Journal of the Nigerian Association of Mathematical Physics
Volume 25 (November, 2013), pp 135 - 140
© J. of NAMP

Analytical Solution of a Tuberculosis Epidemic Model Using Homotopy Analyis Method
Y brahim M. O. and “Egbetade S. A.

'Department of Mathematics,
University of llorin, llorin
’Department of Mathematics & Statistics,
The Polytechnic, Ibadan

Abstract

In this paper, we describe a powerful, easy to use analytical technique known as
homotopy analysis method (HAM). The HAM is then applied to nonlinear equations
describing the transmission dynamics of tuberculosis epidemics. The method yields
series solutions that are reasonable and easy to express. Our results reveal that
HAM isvery effective and simple.
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1.0 Introduction

Over the past decades, analytic solutions of neatirequations are obtained by the three traditinnalperturbation
methods of Adomian decomposition method [1], Lyapuartificial small parameter method [2] afid expansion method
[3]. Unfortunately, these methods have some rdigirs. Firstly, they are valid for weakly nonlingamoblems. Secondly,
none of the methods provide any freedom to choadéli approximations and the governing equatioaguired to
approximate the considered nonlinear problem. EBssidll the methods do not provide a convenient veaensure
convergence of solutions.

In order to overcome these limitations, Liao [4pposed a new analytical approach known as homoso@yysis
method (HAM).The method was developed for the psepof obtaining series solutions to nonlinear equatwith strong
nonlinearity. As discussed in several articles, HAlt been shown to exhibit several distinct adgg#taver all previous
non-perturbation methods. First, it is valid formganonlinear equations especially those with stroaglinearity. Second,
HAM gives great freedom to select initial approxtioas and types of auxiliary sub problem. In adudifiit provides a
convergence control parametfethat helps to ensure series convergence. Fintatlgritains homotopy perturbation method
develop by He [5] and the three previous non-pbetion methods as pointed out by Sajid and Hayhtaf@ other
researchers [7-8].

This method has been successfully applied to smiaay types of nonlinear problems arising in thédfief science,
engineering and finance [9-26]. All these succdsgiplications confirm the validity and great pdtahof HAM for solving
nonlinear equations.

In this paper we shall apply the HAM to obtain ssrsolutions of tuberculosis model proposed in Bloet. al [27]. The
obtained results will be graphically displayed afiscussed quantitavely to illustrate the solutiofise remainder of the
paper is organized as follows: In section 2 weestia¢ Blower et. al. model [27]. We go on in sattito give a systematic
description of the HAM approach. Section 4 dealthwhe application of HAM to the model equationsgased in [27].
Numerical results are presented in section 5 vdgttion 6 concludes the presentation.

2.0 Mathematical Formulation
The model is [27]

S'=m—pIS— uS 2.1
E'=(1-p)pIS — (u+Vv)E (2.2)
I'=ppBIS + vE — (u + up)l (2.3)
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where
S =denotes susceptible class
E =denotes exposed class
I =denotes infected class
7 denotes rate of recruitment of susceptible individuals
B denotes transmission rate of TB
u denotes natural death rate
ur = death rate of TB
v = rate of slow progression
p = rate of fast progression

In the paper of Blower et. al. [27], the authorgega qualitative analysis of the equilibrium poinf¢he model and showed
that the disease-free equilibrium is locally asyotipally stable if the basic reproduction numiigris less than one. It was
further shown that the endemic equilibrium is ubtavhenR, < 1. In the present paper, we reconsider the modéhip
order to obtain a purely analytic solution of thedel. The method of solution shall be based ondtopy analysis method
developed by Liao [4].

3.0 Basic Approach of HAM
Let us consider a nonlinear equation of the form
Nly®l=0 (3.1)
where N is a nonlinear operatot, denotes the time andu(t) is an unknown function. Lety,(t) denote an initial
approximation ofy(t) andL denote an auxiliary linear operator, Liao [9] dousts the zero-order deformation equation
(1= qL[pEt q) —yo(®)] = qhH(IN(t; q) (3.2)
where g € [0,1] is the embedding parametér# 0 is a nonzero auxiliary parametdi(t) # 0 is a non-zero auxiliary
function.
When g = 0 and q = 1, the zero-order deformation equations becomezotisply

#(t;0) = yo(6) (3.3)
¢(t;0) = y(t) (3.4)

and

Thus, asq increases from 0 to 1, the solutigft; q) varies continuously from the initial approximatigg(t) to the exact
solutiony(t). Such a kind of continuous variation is calledodmation in topology. Expanding(t; g) by Taylor’s series
in power series of;, we have

BED = Yo + ) yma” (35)
where "
_1ome(tq)
Ym(t) = Waq—m (3.6)

is the deformation derivative.
If the auxiliary linear operatoL, the initial approximationy,(t), the auxiliary parametér and the auxiliary functiol (¢)
are properly chosen so that

0] the solutionp(t; q) of the zero-order deformation equation (3.2) exist allg € [0,1].
(i) the deformation derivative (3.6) exists forall= 1,2, ...
(iii) the series (3.5) converges at g=1.
Then, we have the series solution
PED = o) + ) ym(®) 37)
m=1

Define the vector

Ym(©) = o), y1(0), .., ¥ ()} (3.8)
According to the definition (3.6), the governinguatjon can be derived from the zero-order deformmagquation (3.2).
Differentiating (3.2) m times with respect to the embedding paramgt#hnen settingg = 0 and finally dividing bym!, we
obtain themth order deformation equation

L[ym () = XmYm-1(O)] = AH (O R (-1 (8)) (3.9)

where
. R A IGT)
R (-1 (8)) = oD agn (3.10)

Journal of the Nigerian Association of Mathematical Physics Volume 25 (November, 2013)135 — 140

136



Analytical Solution of a Tuberculosis Epidemic Model... lbrahim and Egbetade Jof NAMP

and
0,0 m<1
Xm = (3.11)
1, m>1
Note that according to the definition (3.10), tight hand side of (3.9) depends onlywp_,(t). Thus, we easily gain the
series y, (t), y,(t), ... by solving the linear high-order deformation edpai3.9) using symbolic computation software such
as Matlab, Maple or Mathematica.

4.0  Application of HAM to solution of Blower et. al. Model
To solve the model equations (2.1) — (2.3) by HAM, consider equation (2.1) and choose the linparator

ds(t; q)
L[St )] = ' (4.1)
with the property that
whereq, is a constant of integration. The inverse oper&td is given by
t
10 = [ Ot (43)
0
Let the nonlinear operator be defined as
ds(t; q)

NSl = ———m+ pIL St q) + uSt; q) (4.4)
By constructing the zero-order deformation equation

(1 — @LIS(& q) — so(t; )] = ghH(ON[S(¢; q)] (4.5)
we have that for
q = 0,then S(t; 0) = s4(t)
q =1,then S(t; 1) = s(t).
Then, we have thenth order deformation equation

LISm(6) = XmSm-1 ()] = RH(ORp (Spa (), m =1 (4.6)
where

o dS,_1(t)
R (Sm-1(8) = =222 = 4 pBly 1 (DS moa () + iSpos () (A7)

The solution of themth order deformation equation (4.6) fer > 1 and usingh = —1 andH (t) = 1 is given by
t

$n® = nSna© = [ (GSna@ =

+pﬁ1m—1(t)sm—1(t) + #Sm—l(t))dt: mz=1 (48)
Following earlier steps, we get
t

d
En(®) = 2nlin s ©) = [ (5 Ena(© = (1 = Bl s 0510

+(u+V)E,_1(t))dt, m=>1 (4.9
t,d
I (6) = Kol (6) — f (5 bt (©) = Bl s (OS,01 0
0
—VEn_1 (1) — (u+ pp)lp_1(8))dt, m=1 (4.10)

5.0 Numerical Results and Discussion
The following parameters values are consideredifionerical results
Table 1: Parameter values for the series solutions

Parameter Assigned values

S 300

E 7

| 25

B 0.0005

u 0.01
Ur 0.003

T 0.3

p 0.008
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Using the above table, we calculate tfe 4" and %' terms series approximations (t), E(t),and I(t) . Series solutions

are obtained by Maple 15 software package [28].
3 terms approximations

3
Si() = Z S (t) =300 — 67.27t — 5.395875¢t2 — 0.1757564583t3,

m=0

3
Es(t) = Z En(t) = 7 —34.2t + 5.6688125t% + 0.2795809458¢3,

m=0

3
1(t) = Z I,(t) = 25 — 17.285¢ + 4.404375¢% + 2.113624167¢3,

m=0
4™ terms approximations
Sa() = Xk _0Sm(t) =300 — 67.27t + 5.395875t2 — 0.1757564583t3 + 0.5584367383t*,
4

E,(t) = Z En(t) = 7+ 34.2t — 5.6688125t% + 0.2795809458t3 — 0.5185765253t*,

m=0

4
I,(t) = Z I,(t) = 25 — 17.285¢t + 4.404375¢t% + 2.113624167t3 — 0.3300966248t*,
m=0

5" terms approximations

5
S.(t) = Z S, (t) = 300 — 67.27t + 5.395875¢t2 — 0.1757564583t3 + 0.5584367383t* + 0.08035312773¢5,

m=0

5
Es(t) = z E,(t) = 7 + 34.2t + 5.6688125t% + 0.2795809458t3 — 0.5185765253¢t*
m=0

+0.07047325499¢t>,

5
I(t) = Z L, (t) =25 — 17.285t + 4.404375t2 + 2.113624167t3 — 0.3300966248t* — 0.04623484033t>,

m=0

1000 —
SO0
(S _E ) 500
200 —

200 —

Fa

Fig. 1: Plots of 8 terms approximations for S(t), E(t) and I(t) agaitime (t). The dash lines denote
Exposed (E), dash dot lines denote Infective wihilelines denote Susceptibles
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Figure 2: Plots of % terms approximations for S(t), E(t) and I(t) agaitime (t). The dash lines denote exposed (E3haiat
lines denote infectives (I) while dot lines denStesceptible (S)
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Fig. 3: Plots of & terms approximations for S(t), E(t) and I(t) agaitime (t). The dash lines denote
Exposed (E), dash dot lines denote Infective wihilelines denote Susceptibles

The results show that as the order of approximatimereases, the homotopy series solutions conserggidly. This
indicate that the efficiency of HAM can be improveyl obtaining higher order approximations. Furtheren by plotting the
5" terms approximations (Fig. 3), we notice that itifective (1), exposed (E) and removed (R) cladsmge decreased to
zero signifying the end of the epidemics. At #tisge, the number of susceptible ( S) approach sositve value ( 3.0105)
which is the eventual population who were nevegdtife.

That is,

lim;_o [(t) = lim;_ o I5 (t) = 0 and lim,_, S(t) = lim,_, S (t) = 3.0105

6.0 Conclusion

The homotopy series solutions obtained for thé t8Berculosis model by HAM converges very fastngsa few
iterations. These results show the validity antépiial of homotopy analysis method for gettingsfattory approximations
to nonlinear equations arising in the mathematioadieling of infectious diseases.
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