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Abstract

These four properties of the Legendre polynomiaRodrigues’ formula, mutual
orthogonality, generating function and recurrenceofmula are discussed in passing.
The linear change of variable is employed to traosh the Legendre polynomials to the
shifted Legendre polynomials. The above propertes then derived in detail for shifted
Legendre polynomials. Furthermore, certain theorerage used to prove that the derived
Rodrigues’ formula and the recurrence relation prepties actually satisfy the shifted
Legendre equation.
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1.0 Introduction

The Solution of the Legendre equation

(1—x?)y"—2xy'+n(n+1)y=0 (1)
with singular points at = —1,1, wheren is an integer is of the form
Y = 1P (x) + Q0 (%) 2)

Where,, ¢, are arbitrary constantg,,(x) are Legendre functions ail(x) are the Legendre polynomials[1,2] given as
P.(x) = 2n-1)(2n-3)..1 0 nn—-1) -2 nn—1)m-2)(n-3) s
2(n—1) 24(2n-1)(2n-3)

n!
N } 3)

The Legendre polynomid, (x) can also be expressed by the Rodrigues’ formuiangdy

P = g (o 1) @
which serves as an aid to establishing further @nigs of Legendre polynomials such as the firsd terms of the
B, (x)[1,3].
The Legendre equati¢h) can be also put in Sturm-Liouville form

d’y dy

Pz +10) 2~ + a0y +Ap()y =0, () =—1 (5)

Withp(x) =1 —-x2%, q(x) =0,A=n(n+ 1),p(x) =1 and its natural intervdl1, 1]. SinceP,(x) are regular at the end
pointx = +1, they must be mutually orthogonal over this ingdfd]. That is

fan(x)Pk(x)dx =0 ifn+k (6)

-1
(6) shows that, any two different Legendre polyrasiare orthogonal in the intervall < x < 1 [2].
The generating function for Legendre polynomialsolthis useful in obtaining their properties[2] isen by

dp(x)
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1
V1 —2xt + t2 Zp(x)t )

This is used with the aid of d|fferent|at|on to erthe following recurrence formula satisfied e tLegendre polynomials

1)
2n+1
Pn+1(x) n + n(x) n 1(x) (8)

which is often used for generating Legendre polyiasit].

However, the Rodrigues’ formula, mutual orthogayalgenerating function and recurrence formulaepprties given
by (4), (6), (7) and (8) respectively, have notrbeerived for the shifted Legendre polynomials. Hhifted Legendre
polynomials which serve as very good orthogonaisbfamctions in polynomial approximation especialiythe least square
sense[4], enjoy wide range of applications in défe aspects of mathematical sciences; for instarinethe solution of
convolution integral equations|[5].

In this work, we derive and discuss these propertor the shifted Legendre polynomials stating esaheorems to
prove that they actually satisfy the shifted Legerefjuation.

2.0 Shifted Legendre Polynomials
Proposition 2.1(Linear Change of Variable)
Consider the inner product [6,7]

b
(f.9) = [ F@gCmwedx ©
on the intervala, b]. The mafg—1,1] to [a, b] by a simple linear change of variable is of therfo
t=a+fx (10)
Particularly,
2x—b—a
t= a4 (11
will changea < x < b to—1 < t < 1. The map changes functiof$t), G(t) defined for—1 < t < 1 into functions
2x—b—a 2x—b—a
f@=F(5=2") sw=6(5"—) (12)

defined fora < x < b.
From the proposition 2.1, the singular points &f tiegendre equation are then shifted;

1=ty () = 2ty'(t) + n(n + Dy(t) = 0 (13)
Fromx = +1tox =0,1.Thatis
t=2x—1 (14)
dx 1 y 1dy ., 1d?%y
w2z VO3 =Y'® =15
Substituting in (13), we get,
(x = x?)y"(x) — (2x = Dy'(x) + n(n + Dy(x) =0 (15)

which is the shifted Legendre equation, whose seid¢ution
B;(x) = B,(2x — 1)is called the Shifted Legendre Polynomial[1,2].

3.0 Properties of Shifted Legendre Polynomials
3.1 Rodrigues’ Formula

We note from (14) that,

d 1d

dt 2dx

ar 1 dv

- = 16
dtm  2ndxn (16)
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Putting (14) and (16) in the Rodrigues’ formula f@gendre polynomials,

n

_ 2
P"(t)_znn!dt" @ -n"
we get
PG = e (2 - 1)7 - 1"
n X = o 2n g BX
* _ 1 dn 2 n
iPn(x)—HW(x —x) (17)

which is the Rodrigues’ formula for shifted Legeagholynomials.

Theorem 3.1

The shifted Legendre polynomial (17) is a solutiéhe shifted Legendre equation (15)
Proof

Letu = (x2 —x)"

Differentiating with respect to x, we get

u' =n2x —x)(x? —x)"?

Multiplying through by(x? — x) yields

x?=—x)u' —n@x—-1Du=0 (18)
Differentiating (18 + 1 times using the following Leibniz rule for produdtfunctions
n+1
n+1
(Fg)™D = Z ( . )f(n+1—k)g(k) (19)
n=0

Wherd"*) = % the first term of (18) gives

[(x% — )u]®*D = (x2 — )u®™D + 2x — D(n + Du™ + nn + 1)u®
The second term of (18) gives
n[(2x — Du]™D = n[2x — Du™D + 2(n + DHu®™)]
Combining the two terms, equation (18) becomes
(x? = 0)u™? 4+ 2x — Du*D —n(n + Du® =0
Multiplying through by—1, we get
(x — x»Hu™? — 2x = Du™D + n(n + Du® =0 (20)
which recovers the shifted Legendre equation (1) w(™ now as the independent variable. Since from (1% an integer
andu™ has the end points= 0,1, we make the identification
u™(x) = c,P; 21)
for some constants,. We note that the only term in the expressiontfiemth derivative of(x? — 1)" that does not contain a
factor (x2 — x) and therefore does not vanishxat 1 is
2x — 1)™n! (x2 — x) = u™(x) (22)
Puttingx = 1 in (22), we get
n! = ¢, B,y (x)
TakingP; (x) = 1 as the normalization of the equation (17) gives
¢, =nl!
Thus the Rodrigues’ formula for the shifted LegengolynomialP,; (x) is a solution of the shifted Legendre equatior).(15

3.2 Mutual Orthogonality

SinceP; (x) satisfies the shifted Legendre equation (15), witew
[((x —x)P +n(n+ 1P =0

Multiplying through and integrating from=0tox =1,

Journal of the Nigerian Association of Mathematic&hysics Volume5 (November, 2013)59 — 64

61



Derivation of Properties of Shifted Legendre Polynomials P.V. AYOO J of NAMP

f 1P,:(x) [(x — x?)B; | dx + f 1n(n + )PP dx = 0
Ir(;tegrating by part, we get ’
- fl(x —x) PR dx + fln(n +1)PPidx =0 (23)
Reversing the roleos of andk yields, ’
- fl(x —x) PP dx + flk(k +1)PPdx=0 (24)
Subtracting (24) froom (23), we get ’
fln(n + 1) P;P;dx — flk(k +1)B,;P;dx =0
0 0

1
[nn+1) —k(k+ 1)][ PiPidx =0

Sincek #n= [n(n+1)—k(k+1)] #0
That is

1
f P;Pidx =0 (25)
0

is the orthogonality property of the shifted Legengdolynomial withw*(x) = 1 as the weight function. As a particular case we
note that, if we puk = 0, we obtain,

1
fP,fdx=0 forn=0
0
Any polynomial of degreé& can be written as a linear combinationBjfwith n < k so from (25) polynomial of degree less

thann is orthogonal t&; .

3.3 Generating Function
The generating function for shifted Legendre isagi#d using proposition 2.1 and the generating tioncfor Legendre
polynomials (7). Thus

J1—2(2x—1)t+t2 Z w2}t

[1— (4x — 2)t + £2] 77 = Z P (x) ™ (26)

3.4 Recurrence Formula
The first and of course the most important recureerelation for the shifted Legendre polynomialsoi#ained using the
generating function (26). Differentiating (26) witbspect ta, we get

2x —t—1
nprt" !

J[l — (4x — Dt + 2]z =0
Multiplying through byl — (4x — 2)t + t?, we get

(x—t— 1)ZP,;‘t" =[1- (4x—2)t+t2]znP,ft”_1
n=0 n=0

Expanding and evaluating for powefson both sides gives
2xP; — Pi_y — Pi = (k + 1)P;,, — k(4x — 2)Pi + (k — 1)P;_,
=>(k+1P,=2x+4xn—-2k—-1)P; —kP;_,
Replacingk with n, we get the recurrence formula
2x +4nx—-2n—-1) | n

n+1 kT n+1

Py = P4 (27)

Journal of the Nigerian Association of Mathematic&hysics Volume5 (November, 2013)59 — 64
62



Derivation of Properties of Shifted Legendre Polynomials P.V. AYOO J of NAMP

which is used to generate further relation propertif the shifted Legendre polynomials as we stealbelow.
Theorem 3.2

The generating function (26) satisfies the shittedendre equation (15).

Proof

We first differentiate (26) with respect tato get

2t

3 Bt (28)

[1-(x—-2)t+t2]2 n=o

Also differentiating (26) with respect togives
2x—t—1 -

s= ) npy et (29)
[1-(4x—-2)t+t%]z2 n=o
Multlplymg (28) by[l — (4x — 2)t + t?], we get

o0

z 2Pttt = Z Prth — Z(4x —2)B; t™t 4 z P tn+2

n=0
Equatmg the coefﬁment (If"“, we obtain the recurrence relation

2P; = Piyy — (4x — 2)P; + P, (30)
Multiplying (29) by 2t and (28) by(2x — t — 1) and equating the two results, we obtain

(2x —t— 1)2 P tn = ZtZ np; ¢n1

n=0 n=0

Expanding and evaluating the coefficientdf we get
2xP; — P, — P} =2nP;
which yields the recurrence relation
2nP; = (2x — B — P, (31)
Adding (30) and (31), we get
2nP; + 2P; = 2x — 1P — (4x — 2)P; + P}y
this yields the recurrence relation

2+ 1P = Piy — 2x — DB (32)
Replacing (32) with — 1 for n, results to

2nP;_, =P — (2x — 1)P;_, (33)
Multiplying (31) by (2x — 1), we get

2n(2x — 1Py = (2x — 1)2P; — 2x — 1)P;_, (34)

Adding (33) and (34) gives,
4(x? — x)P; = 2n(2x — 1)B; — 2nP;_,
Dividing through by2 gives the recurrence relation
2(x% — x)P* =n[(2x — V)B; — P;_4] (35)
Differentiating both sides with respectitgjields
2(x% —x)P; +2(Q2x - 1B =n [((Zx — 1B - P,:'_l) +25;]
Using equation (31), we get
2(x2 —x)P; +2(Q2x — 1) —2n(n+ 1)B;
Dividing through by—2 yields the shifted Legendre equation
(x—x¥)P —(2x—1PB +n(n+ 1P =0
with the independent variable BS.

Equations (30)-(32) and (35) can be rearrangedtaim the other recurrence relations of the shiftedendre polynomial with
the last obtained by subtracting equations (32nf(81).
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4.0 Conclusion
These properties of the Legendre polynomials: Rpe$’ formula, mutual orthogonality, generating diimn and the
recurrence formulae do exist for the shifted Legenmblynomial and they actually satisfy the shiftedjendre equation.
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