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Abstract

For proper modelling of the thermionic converters, and evaluation of its efficiency
and power output (from a given input energy flux) it is necessary to estimate accurately
the thermionic currents from the hot emitter surface. In this paper we derive the
expression for the work function of a metal as a function of temperature considering
thermal expansion and constant number of free electrons. We then modify the
Richardson-Dushman equation for thermionic emission and explain the observed
variation of the Thermionic emission constant from metal to metal. The theory also
explains the observed rate of change of work function with temperature for tungsten
and predicts dependence of thermionic emission constant and current density (at a
given temperature) of a metal on crystallographic direction of the emitter surface.
Application of the derived equation is discussed.The theory seemsto bein morereliable
agreement with experimental results than that of Seely.

1.0 Introduction

The emission of electrons from a hot metal surf@amiconductors are not considered in this artislay termed
initially the "Edison Effect." [1]by the British gntist William Preece in 1984 and later the Bhtphysicist Owens Willans
Richardson[2] studied it in details and calledtlitermionic emission”. Thermionic emission findppdication in many
practical devices such as , electron guns[3], vactwbes[4], cathode ray oscilloscope[5], thermiooinverters[6] etc.
Modelling the performances of these devices is dase Richardson-Dushman equation[2] of the emittedent density
which is given by:

] = AOTzexp(WO/kB T) 1)

Where40:(4emnk32/h3) a constant assumed originally to be independentatéls.

W, =work function of metal.

In reality A, depends on type of metal (Table 2).It is seen fi@hle 2 that thethernionic emission constgnts quite
less than the theoretical value for most of theafsetxcept cesium. This dependence has been oftginieally given by:

A= AB(]- - rav)AO (2)
so that the equation is often writen as
J = A'T?exp(—W,/kpT) 3)

In presence of the electric field,(That can exist between the electron emitting adth(-ve) and the electron collecting
anode (+ve)) there isSchottky[7] effect as a resinthichW,is lowered to

W' =W, — e(eE /4mey)> 4)
andconsequently the thermionic emission currensitieincreases according to
] =A'T?exp(=W'/kgT) (5)

This effect (Eqg. 4) is known as Schottky effecthiermionic emission. This however, does not explaequantitative
dependence df on metal characteristics[8]. Also since the warkdtion is the difference between the vacuum enargy
the Fermi energy, £and the Edepends on temperatufeat which (which is usually > 1000 K) the thermioeimission
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takes place, the work function is also dependentmperature. In modelling electron guns and otlesices which depend
onJ(T), it is very important to have a precise knowledgd'andiv'.

Seely (1941)[8] investigated the change of potéetiergy barrier at the surface of a metal withtthermal expansion
of the metal due to heating. From the change ohthrenal maximum energy of an electron calculated &snction of the
temperature of the metal he showed that the theiimemission constant depends on metal charadtsrish this work we
give a completely new derivation of the modificatiof the egn. (5) due to thermal expansion of tleainfrom a different
concept. We assume the total number of free elestno a metal to remain constant as temperatues asd derive an
expression for the variation o (T)with temperature. We substitute this in Eq. (5place ofW'to arrive at the modified
version of equation (5). We see that automaticallybecomes metal-specific. We also find that theatemn of W (T) with
temperature depends on metal characteristics. Admyt is found to explain fairly well the observal in several metals
with exception of alkali metals. It also explaife tobserved temperature rate of change of worktifimén tungsten. Our
derived equations can properly be used in modedliagtronic devices based on thermionic emissions.

Such modified egn. is expected to be importanttfermionic emission from metals with low work fuieet of the order
of 1 eV at temperatures of 1500 K or higher. Themid emission[9] is recently combined with energjestive vacuum
tunnelling of high speed electrons ( in the Ferifribution) in special nano scale (geometry) desif materials with low
work function of 1.0 eV for refrigeration (thermioncooling). It is found that for nano materialgtw5-15 nm size gaps
only a small external voltage (1 — 3 V) is requitedcreate large currents and a cooling power @& Wcnf. Carbon
nanotubes[10] (CNTSs) intercalated with alkali metétb reduce W), such as potassium are promisingidates for new
thermionic-photoemission materials. In such male@@so which are good candidates for combinedntf@ic and photo-
thermal power generators, where the work functiofound to be temperature dependent, the modifedtionic emission
equation will be very useful in predicting accuhaténe thermionic current density at a given terapane and hence power
derivable from a given solar flux.Below we firssduss the simple “derivation of

of Richardson-Dushman thermionic emission equafiom a metal” which is available in any text bodkext we
discuss the modification of the equation and exgtian for the temperature and orientation depenel@fievork function of
a metal surface. Then we discuss the variationcangparison of the thermionic emission constanth Wie present theory.

2.0  Derivation of Richardson-Dushman thermionic emission equation from metal.

The derivation of Eq.(1) is given in a undergraduat graduate solid state physics book. Only aertalations
relevant[11,12] to the subsequent derivations acgagl here.

According to the derivatiod, = 4em,mKz%/h® is independent of metal, unless one uses thetaffemass of electron.
However, we are not really supposed to use thet@ffiemass since m refers to the mass of the ele@s it is out of the
metal surface and moreover, we are talking aboetfthe electron in the metal (which are emitted)oséeh effective
mas$m, = h?/(9%E/0k?)) is close to the free electron mass because afethon E = h%k?/2m, We want to explore
the reason for this variation from metal to metal.

The density of states defined as the number of iquastates per unit volume of the material per angrgy interval is
for free electrons in metal given by[11]

g(E) = CEY/? (6a)

WhereC = (m/h?)3/2 21/2 /2 (6b)

This density of states is independent of tempeeafline Fermi energy at 0 K is given b, = (h?/2m)(3n/8m)?*/*

Using the concept gf(E), the total number, N of free electrons in the matalgiven by:

At temperature 0 KN(T = 0K) =V, fOEFO g(E)dE (7a)

At temperature T, N(T) =V [ " g(E)f (E)dE (7b)

Wheref (E) = 1/[1 + exp((E — Er)/kgT)] is the well known Fermi-function.

Considering thermal expansion of the meltak: V(1 + 3aT).

Where o = Linear thermal expansion coefficient. In genesal shall use/ = V(1 + raT) where r = 3 for a three
dimensional (sphere or cube) emitter, r = 2 fawa tlimensional (plate or thin film emitter); r =fdr one dimensional (thin
wire emitter).

Thermionic emission takes place at high temperateit®00 K). Since the work function is defined ke difference
between the vacuum level and the Fermi-levelaBdsince Eis dependent on temperature, even théughkgvaries from
about 15000 K to 110,000 K in metals, at tempeestabove 1000 K (above which usually thermionicssion takes place),
change off; with T will change the work function with T andighin turn will affect the thermionic emission. Opnimary
objective now is to obtaiti, as a function of T from the two equations (7a) @) The 2“ objective is to see how this
affects the Richadson-Dushman thermionic equalfite. third objective is to see overall how the eiumis modified when
Schottky effect is considered, i.e., the modifieatof work function in presence of electric field.
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Variation of work function of a metal with temperature and the consequent modification of Richardson-shman
thermionic equation.

The dependence of W on T can be understood whamderstand the change Bf with T. To work out this change we
rely on the fact that the total number of electron& given piece of metal &= 0 K is the same &f =T K. (The case
where thermionic emission takes place without tketmons being replaced at the emitter (which isallg the cathode) will
not be treated here). Now&t= 0 K, E < Eg, and the Fermi functiofi(E) = 1

Thus from eqgs 7a and 7b we have

Vo [F70 g(E)AE = Vo(1 + raT) [ g(E)f (E)dE )
Using the expressions #&(F) andf (E)Eq. (8) becomes
fOEFO CEY?dE = (1 + raT) f0°°[1/(1 + exp (E — Ep)/kzT)|CEY/2dE (9)

The LHS of eq.(9) is independent of T while the Rillflependent on T. Solution of this eq.(9) Bgras a function of T
is a non-trivial problem. We shall follow the Sommfidd expansion method (in the original expansioa factof1 + raT)
was absent).

Our target here is to express as a function ofs;, and T. Once that is done we shall be able to egptiee work
function Was a function of T and understand why Riehardson-Dushman thermionic constant A, variesnfmetal to
metal instead of being a constant.

We write the RHS of Eq.(9) as

I=(1+ral) [["f(E)CEV2dE = (1 +raT)[f(E) f, CEV?dE — ["{(df (E)/dE) |, CE'/? dE}dE] (9a)

= (1 +raT) [| FE)2CE™2 /3|7 — [{(df (E)/dE)2CE™? /3}dE] (10)

The first term in the square bracket is zero begfaU®) is zero aff = oo and unity af = 0.

For evaluation of the second integral we need foressE3/2 as a function off — E; since this term(E — E) is
inf (E).

E3? = 3% + (E — Ep)(E¥?) + (E — Ep)? (E¥?)" /21 + (E — Ep)® (E¥/2)" /3! + (11)

df (E)/dE = —[1/(1 + exp(E — Eg)/kg T)]?exp (E — E¢)/kgT)/ks T (12)

In Eq.(11) the successivéndicates the order of derivatives evaluatedqat E

The derivative in Eq.12 is an even functionkof E and is significant only arounl = E + a fewkgT Therefore, the
integral in Eq.(10) is insignificant when E is less greater than by more than a fevikgT. The successive first three
integrals are:

L0=—f§° 2CER3/?{[1/(1+exp(E~ER)/kpT)>exp((E~Ep)/kpT)/kpT}=2CEF>/?/3

Ly = —(E¥?) 2 2(E = E) [1/(1 + exp(E — Eg) /kg T)?exp ((E — E)/kgT)/3ksT (13)

Because of the teri — Er in eq.(13) the integral is an odd function Bf- E; Thus the integral is zero. The third
integral is

Ly = (E¥?)" [7 (E — Ep)* {[1/(1 + exp(E — Ep)/kp T)|?exp((E — E)/kpT/3kpT)}dE (14)

L, = (E32)" (kgT)? fxzexczx/u + e%)2/3
Where x=(E—Ep)/kgT -
Now the standard integrll_x2e*dx/(1 + e¥)? = n?/3

Now (E3%)" =3/2(EV?) = (3/2)(1/2)(E~"/?)atE = Ej

= 3/ B
Thus L, = (n?/8)Ex"Y?(ksT)?
Retaining terms only up td"order, thus the integral of Egs.(9a) & (10) beceme

I=(1+ral)|2C Ez*?/3 + (m?/12)Ex~"/?(ksT)?] (15)
Thus eq.(9) becomes

(2/3)CER>* = (1 + raT)[(2/3)CE:*? + C(n?/12)Ex " *(kpT)?] (16)

Ep,*?[Ee"? = (1 + 1aT)[Ep + (12/12) (ksT)?/Er] (17)

On the LHS of Eq.(17) we can takg = Ep . Then Eq.(17) becomes
EFO = (1 + TCZT)[EF + (7'[2/12) (kBT)Z/EF]
EF - EFO = —T‘(XT[EF] - (1 + raT)(ﬂz/].Z)(kBT/EF)ZEF (18)
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ReplacingEy by Er, on the RHS will not affect the RHS much, becauseneat T between 1000 and 2000 K (where
most of the thermionic emissions take plaed)~ 0.03 for antkzT/Er)? is between 0.01 and 0.0001 for most metals and
we get
Ep — Ep, = —raT[Eg] — (1 + raT)(n?/12) (kpT)?/Ep, (19)
Now the work functiori?, of a metal (at 0 K) is the minimum energy requifedan electron at enerdy, to escape
from the surface of the metal.
W, + Ef, = E,(Vacuum energy of electron) (20a)
OrW, = E, — Ep, (20b)
Now with rise in temperaturg, does not change bit. The new work function W at temperature T shdwdddefined
(in analogy with eq.(20b)) by

W(T) = E, — Ep(T) (21)
Using Egs. (19) - (21) we see that
W(T) = Wy + raTEg, + (1 + raT)n? (ksT)?/12E, (22)
The rate of change of work function with temperatisrgiven by
dW (T)/dT = raEg, + 2(1 + raT)n? (kpT)/12Eg, + ran®(kpT)* /12Eg, (23)

Eq. 22 gives us the temperature dependence of dhle fwnction of a metal/,corresponds to T = 0 K. Because of the
quantities@andEr,, this dependence on T is metal specific. The &gs thal/ (T) increases with T. Though th&'2erm in
Eq. 22 makes the major contribution to the depeceleiV (T) on temperature, thé®erm is also important when-£is
small. W(T)has been observed to increase[10,15] in metals Witind this is consistent with Eq.(22). The quatitie
comparison of eq.(22) with observed variatioMofT) from metal to metal has been reserved for our pager.

Inserting the expression 167(T) in Eq.1 we get the modified Richardson-Dushmanntienic equation as:

J = (4emmky”/h3)T2exp(— W /kgT) = AgT?exp(— [Wy + raTEg, + {1 + raT}(m?/12) (ksT)?/Eg,]/k5sT)

Finally,

J = Agexp (= rakp /ky) T2exp(— [Wo + {1+ raT}(w?/12) (ksT)?/Eg,| /k5T) (23a)
Eq. (23) gives us the modified thermionic emissguation with the constaAtchanged to a new constatit
A" = Agexp (— raEF)/kB) (23b)

Now in Eq. (23b) the ternty /kp is a fundamental constant of metal and is metakifp though absolutely

temperature independent &S given by
Eg, = (h?/2m)(3n/8m)?/® = 3.65 x 10719n?/3 (ineV) (24b)

n = nunber density of free electrons =n = zN,p/M. z = valency;p = density; M = atomic mass. N, =
Avogadro number. ncan also be calculated from the following relatin = xz/a®. Wherec =number of atoms per unit
cell of the metal crystal.= valency of the metal. a = lattice constant of the metal. nof some metals calculated from
the second relation is given in TableEk,is then computed from Eq.(24b). The nearly tenmpeeaindependence of the
thermal expansion coefficientcan be understood [11] from the following consédiens:

a=(yc," +¢,*)/3B (25)

Wherey is the overall Gruneisen parameter of the metdk is primarily of the order of unity and temperat

independent. B the bulk modulus. At temperatureal300 K,Cyi"" assumes the value3s. Cye’is usually much smaller

tharfy“’".The electronic contributiom,’ye’ is very negligible at high temperature. Thuscan be assumed to be fairly
independent of temperature in a metal.

This new thermionic constadit is dependent on two quantitiesandE, which are both metal specific. Eq. (23a) adds
also temperature dependent modification of thentiemic equation that is again metal specific. Itasbe noted that the
Schottky effect (lowering of work function by theegence of electric field; on to the metal surface) modification of the
thermionic emission equation that is well-knowmds added to eq. (23a). WithSchottky- effdéfis lowered to [11].

WOI = WO - e(e E/4‘7T£0)05 (26)
the final modified equation for thermionic equatisrgiven by:
J = AT?exp(— [Wo' + {1 +raT}(w?/12) (ksT)?/Eg,|/ksT) (27)
Discussion

For materials with low work functid#f,[13,16] and lowEr, the above modified thermionic equation (27) isngaio be
important in modelling devices made of such themidiacathodes. The temperature dependent work famds given by
EQ.22 atE = 0. This can be measured accurately from photoemmssiperiment. Whereas Eq. (27) will provide tempeea
dependent work function as measured from thermienitssion experiment. The two work functions thils mot be exactly
the same. Let us consider the second term in E).f(2 tungsten. This gives the first order tempam® effects oW (T).
Table 1 gives relevant data for some metals whiefuaed to compute:-Egiven in Table 2.
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We have seen in Table 2 that somewhat closer agredmetween the experimental and calculated theim@pnstant is
obtained for r = 2 in tungsten. Then the first temkq. (22) gives the valueEg, (see Tables 1 & 2) d&9 X 107°eV /K.
This is not in bad agreement with the measuredevilG] of 6.3 x 1075 eV /K for the rate of change of work function with
temperature. Surprisingly, but without proper erglzon, this measured value is very close to teerttical value ofxEg,
for r = 1.5, half way between r = 1 and r = 2. tagtingly, for this value of r (i.e., 1.5), the rseeed value (60) of'also
agrees with the value (60.48) calculated from E§bj for tungsten.

We have calculated the valuesAffor 10 metals and compared with the experimerdales as given in Table 2 forr =
1 and for some r = 2. For either r = 1 or r = 2fimel that the agreement is fairly good except far Na &Ca which have
high a. It is interesting to note that for four metals @f, Pt & Mo the agreement is quite good only with 2. It may be
mentioned that at temperatures of thermionic emissiesium usually evaporates unlike other mefdiss evaporation of
metal may cause problem in the experimental meammts and also it is not taken into account inaheve derivation.
Another factor is that the errors in the experiraémtlues are not precisely known so as to inckifiect of reflection [16]
from the anode. Also the dimensionality (whethethia wire, thin-film surface, volume emitter, spbeor cube) of the
experimental cathodes is not precisely known. Tineedsionality can affect the value @4').,, because the density of
states for one dimensional and two dimensional &leetron system are different from that given ly a) and also
because of the fact that the factars3rictly applies for a volume emitter instead dhan wire emitter. Another contribution
to the remaining discrepancy between the measwiegs of A and those calculated using the formutatiabove, is that the
effective number of free electrons in a metal is exactly what we calculated in Table 1 using tldercy of the atom.
Thermionic emission from such systems will be gdaeparately.

In our derivations abovEs, = ((hz/Zm)(Sn/87T)2/3)is assumed to depend on free electron mass. THiased on

spherical Fermi surface in k-space. Actually in atefermi surface is not spherical [11]. In theecasthermionic emitter
Eg, should depend on the effective masg-of electron in the metal crystal rather than fregeteon massm, depends on
crystallographic direction. Thus from our equatie@ see tha#l” and hence J at a given T should depend on thd faeta
In fact such observation has been made.
Thus in modelling thermionic (and/or photo-therm@d)ver converters consideration of the metal faitlebe important.
Despite some noticeable success in explainingtteertionic emission data with the above theory, aa that some
more works are necessary in this line to deriveilaimexpressions considering the density of stdtesone and two
dimensional thermionic emitter systems and se®eifrfémaining discrepancy between the experimenthttaeoretical values
can be addressed better.
In our next paper we shall present application oftie above equations in modelling photothermal poweronverts using
solar energy.

Table 1.Computation of number of free electrons, n per uoitime of the following metals using equatiom= x z/a3. The
data of the first 5 columns are taken from ref][10

3

Metal Type of No. of atoms Lattice Valency of n/m
crystals x/unit cell constant a(A) atom, z X107
Ca Fcc 4 5.58 2 4.61
Cr Bcc 2 2.88 1 8.5
Cs Bcc 2 6.05 (78 K) 1 0.91
Fe(lron) Bcc 2 2.87 2 17.0
Ta Bcc 2 3.31 2 11
wW Bcc 2 3.16 2 12.67
Pt Fcc 4 3.92 1 6.6
Na Bcc 2 4.23 1 2.64
Mo Bcc 2 3.15 1 6.4
Ni Fcc 4 3.52 2 18.34
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Table 2:Comparison of calculated and experimental alues of thermionic emission constard’ for metals in Table 1

Metal o (/°C)x10° n x1/m> Ers(eV) (A"th x1d (A")expx10"
Amp/nt Amp/n?
Eq.(23b)
Ref. r=1 r=2 Ref
Ca 22.5 [11] 4.60 4.69 35.3 60 2.8l
Cr 6.2 [14] 8.37 7.05 72.3 435 48 [12]
Cs 97 [11] 0.90 1.59 20 162 1[12
Iron 11.7 [11] 16.92 11.2 26.3 26 [12]
Ta 6.5 [14] 11.03 8.38 63.8 55 [12]
w 4.3 [14] 12.67 9.2 76 48 60 [12,8]
Pt 9 [14] 6.64 5.96 64.4 34.6 32 [12,8]
Na 71 [11] 2.64 3.24 8.3 41 21
Mo 5 [14] 6.4 5.84 855 61 55 [8]
Ni 13 [14] 18.34 11.8 20.3 27 [8]
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