u' — alxui(4)
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At)?
w' —u + Atuf + adxu} + ( 2) up
= Atuf + aAxu}}
—Atul A= alxuy (5)
alx
n — n 6

The quantity “A—Atx is called the courant number [5].

We now see that the forward in time and central in space scheme satisfies the advection equation.

We now give a general result due to Von Neumann which deal on the stability of the numerical scheme.
Theorem: (Von Neumann [6])

The error distribution &(x,t) at any time and spatial location can be decomposed into a Fourier series of
the form

e(,0) = ) b (e,

m
Where i = v—1 and k,, is the wave number when the physical domain extending from x = 0 tox = 1
has periodic boundaries and the above series has M+1 wave components, where

M= AL—x and the wave number k,,, is written as k,,, = # M=0,1,2,....m

2.0 Main Result
Let us consider the FTCS scheme given by equation (1) which is reproduced below
a(ui, —uisy)

n+l1 _ .,n
u; " =u; — >
Since the computed solution, N; must satisfy the discretized equation,
we have,
NPT N BNEL - NED -
At 2Ax

SubstitutingN;* = D;* + &;* in equation (7), we obtain

(D] + ") — (DI —e)] | b(Dfyy +&l%q) = (DILy — &-)]
+ =0
At 20x

Or
D' — D' b(elty —€y) —0 ()
At 2Ax
Since D is the exact solution of the discretized equation, the first two terms in equation (8) taken
together are exactly equal to zero and equation (8) reduces to
(e =) bl —&ly)
At 2Ax B
Which is the error solution equation for the FTCS scheme.
Substituting
g (x,t) = ehmtetkmx
Or
gin — ehmnAteikmiAx (10)
Dividing equation (9) bye!™e*mnt weobtain

€)
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bAt

(elmAt _ 1) + m(eikmAx _ e—ikmAx) =0 (11)

Denoting

n+1
em,l _ G
e,
n1

= ePmAt "and noting that

(eikm

— e~ hmh¥y = 2isin(k,,Ax),

Equation (11) can be written as
G =1—iasin®(12)

where

D = k,,Ax
Evaluating the modulus of G, we note that
|G| = |1 —iasin®| >0 (13)

3.0

Conclusion:

This implies that, the FTCS scheme for one dimensional wave equation is unstable for all values of a.
The unstable condition arises due to the amplification factor which is decomposed into its real and
imaginary parts.

References

[1]

[2.]

[3.]

[4.]

[5.]

Ward Cheney and David Kincaid; Numerical Mathematics and Computing, Thomson Higher
Education, 10 Davis Drive, Belmont, CA. 94002-3098 USA, pp.601, 2008.

Walter Kaufmann, Fluid mechanics, McGraw-Hill Book company, Inc, New York, San
Francisco, Toronto, London, pp.255, 1958.

Jain, M.K; Numerical Solution of Differential equations, Wiley Eastern Limited, New Delhi,
Bangalore, Bombay, pp.213, 1978.

Odio, Augustine; Analysis ofFTFS computational scheme for the solution of first order partial
differential equations, Journal of the Nigerian Association of Mathematical physics; Volume 24
(July 2013); pp.42.

Umaru Mohammed; A class of implicit five step block method for general second order Ordinary
differential equation, Journal of the Nigerian Mathematical Society, Vol.30, pp.25-37, 2011.

Journal of the Nigerian Association of Mathematical Physics Volume 27 (July, 2014), 45 — 48

47



Stability of FTCS Scheme for the Solution... Odio J of NAMP

[6.] Z.P Bazantt; Matrix differential equation and higher order Numerical Methods for problems of
Non-linear, Greep Viscoelasticity and Elasto-plasticity; international journal for Numerical
methods in Engineering, Vol .4, pp.11-15, 1972

Journal of the Nigerian Association of Mathematical Physics Volume 27 (July, 2014), 45 — 48
48



