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A general Urn model in probability theory is used to handle an illustrative 

practical problem on the spread of the Human Immune Deficiency Virus (HIV) among 
Intravenous Drug Users (IVDU) who commonly used hypodermic needles. A 
probability generating function (pgf) is obtained from which a transition matrix is 
derived and subsequently used to obtain the expected number of (IVDU) that could be 
infected with HIV virus when a certain number of heterogeneous hypodermic needles 
are in circulation. 
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1.0    Introduction 

The classical random allocation model arises quite naturally in the context of needle sharing among intravenous drug 
users (IVDU) and was developed to model the growth of infective IVDUs [1 – 7]. Here, it is assumed that i hypodermic 
needles are used by IVDU who could be infected with a virus such as hepatitis or HIV. These needles are randomly shared 
among n susceptible IVDU infecting ),min(1 nis ≤≤ of them. Gani and Yakowitz [7] studied the transmission of HIV in a 

group of IVDU which exchange needles repeatedly. 
The model turns out to be identical to an Urn model with stochastic replacement considered earlier by Woodbury and 

Rutherford mentioned in Johnson et al [8]. In the Woodbury model, we have an Urn initially containing n black balls. Balls 
are drawn at random from the Urn, if a black ball is drawn it is replaced by a white ball while if a white ball is drawn it is 
returned directly to the Urn. 

It follows that immediately after the (i+1)th trial 0≥i  there will be s white balls , if at the ith trial there were s white 

balls and a white ball was drawn with probability n
s or if there were s-1 white balls and a black ball was drawn with 

probability (1-
n

s 1−
) and replaced by a white one . Writing 

p
s
(I,n)=p{s white balls at trial n

i   black balls initially} 

We have the following recursive equation for the probability 

p
s
(i+1,n)= p

s
(I,n) n

s  + p
s 1−

(I,n)(1- 
n

s 1−
)                                                                               (1) 

With s = 1, 2, , , , , , , , , , , , min(i+1,n) and 

p
s
(0,n) = δ 0,s

 

In general the recursive equation for Urn model is given by 

p
s
(i+1,n) = p

s
(I,n)hs

 + p
s 1−

(i,n) g
s 1−

(2) 

Where hs
+ g

s
=1 
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Rutherford [9] studied the case where 

csphs
+=  

With 0
n

p
c

−≤∠ 1
 in which hs

 may now be a simple linear function of s 

Recall (2) 

gphpp
sssss

ninini
11

),(),1(),1(
−−

++=+
            

(3) 

Let  

csphs
+=  

And  
)1(

1
−−=

−
scqg

s
 

Where 1-p=q 
Substituting (3) and (4) in (2) we have 

                                                  (4) 

 
2.0 Derivation of the Transition Matrix from the Probability Generating Function (PGF) 

The simplest way to derive with this recursive algorithm (4) is through the probability generating function (pgf) )(
,

uf
ni

 of 

the probabilities ),( uip
s

 

i.e 

uf s
ni

s
ni

ni
p

u
s

),()(
),min(

0
, ∑

=

=                                                                                                              (5)                                                                      

And 

upf s
ni

s
sni

niu ),1()(
),1min(

0
,1

+= ∑
+

=
+

                                                                                               (6) 

We write (04) in the form 

upupup s
ni

s
s

s
ni

s
s

s
ni

s
s

scqnicspnini )]1()[,(])[,(),1(
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This reduces to the form 
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Substituting (5) and (6) in (7) yields 

uq
u

u
cuupu

f
ff ni

nini
+

∂

∂
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)()( ,

,,1 u
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This reduces to the form 

u

u
ucuuqupu

f
ff ni

nini ∂

∂
−++=

+

)(
)1()()()( ,

,,1
                                                                (8) 

where 

u up
f s
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n
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Respectively.To  seek a recursive equation for the coefficients of the various powers of u. 
we write 

uauaaaf i

ini
iiuiiu )(......)()()()(

2

210,
++++= For in ≥                                           (9) 

inserting (9) in (8) we obtain 

)1(])(......)()()()[()(
2

210,1
ucuiiuiiqupu uauaaaf i
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−++++++=

+
 

                        [ ])(......)(2)(
1
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Thus we put the coefficient of u in (10) in matrix form as follows 

A(i)=
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Setting  p=0, q=1 and c=n1   in (12) yields 

A(i) = 
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Equations (12) and (13) can be further expressed in matrix notation as 

A (i)= )1( −iABi
                                                                                                                (14) 

The matrix Bi
 in equation (12) and ((13) are transition matrices of a markov chain process and 

In equation (10) the pgf )(
,

uf
ni

  written in power series form has coefficients )(iai
 as 

)()( cqqia −= ……………… [q-(i-1) c].                                                                      (15a) 

See Gani [6].This means that if n<I , then q must equal one of 0,c,….(I – 1)c for the distribution to be honest . It shows that 

the pgf )(
,

uf
ni

 in (9) can be determined from (14) using the markov chain transition matrix of equation (11) which 

corresponds to the pgf )(
,1,

uf
ni +

 . 

Consequently, Gani [6] obtained the expectation of )(
,

uf
ni

 as  

E ( f
ni,
) = n [

i

n







 −− 1
11 ]                                                                                        (15b) 

Equation (15b) gives the expected number of people that will contact the HIV virus among the n susceptible IVDUs when i 
hypodermic needles are in use.In addition, we also derive (15b) absolutely using probability as follows: 

The probability of any susceptible among n IVDUs contacting the HIV Virus is 
n

1
 at each time an infested needle is in 

circulation. The probability of not contacting the virus at each time a needle is in use is 

(1 -
n

1
). The probability of not contacting the virus when i infested needles are in circulation among the n IVDUs is (1 - 

n

1
 ). 

Then the probability of contacting the virus when i needles are in use is given by [1 − (1 −
�

�
)�].Therefore the expected 

number of the IVDUs to be infected when i needles are in use among them is 

E (n) = n [1 – )
1

1(
n

i

− ]        (16) 

Equation (16) is exactly the same as the one obtained by Gani [6] expressed in (15a) and (15b) . 
 
3.0 Two Types Of Infectives 
    Suppose we now have two types of infective j and k from (16) then 

E (n) = n [1 – ])
1

1(
n

kj

−
+

        (17) 

Where i = j+k.   Suppose j = cn – 1,    k = 1, where c is some constant, then 

E (cn – 1, 1) = n [1- ])
1

1(
1

+
−

+

j

c
j

       (18) 

E (j+1) = n [1 – ])
1

1(
1

+
−

+

j

c
j

        (19) 

( ) ( )l
c

njE
−−=+ 11

 
And 

( ) ( )ll
cc

njVar
−− −=+ 11

        (20) 
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See Gani [6]. Recall Taylor series expansion )1(
n

Rt
n

Rt +≈l
 

Even a small value of k, such as k = 1 makes a difference to the number of new type 1 infective after a single needle 
exchange. 

We try to deduce the risk sensitivity of the above distribution (21). To deduce the minimum harmful consequence of risk 
we choose the outcome with mean/standard deviation pair ),( σµ on the line of highest possible slope,  

,
min

ZR σµ +=  

whereZdenotes z-score, see [1]. 
 
 
4.0  Numerical Illustration 

In this section, we carry out some numerical experiments to demonstrate the application of the algorithm discussed in 
this paper.Table 1.1 shows the results of our experiments.  
 

Table 1.1: Number of Needles and Expected Infectives, Variances and Standard Deviations 
 
 

                             
j 

( )1+jM  ( )1+jVar  STD 

                            
0 

0.9 0.819 0.905 

                            
1 

1.8 1.476 1.215 

                            
2 

2.6 1.924 1.387 

                            
3 

3.3 2.211 1.487 

                            
4 

3.9 2.379 1.542 

                            
5 

4.5 2.475 1.573 

                            
6 

5 2.500 1.581 

                            
7 

5.5 2.475 1.573 

                            
8 

5.9 2.419 1.555 

                            
9 

6.3 2.331 1.527 

10 6.7 2.211 1.487 
 

In Table 1.1 whenj needles )100( ≤≤ j are in use with one infective the expected number of infective for 10 IVDUs is 

computed using equation (20). See Table 1.1. 
From Table 1.1 it is clear that with each increase in the number of needles the expected number of infective increases 

while the standard deviation σ increases to a point then start decreasing.  To deduce the risk sensitivity of this model we use 
the regression analysis and found that the equation  

 

)8601.1(),7040.2(

2692.72508.6 xy +−=

       
(21) 
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  Coefficients Standard 
Error 

t Stat P-value Lower 95% Upper 95% 

Intercept -6.2508 2.70400 -2.3117 0.0461 -12.3677 -0.13392 

X 7.2692 1.8601 
 

3.9079 0.0035 3.06134 11.4771 

 
 

The computed coefficient of variation from Table 1.1 is 

6292.02 =R .Equation (22) could be expressed as 

σ
µ ))2508.6((

2692.7
−−=                                             (23) 

Where µ=y and σ=x . Thus,equation (23) minimizes the harmful consequence of risk. Hence, we choose the 

outcome( σµ, ) = (5.5, 1.573) pair with 7=j . 

 
5.0 Interpretation 

Table 1.2 shows (a) that since the confidence interval )13392.0,3677.12( −− includes zero, the hypothesis that this 

parameter 2508.6− (intercept) is zero cannot be rejected at 0461.0 significance level, it implies the intercept is essentially 

zero. (b) The confidence interval )4771.11,06134.3(  does not include zero, then the slope 2692.7 is significantly 

different from zero and cannot be rejected at 0035.0 significant level, the slope is essentially not zero. 

The coefficient of variation R
2 shows the predictive strength of the model (22) which is %63 . 

 
6.0 Conclusion 

A probability generating function )( pgf based on )1( +i hypodermic needles of the probabilities of infective was 

obtained and used to obtain a transition matrix of a markov chain. Consequently, this is used to determine the coefficients of 
the pgf of i hypodermic needles when this pgf is expressed in power series. If these coefficients are known it implies the 

pgf of i hypodermic  needles is known,  its expectation and standard deviation can be deduced for each number of 

hypodermic needles in use and the number of IVDUs. A sensitivity analysis is carried out on the model. Here we deduce that 
at least seven ( 7=j ) hypodermic needles should be in circulation to reduce the risk of contracting HIV whenthere are 

10=n IVDUs in the system, since 61 percent variation in the model is due to the standard deviation (risk). 
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