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Abstract

In this paper d =10,N = 1yang-Mills system is coupled to d =10,N =1

supergravity. We give a critical analysis of the current, low dimension auxiliary fields,
and reveal the existence of two ordinary axial. Maxwell-Einstein current agrees with

the Noether coupling. The coupling of the photon Aﬂ to anti-symmetric tensor is
consistent  following Maxwell transformation aAﬂ = ay 0 extended to
oA, =K OF,,.
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1.0 Introduction

A central problem in supergravity is to find sefsaoxiliary fields, which when added to the physifialds, lead to
closed gauge algebra. It has been deeply studied3]1 The issue of auxiliary fields has two sepamspects, (i) finding a
set of fields with closed gauge algebra, (i) camging actions for such a field representationohhdre invariant under the
gauge transformations of the algebra. This papatsdeith the first aspect, but it should be notkdt ta solution of the

representation problem does not imply existenceediningful actions. Our motivation is that the ligthe value ofd the
simpler the model becomes. Since beyahd10 no matter exists [9], onlyN =1 gauge action exists ifl =11[10],
whereas il =10, only N =1 supersymmetry yang-mills matter exists [11]. Werdase the dimension because we
obtained multiplet which is larger than the setfiefds of d =4,N = 4 conformal supergravity. In this wagd =4
revealed the existence of an axial auxiliary figld, 13]. Similarly, the multiplet ofN < 4 conformal supergravity is from
the multiplet of currents [5, 14]. In general, aren recover ordinary supergravity with closed gaalgebra by eliminating

extra symmetries and by fixing certain fields [18]. Part of our work is th€l =1Q0counterpart of the analysis of Howe and
Lindstrom [15]. The result of [15] is somewhat plizg since there are arguments [17, 18]. Our migitiis a Poincare

multiplet, since ind =10 no simple superconformal algebra seems to ex@it /e are further inspired by antisymmetric
tensor fields coupling [21] which were latter maeiif in [20] and reconstructed by Chamsedine [19].

But our results in sect.2 disagree with Neotherpting in [21]. We also present our results on Wisylariance in

d =10 and derived the associated differential identiied =10.
2.1 Supergravity Theory and Dimensional formulation
In this section, we study the action and showed hioevN =1,d =10 supergravity theory may be derived from

d =11 dimensions.
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2.1.1 The Action:Ind =11, the physical supergravity fields are the eltEjﬁ one gravitinql/;(a=1, .,32), and
antisymmetric tensoﬁwp. The gravitino is a majorana spinor
Y, =yc, cryet=—-r,, 1<pu<11 (2.1)

Since all the fields are gauge fields, a dimendiangument and others [12] state that the actiostrha polynomial in all
fields exceptE;" . Puttingk = 1 always, thel = 11 action reads

o(d = 11) = —2ER(E, ) — 2E9 14° D, (‘“”)w 2 EFpe — N2 (Jﬂr#“ﬁﬁ"wv + 12E“rﬁhp5) (F+F),p s

l\/_gul #11F #4FH5---H8AH9...H11 (2'2)

36)(96

F;wpa = alj_Avpg' + 23terms

rve = plepvpel
Qymn = Qynn (E)
But 2,mn (E, ) is the solution of th& field equation which differs from such that
Q. = Qumn = 9 Lapmnp? (2.3)

The transformation rules read

1—
OE[ = JEl™p,

0Auwp = “/_gr[uvl»l’p
O, = Dy(2)e + 2N2(LP0 — 802 TPY)eFpys (2.4)
Ayyp =0

lpu = %(1 - [;Ll)lpu =0
lp11 ( [;Ll)lpll =0 (2-5)
ﬁllmn = ﬁulln = Lapys = ﬁaﬁyts =0 (26)

Theorem 1:If the Einstein action has an extra factB}; due to E, and we redefineE;" = e[*¢¥ , with ¢ = E;; , then
the ¢ factors in the leading part canceldn= 10 dimension ify = —(d — 2)7 .

Proof:

=@ )y, 0)
Let EP _< . . 2.7

Using the well known Palatini identity
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'Qumn(E) = wumn(e) - ﬁ(emue‘z - enueﬁi)av(p/qb (2.8)
—2eR(w(e) + 1) = —leR(w(e) + 2e(T" " Tpem — Time) (2.9)
y111n = V@ Delo) (2.10)
EF = EE} D, (Q(E) 211115 (2.11)
2
- ]
—1ER(E, 0(E)) = —1eR(e, w(e)) — le(42) (%2) (2.12)

Lemma 1: The scalar field ¢ has a kinetic term satisfied under the locallyles@avariant action withe on the r.h.s.
expressed in terms ef and ¢.

—e'R(e") = —ep®R(e) + 4e5=2(3,$)* —Locally scale-invariant action

—e¢?R(e) = —e'R(e") — 4e=2(0,$)* — Reverse relation

Lemma 2: There are also cross terms betwggn and ;4 but no terms quadratic iny,4, therefore one arrives at the
following result:

—2EP, 407 D, (2(E)) s = =3, "7 D, (w(e))h,
—LeAr D, (w(e)A - %ﬁe@u%ﬂ‘l,
Wh = 715 (Y, + 5V2L,4)

PR = §ﬁ¢17/16/1 (2.13)

Lemma 3: In addition to (2.6), one finds easily the reductif the photon kinetic term. Defining (2.14), hertbe result
(2.15):

Apw = 64411, Enp = 01,40 (2.14)
Fagyrr = 3Fapy — %\/5‘153/4’?04?1/’1 '
Faﬁy = fapy — %ﬁ¢3/4lﬁ[a1}¢y * %¢3/4’ﬁ[aqu’1 (2.15)
Lemma 4: The action, except the four fermions couplings Wwhigll be given in (2.28) reads
L(N=1,d=10) = —%eR(e,w(e)) - %elﬁul”“p“Dp(w(e))lpa - %eq,’)‘z‘/zF,'f,,p
—1eATHD, (0(€))A — 2e(,b/b)? — V2els, (9d/ )M\
+272ed> *Fop, (P, T P71, + 69O TEYY —22p, I *PYTH ) (2.16)
Remarks: The consistency of (2.5) follows further from (2.8fter dimensional reduction td = 10 and truncation as in
(2.5), the kinetic terms are cast in canonical fiwyra suitable Weyl rescaling of the zehnbein aeld fredefinitions of the

other fields. These follow easily from (2.2). Thedependent terms in the Einstein action are oné/tduthe torsion terms in
£ noted in (2.6) and (2.8). The contributions cogrfimm (2.10) yield a vanishing result in termsehnbeirE,* which is a
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total derivative in (2.11). The final result is trene finds the canonical Einstein action plus gspfal scalar. In the Rarita-
Schwinger action, the factop due to the rescaling of the zehnbein in (2.7)ewemoved by rescaling, by a factor

¢[20@-21"" = -1/16 \We do not introduced thi,¢ term by the rescaling because the gravitinoNgforana spinor. The
d,¢ terms due to the spin connection canceled. Weadsift ,, — ;4 + AI'.3, in order to avoid ®e term My,

this leads to the result in (2.13). The te?gh as in (2.13) is due to (2.8) and the rescalingef . The coupling involving
F,,, does not contain FA%, but only Fy? and FipA terms. This we will discuss in subsection 2.3. #ynie noted that

most of these results agree with [19], but instefatie Noether coupling/?u()(pl“”l ,a couplingﬁual‘(pl appears in [19].

2.2. The Transformation Laws
It may be noted that the action obtained is in o form on the basis(e,’?, Y, A A, ¢>), but the transformation rules of

ey' and the dy, = d,c part are no longer canonical. We remedy thisdalefining the supersymmetry parameter and by
adding a field-dependent Lorentz rotation to theessymmetry transformations:

0o(n,d = 10) = dy(e,d = 11) + 0, (— V27T ™ 2)

n=epl/re (2.17)
Hence, de,* = 7™, (2.18)
Next, we reduced the super-covariant spin connesioThe result follows

ﬁ1'111n = ¢1/8ﬁn¢' 'Qulln = Qnmn =0

Qymn = Wymn (e, ) + 2V20, L A

~ s Al = H(emuDn — €nu D)~ (2.19)
The final result for the transformation rules reads

et =3P, , 0P =—V21i,

Ay = 293 (ATpy — ATy — V201)

0A = =N2(Dp/p)n + 3¢/ *T P nEyp,

0P, = #(@(e, t,b))r/ + ;7‘/?‘15_3/4(11137 - 96,3‘1“31’);713(1!;},

o (G — SOETPY A, 2

+9_15‘/§[(1ﬁurmn’1)rmnn + (jrmnn)anwu]

+2[2(PA)n — 2(An), + 4(P L) ™A (2.20)

Remarks: The presenceof z/?ul“mnl terms inﬁumn noted in (2.19) does not mean, of course, thatlhn
dimensional super-covariant tensor would not beesgpvariant in d = 10 . It may be noted that undoing the
Lorentz rotation in (2.17) thé,c terms fromd,&d,,, canceled those fromdy, — d,e . We noticed that this
subtlety can only occur for quantities that are ewtariant under local Lorentz transformations.sTéxplains why
Fuyp11 in (2.15) is super-covariant. It is now obviouwshto obtaindy,, and 04 . From (2.4), we replaced by 7,
and(¥,,¥;1) by (¥, 1), and used (2.19). Fob4; all A*¢ terms canceled. loy, we find A%¢ terms. We will
explain these remarkable results in the next stiogsec
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2.3 The Four-Fermions Coupling
We noted ind = 4 , a dimensional argument [10] that there cannosikeor more fermions coupling; otherwise the
action in (2.16) was complete up to four fermioosigling I*. Finding/* requires that the termsy, and 1 field

equations be super-covariant. We now review thgsiment. Gauge invariance of the action impligd /d¢/)(097) = 0 ;
hence, under a second gauge variafioane has

[0'(01/0¢))]0¢p’ = —(31/0¢))[9"(0¢))] (2.21)
The field equation is obtained from (2.16). Usiafj-derivatives, it reads

31/8x = —D(w(e)A — N2l I, (3,¢/p)

+LTET Y, Fop ¢ ~3/* + 01* /01 (2.22)

19 /01 = =TI 2 (@yn (€, ) = Wymn(€)) = 2H TV, ()

AR, (Bl 2) = 2VETAT O, (Gl (223)

01/01 = —T'**7D,(w(e) )i, + W23/ *FFr (rHabrvy, + 6grerfyr)

—\2(0¢/PITHA — T PYTEAF 5, ¢~3/* + 1% /01 (2.24)

61(4) (¢4terms)/alﬁu = _%ruparmnlpa (&)\pmn(e' 1/J) - wpmn(e))

—5e(T* P4y + 69 TPYY) (bralppy)  (2.25)

1™ (yp*terms in Noether) = — e, [y, (Yo "™ 1 + 6p1PT™y™) (2.26)

I®(p*terms in E + RS) = %e(lﬁ. ry,)?* — %e(lﬁuﬂ,lpp)z

_Tlée(lﬁunilpp)(ll_}ﬂrplpv) - ﬁe(lﬁprmlpn)(lﬁarapmnﬁlpﬁ) (2.27)
Theorem 2: The variation of (2.26), (2.27) lead to (2.25)Using gauge identity.

Proof: From the four fermion coupling in thé = 1 gauge action, we note that;
2o (TP ) (baliby) = 16 (Dl ™, ) (Tihy )
+ighleraly, (Pl ) =0 -  gauge identify
Now, final result;
e U@ = 2e(p.Ipy)? — =e(Buly)” — e(Dulyh, ) B TPYpY)
_é(jraﬁm) (lelzpraﬁylpp + %@OC)“BW/ - lljal;?wy)
V2 ) Palpy) = 5 Polntbn) Pal ™" )
—25(Pplmtbn) T (2.28)

Q.E.D
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Lemma 5: The Noether coupling{F + F) and(d¢ + D¢) accounts for all terms inl*. The next simplest terms are the
Y31 arising from the Noether terms WitE!(F + F) . This Noether coupling gives

35 2 (Bl D) (D1, + 6P yY)
—2N2(Palpy ) (ATHT YY) 229

Remarks: The question now arises whether all these four-fermié&rms are super-covariantizations. It now obviawsnf
this paper that (2.29) does not agree with (2.28nce the four-fermion terms cannot be rewrittenténms of
covariantizations mentioned above.

3.0. Maxwell-Einstein Supergravity ind = 10

In this section we coupled tlie= 10 Maxwell system to th&/ = 1, d = 10 gauge action which we derived in sect. 2.

Theorem 3: Suppose ten dimensions is the highest dimensionrevhetter exists, thed = 10, N = 1 global
supersymmetric Maxwell action

LO = —1F2 —i7ay, Fy = 0,4, — 0,4, G.1)
Is invariant under the following transformationes
0A, =lel,x, Oy =1I.Fe, I.F=I™F,, (3.2)

Proof: It follows from (3.2) thafy ande must have same chirality, whergaandA have opposite chirality. Let be a
majorana spinoryy*y =0, A, = gh=1, [g=f"'& h = f] andf = 1 normalization. Now

e 1L = ZF2f2(¢) — x* D, (w(e))x

04, = el,xg(p), 0y = —i.Feh(¢) (3.3)
LW =lekap, I .FT*xh, h=f%g (3.4)
0L® =leyT . Fofe (3.5)

0L = LekFopF, [ “Prroef?

(D)L “P1PTep,

2
+E_FaﬁupaDawﬂ> +O(Kk?) (3.6)

= gekAplpaf” (
We imposed the conditions;

RH =T#P7 D, (w(e)) Py

I'.R =8I*D,y,

I'°(Dopg = Do) = Ry — glul.R (3.7)

NB: The theory solves this problem in another manneh shiat the variation of,, is also proportional t€T;, Dgp,q - In
this way all ordekF?e¢ variations are cancelled if one takes

e 'L =—1FZLf? —2¢D(w(e))x — tkp, I . FI¥xf
—Lk2 Ay Foph TH B0, f2 + 2N 2kA, F, FFP p~3/4£2,
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0P, (extra) = LkAFop (P +995T7)f? (3.8)
e 0L = —keT PxDy — SXTHT™™ X0 Wymn (€)

+ik(&T*py) (AT Dyx) — k(P I *F T x) Do (el x f 1) (3.9)

0Bymn(e, ) = 2ke(LPum — LnWun — Lbmn)

Yuw = Dy, — Dy, (3.10)

L(extra) = —2\2ek I “PY xFpp, ¢p~3/* (3.11)
The last term in (3.9) yields

= —2k(. T X)Da(PTjx) — k(WP T ) Do (eT3)

+ik (P TP x)D, (eT3x) (3.12)

e719L = %k(gng)y(r"Dﬂ —THDY)y

= kg7 xDy(ena,) + 0x (3.13)

e 1L = 2k(P.DIpx) (TP x) + 2k(er ®yH) (zr @D, x) (3.14)

Final result;dL~kD, x*ye terms yield

Ox = —2k(eT.P)x + kI o, (eTF x) = (. T Y)e + Lk (e, )Ty

0Py = 5 (Ctaﬁy - SGﬁFBV)e)ZFaBy)( '

8x32

e 1L® = %ﬁk}?l"“ﬁnyaﬁyq’)‘z‘/”‘ + 2k (. Tx)?

= (Pulp2) D17 2) + 55k P X (Pl ) (3.15)

Remarks: The Maxwell action is invariant undet4, = d,A and supersymmetry is broken. In ordér, a coupling
L= %\/fkeAqupF”"qu‘W‘* was found in (3.8) which violate this invariancg dn amount proportional ta\F,,d,F*** . It
may be noted that Maxwell-gauge invariance carelstored using Noether method. This leads to a Miutkeasformation

rule of Ay,: OyAu = %\/Ek/\F,w . Introduction of a Maxwell-covariamt,,, curl; F,, = F,,, —%x/ikA[uF,,p] implies that

the field A, can only occur through its field strengff, or through the covariantizations i}, . It remain to investigates
whether the replacement of,,, by F;, causes simplifications. In the gauge action, teislacement absorbs the

A, F,,F*P coupling, while the exact expression for tflA.ﬁuF,,p)2 predicted;
L(extra) = —2ek?Ay,F,, (AFF7P)$p~3/2 .
Lemma 6: As suggestetly d = 4 Maxwell-Einstein system [20], we rewrite the actias follows:
L = L(N =1 gauge,but with F,,,) — e 3/*EZ — leyD(@)x
_éke¢_3/sfrﬂrpd(de + Fpa)(lpu + 1_12‘/71;1’1)
+1—16\/§ke¢‘3/4)21“"‘37)(ﬁéﬁy

— L2k el p, x P, (AT FYTH + 3rHT oY)}

16%x96
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—LkZe ey X AT *FY 2 (3.16)

512

Remarks: The transformation rules under which (3.16) is masat will be discussed in sect. 4.
4.0. The gauge algebra
We derived thed = 10 algebra and then compare the= 11 case. The transformation rules of the pure gaugery

were obtained in subsection 2.2 and given in (2.20)
Theoy, = D,(@)e terms give the same algebra ds= 4,

[aQ (&1), ¢ (52)] = 04c(§#) + 0y (—5"%) +0, (Sw&)\umn) (4.1)

Alz,mn - 5 wp.mn + (82 aﬁysl)(ﬂ\/—Faﬁy(p 3/4 — 163(321110!,31/2')

+fﬂ(§ﬁﬁmnu¢_3/4 8X32/1anu/1) (4.2)

€12 = =&y + 5 N2(6 8 P e )TN — ZV2(5, %)) A (4.3)
@, _ _

O Ayy = 0\, — 0,1, (4.4)

My = _%ﬁfugﬂ —§YAyy (4.5)

The complete gauge commutator fir=1,d = 10 supergravity reads

[aQ(El)ﬁ 0 (52)] = 043c(§#) + 0y (512 in (4-3))

+0, (Aszmn in (4.2)) + 85 (Asz in (45)) (4.6)
Comparing thed = 11 case (Lorentz parameter);

AlZ,uv(d =11) = _2—14‘/75_21;11:31 - fdAa;w (4.7)

A (d = 11) = E1Q™ + 2N28,(I™FY0 + 24e™e™PIV8)e Fop s (4.8)

8%36
an _ &)\;nn(e l/)) _ _(em nv __ elrllemv) ﬁvd)/d)
AL+ EN24p, T 2 (4.9)

Next, we turn to the gauge algebra by adding theviing matter contributions;

0A,,(matter) = %kq,’)z‘/gs_l"[u)(Av] (4.10)
oA(matter) = L ~N2k(FIPY x)Iop, € (4.11)
oy, (matter) = =2 k(ZI' P x)(Liapy — 59ualpy )€ (4.12)
0A, = tk¢>/5eT, x (4.13)

oy = —q,’) 3/8r Fe + —\/_k(S(/l)()s
—3(Ar B ))Ipe — L(AT*FYo X )opy5€) (4.14)
o [8g(e1), 09 ()| Ay = € + 22k, Fyy (4.15)

Note that A;, = —¢HA,,.
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Now,
[00(£1), 09 (£2)] = 0yc(6") + 0o (—EH1,) + 0, (€. 0™)

+ 6Q(;\/E (§2r<5>sl)r(5)x—3—72\/i§“rax)

96X160
+61|(,,1)(—§“AM) + ag)(_%ﬁd’g“fu - EVAW‘-)

&I ey (2207 g, — i (Alagy A + 20Ty ;())

aL ~ X
+EH (3—12\/5(]5_3/4171;111# - J?(lrmnl‘-l + Zirmn”)())

(4.16)

Note that a3 (A)A, = 9,A and d0yA,, = \Ek/\F,w.

Remarks: We recovered the modified Maxwell transformatiofesuby comparing (4.15) with (3.22). Of course ¢her
remains the independent Maxwell transformatibt),,, = d,A, — d,A, in the commutator, witl, given in (4.5). Both
commutators of the two local supersymmetry tramagions for Maxwell-Einstein system summarized 4nl16) vanish
when the Maxwell and Einstein systems are decoyplatdone of them becomes non-vanishing in thegmess of coupling:

[00(2), 94 (N)] = 0,7 (WZkAG*ex), [0(), 03 ()] = 0.
5.0. The Multiplet of Currents and Noether Coupling for auxiliary Fields
The Maxwell theory contains the photat), , and a Majorana spingy .

Theorem 4: The energy-momentum tendg)y;, and the supersymmetry currgptfield equations are satisfied b4, and y .

Ouv = 4FuaFoa = F28u0 + X(vu0y + v50,)1,

Ju=30.Fy.x . (5.1)
aJt = —%y’lsHM —2iys (Uu,ﬂ’p + %ypau,l)aaj,(,s)e (5.2)
I = ivaysx (5.3)
> = —2igyg), (5.4)

Final Remarks:
The multiplet of currents contains only three currerlg;, /, and ],55) . However, the transformation rules of its fields
(A, ,x) are again Weyl covariant, whether or not the dogphas taking place. It may be noted that theerurof the
d = 10 Maxwell system only couple to a subset of the synawity fields. Therefore one expects the ext@lesymmetries
at present in the coupling of the Maxwell systensupergravity. The Weyl invariance announced abodieates that these
extra symmetries have conformal echos.
Conclusion

There are two axial vector auxiliary fields in tdimensional supergravity. It will be difficult ifat impossible to write
down an action for this theory which includes tlnplete set of auxiliary fields. This point appeansst clearly in the fact
that the extent of the multiplet of currents implibe existence of fields with too low a dimensiomppear in a convectional
action. It follows that a new rescaling is needéd = 10 > N). The higher the values, the better the fieldsdigison.
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