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Abstract 
 

This paper describes the construction of third derivative hybrid linear multistep 

method (TDHLMM) which is A-stable for step number  1k   and ( )A  -stable for

2(1)6k  . Numerical results are given to show the accuracy and efficiency of the 

new scheme.. 

 

 

Keywords: Hybrid method, Backward Differentiation Formulas, Collocation, Interpolation, Second Order, Multiple 

 Finite Difference. 

 

1.0     Introduction 

This paper introduces a class of third derivative hybrid LMM for the numerical solution of stiff (IVPs) in ordinary differential 

equations (ODEs) 

0 0( , ), ( ) , .y f x y y x y a x b        (1) 

Third derivative multistep methods (TDMM) were first proposed by Ezzeddine and Hojjati [1] but not in hybrid mode. The 

TDMM was observed to be ( )A  -stable for 5k  and unstable when 6k . Recently, Okuonghae and Ikhile [2] 

introduced third derivative hybrid LMM  
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for stiff IVPs. Investigation shows that the methods (2) areA-stable for step number 4k   and ( )A  -stable for step 

number 5(1)13k  . The new hybrid linear multistep method (hereafter referred to as TDHLMM) for the numerical solution 

of (1) is 
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The continuous coefficients ( )k t  , 1( )k t   and ( )v v are assumed to be one. Historically, hybrid LMM was first 

proposed independently by the authors in [3], [4] and [5] respectively.These hybrid LMM introduced an additional term to 

LMM. This term is a derivative at an off-step point, in the manner of RungeKutta methods. By doing this, Dahlquist’s order 

barrier [9] for LMM can be broken. Examples of hybrid LMM are in [6, 7, 8, 9, 10, 11-17]. Practically, we compute the value 

of 
/

n vf   and 
/ /

n vf   in (3b) using the hybrid predictor, n vy   in (3a) at point n vx  . This paper is organized as follows: Section 2 

is on the derivation of the third derivative hybrid LMM (TDHLMM). In section 3 we discuss the stability of the methods 

while in section 4 we give results arising from the numerical experiments. 

 

2.0 The derivation of the methods 
To derive the method in (3) we use the polynomial interpolant  
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 are constant parameter to be determined. Here, nx x th  . Differentiating (4) with respect to x gives 
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                (5) Collocating 

(5) at  , 0 1n jx x j N   and interpolating (4) at 1n kx x    result in system of linear equations            
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Solving (6) for  
0

N

j j
a


and substitute the resulting expression into (4) yields the continuous scheme for a specified step 

number k [11-17]. Fixing t k and 
1

2
v k   into the resulting 

continuous scheme gives the discrete scheme. The discrete coefficients of the hybrid LMM in (3)  

are given in Table 1 for 1,2,...,6k  . 
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Table1: Coefficients of TDHLMM, 
1

,
2

t k v k    
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k  1 2 3 4 5 6  

v  
 

v  
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3  
 

4  
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12
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Table 2: Coefficients of the hybrid predictor in (3),
1

2
v k   

k  1 2 3 4 5 6  
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The error constants 
( )

1,1

k

pC  , 
( )

1,2

k

pC  , and the order 1p k  , 4p k  arising from the hybrid LMM are given from the 

local truncation error operator 
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3.0 Stability Analysis of the TDHLMM 
Definition 1: [17]. A numerical integrator is said to be A-stable if its region of absolute stability R incorporates the entire left 

half   of the complex plane  , i.e., 

   Re( ) 0R z z   . 
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Definition 2: [18]. A numerical integration scheme is said to be ( )A stable   for some [0, / 2]    if the wedge

 : ( ) , 0S z Arg z z     is contained in its region of absolute stability. The largest 
max  is called the angle of 

absolute stability or the argument of stability.  

Applying the scheme (3) to the scalar test problem y y  yields 

  1 2 3

0 0 0

,
k k k

k k j j k j k

j v j k v j k

j j j

w z w w z w z w z w z w z w       

  

   
         

   
   .        (7) 

We investigate the zero-stability of the methods and found that the roots of the first characteristics polynomial  , 0 0w   

are less than one. The plot of the roots of the stability polynomial (7) shows that the method (3) is A-stable for  1k   and 

( )A  -stable for 2(1)6k  , see Fig. 1. Table 3a gives the stability properties of the TDHLMM while Table 3b depicts the 

stability properties of the TDMM discussed in [1]. 

 
Fig. 1: The stability region of the TDHLMM. 

Table 3a: Stability characteristics and error constants of the TDHLMM 
        K 1 2 3 4 5 6 

P(3a) 2 3 4 5 6 7 

P(3b) 4 5 6 7 8 9 

    Error 

Constant (3a) 
48
1

 128

1

 256
1

 3072
7

 2048
3

 32768
33

 

    Error 

Constant (3b) 
480

1

 16000
9

 55238400
11881

 272662650
27364

 8007066674316
376791403

 766404647932977
31443710074

 

  090  
09.89  

085  
062  

056  
030  

 

Table 3b: Stability characteristics and error constants of the TDMM [1] 
        k 1 2 3 4 5 

  P[1] 4 5 6 7 8 

    Error 

Constant [1] 
480

1

 1800

1

 50400
11

 846720
89

 101606400
5849

 

  090  
090  

090  
086.89  

01.89  
Note:P denotes the order of the method while  represents 

the angle of absolute stability of the methods. 
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4.0 Numerical Experiment 
 

This section provides experimental results from the TDMM [1], 
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on the following initial value problems:  

 

Problem 1: A stiff system of equations 
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Problem 2: A stiff system of equations 
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To implement (3) on IVPs (1), it is necessary to solve a system of nonlinear algebraic equations for the required solution 

n ky   . These algebraic equations are solved using a modified form of Newton method 

  
,1,0),())('( ][1][][]1[ 



 syFyFyy ssss

knknknkn     

where
[ ]'( )
n k

sF y


 is the Jacobian matrix of the output method in (3), a function of the vector of ODE systems (1). The starting 

value 
1

[0]

n
y


 for the Newton scheme is obtained from the explicit one-step formula, 

  

 nnnn ff
h

yy   1

]0[

1
2  .      

The hybrid LMM is implemented in variable step-size techniques. The starting step-size is 0.01h  . The local error estimate 

at each step is 
1 1

e

n ny y  . Suppose we seek to keep 
1 1

e

n ny y    , then, either upon completion of a successful step 

or upon failure of a step, we can use 
1

1

1 1

0.9

p

new olde

n n

h h
y y




 

 
   
 
 

            (8) 

to calculate a new step-size for re-integration or to advance integration. Thep, 0.9 and  denotes the order of the TDHLMM, 

the safety factor and tolerance respectively. In (8),
oldh  is the previous step-size adopted in the last attempt either a successful 

or a failed step. The alternative approximation formula 1

e

ny   in (8) is  
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while, 

1ny 
 in (8)represents the output point of the TDMM [1] and TDHLMM respectively. 

The notations used in the tables are:  
 : Tolerance,  

FC:     Total number of function calls,  

             FS:     Total number of failed steps, 

             TS:     Total number of steps taken.  

Find in Tables 4, 5the numerical results of our experiments. 

 

Table 4: Error in TDHLMM vs TDMM on Problem 1 for comparison 
Method   

11   n

e

n yy
 

   FC    FS    TS 

TDHLMM 210

 
4.5449e-02     75     4    25 

TDMM [1] 210

 
5.7000e-03    4036      9  1009 

TDHLMM 410

 
1.0429e-04     129     4    43 

TDMM [1] 410

 
5.9026e-05 394324    13 98581 

TDHLMM 610

 
1.3024e-06     318     3    106 

TDMM [1] 610

 
       5.9039e-07 684196   15 171048 

TDHLMM 810

 
5.7440e-09     942     2    314 

TDMM [1] 810

 
       5.9042e-09 959508     16 239877 

TDHLMM 1010

 
5.8524e-11     2889     2     963 

TDMM [1] 1010

 
       5.9048e-11 10397404    17  499351 

 

In Table 4, the local error estimateoftheTDHLMM compares with the TDMM [1] for tolerance 
210

 and  
410

 respectively 

but smaller than of the TDMM [1] for the different tolerances
610

,  
810

 and 
1010

 respectively. The total number of 

functional calls and the total number of step taking by the hybrid LMM to generate the final output is quite small than that of 

the TDMM [1]. This serves as advantages of TDHLMM over TDMM [1]. 

 

Table 5: Error in TDHLMM vs TDMM on Problem 2 for comparison 
Method TOL 

11   n

e

n yy
 

   FC    FS    TS 

TDHLMM 210

 
5.0621e-02     78     14    26 

TDMM [1] 210

 
5.3307e-03     952     10   238 

TDHLMM 410

 
2.0439e-05     240     42    80 

TDMM [1] 410

 
5.8976e-05 87604     14 21901 

TDHLMM 610

 
1.2633e-07    1698     418    566 

TDMM [1] 610

 
5.9048e-07 823920      16 205980 

 

Again, in Table 5, the computational cost and the error for the TDHLMM and TDMM [1] respectively for different tolerance 

shows that the TDHLMM perform better than the TDMM [1] on problem 2 when compared. Judging from the data in Tables 

4, 5 it shows that the TDMM [1] are more time consuming owing to the higher number of function evaluations. 
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5.0 Conclusion  

In this paper, we developed a class of ( )A  -stable third derivative hybrid LMM with variable step-size implementation for 

the numerical solution of stiff IVPs in ODEs. The order of the TDHLMM shows that the new schemes overcome the 

Dahlquist order barrier for LMM. Again, the error constants of the TDHLMM are the smaller than that of the TDMM [1] and 

this serves as an advantage over the TDMM [1].Numerical result shows that the TDHLMM is capable of handling stiff 

problems. 

 

References 
[1]  A. K. Ezzeddine and G. Hojjati, Third Derivative Multistep Methods for Stiff systems. Intern. J. of Nonlinear 

Science.Vol.14, No.4, (2012), pp.443-450. 

[2]  R. I. Okuonghae,Third derivative hybrid multistep methods for stiff problems. Submitted for publication in J. Numer. 

Maths. (2014). 

[3]  W. B. Gragg, and H. J. Stetter, Generalized Multistep Predictor Corrector Methods, J. Assoc. Comput. Mach., 11 

(1964), pp.188-209. 

[4]  J. C. Butcher, A Modified Multistep Method for the Numerical Integration of ODEs. J. Assoc. Comput. Mach. 12, 

(1965), 124-135. 

[5]  J. J. Kohfeld, and G. T. Thompson, Multistep Methods with Modified Predictors and Correctors. J. Assoc. Comput. 

March., 14,(1967), 155-166. 

[6]  C. W. Gear, The Automatic Integration of Stiff ODEs. pp. 187-193 in A.J.H. Morrell (ed). Information processing 

68: Proc. IFIP Congress, Edinburgh (1969), North-Holland, Amsterdam. 

[7] J. D. Lambert, Numerical Methods for Ordinary Differential Systems. The Initial Value Problems. Wiley, Chi 

Chester, (1991). 

[8]  J. D. Lambert, Computational Methods for Ordinary Differential Systems. The Initial Value Problems. Wiley, Chi 

Chester, (1973). 

[9]  G. Dahlquist, On Stability and Error Analysis for stiff Nonlinear Problems. Part 1, Report No TRITANA-7508, Dept. 

of Information processing, Computer Science, Royal Inst. of Technology, Stockholm, (1975). 

 [10] J. C. Butcher and A. E. O’Sullivan, Nordsieck methods with an off-step point. Numerical. Algorithm. Vol. 31.  

(2002), pp. 87-101. 

[11]  R. I. Okuonghae, Stiffly Stable Second Derivative Continuous LMM for IVPs in ODEs.Ph.D Thesis. Dept. of Maths. 

University of Benin, Benin City. Nigeria. (2008). 

[12]  R.I. Okuonghae, S. O. Ogunleye and M.N.O. Ikhile,Some explicit general linear methods for IVPs in ODEs. J. of 

Algorithms and Comp. Tech. Vol. 7, No. 1 (2013), 41-63. 

[13]  R.I. Okuonghae,Variable order explicit second derivative general linear methods. Comp. Applied Maths, (2013). 

Accepted for publication. See, http://www.springerlink.com. 

[14]  R.I. Okuonghae and M.N.O. Ikhile,On the construction of high order A(a)-stable hybrid linear multistep methods 

for stiff IVPs and ODEs. J. Numerical Analysis and Applications. No. 3, Vol. 15, (2012), pp. 231-241. See, 

http://www.springerlink.com. 

[15]  R.I. Okuonghae and M.N.O. Ikhile,Second derivative general linear methods. Numerical Algorithms, (2013). Online 

first. See, http://www.springerlink.com. 

[16]  R.I. Okuonghae and M.N.O. Ikhile,A class of hybrid linear multistep methods with  A(a)-stability properties for stiff 

IVPs in ODEs. J. Numerical. Math. Vol. 21, No.2, (2013), pp. 157-172. 

[17]  R.I. Okuonghae and M.N.O. Ikhile,A-stable high order hybrid linear multistep methods for stiff problems.  J. of 

Algorithms and Comp. Tech.  (2013). Accepted for publication. 

[18]  O. Widlund, A Note on Unconditionally Stable Linear Multistep Methods. BIT, (1967), 7. pp. 65-78 

 

 

 

 

 

 

 

 

 

 

 

 

Journal of the Nigerian Association of Mathematical Physics Volume 27 (July, 2014), 29 – 36  

http://www.springerlink.com/
http://www.springerlink.com/
http://www.springerlink.com/

