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Abstract

Exact hyperbolic, trigonometric and rational travelling wave solutions to the
Konopelchenko-Dubrovsky (KD) equation via the extended generalized Riccati
equation mapping method are presented in this paper. The twenty one travelling wave
solutions obtained were verified by putting them back into the KD equation with the aid
of Mathematica. This shows that the extended generalized Riccati equation mapping
method is a powerful tool for finding exact solution to nonlinear partial differential
equationsin physics, mathematics and other applications.
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1.0 Introduction

Nonlinear partial differential equations (NLPDE)thvisolitons solutions appear in many applicatiamshsas Quantum
field theory, Optics, Plasma physics [1], Biologjuid mechanics [2], Solid-state physics [3], CheahKinetics [4], etc.

Various powerful methods have been employed totoactsexact solutions to nonlinear partial diffei@hequations.
These methods include the inverse scattering wamsf5], the Backlund transform [6-7], the Darbowansform [8], the
Hirota bilinear method [9], the tanh-function medhd0-11], the sine-cosine method [12], the expefiom method [13], the
generalized Riccati equation method [14], the Hoemagis balance method [1%§'/G) expansion method [16] etc.

The extended generalized Riccati equation mappiathod introduced by [17] uses the generalized Riegguation
which has 27 different classes of solution asttdlary solution. The aim of this paper is to apfihe extended generalized
Riccati equation mapping method to construct tlagelwave solutions of the Konopelchenko-Dubrovgkyp) equation.
The Konopelchenko-Dubrovsky equation is a (2+1)atisional coupled system of equationiiandv.

2.0 Description Of The Extended Generalized Riccati Equation Mappin§lethod.

Here we introduce the extended generalized Riecpiation mapping method for finding travelling waadutions of

nonlinear partial differential equations. Consideronlinear equation of two independent varialslesdt of the form:
P(u, gy Uy Ugpy Uy Uty o) = 0 €Y)

P is a polynomial inu(x, t) and its derivatives with respectitandt. To begin, we transform equation (1) into a nogdin

ordinary differential equation by introducing thariableé given by:
ulx,t) = u() §=px+ct (2)

Whereu andc are arbitrary constant and equation (2) reducesrionlinear ordinary differential equation of foem
Q(u,u’,u”,u'"..)=0 3)

The method assumes that the solution to equatjocefibe expressed as a polynomidlGgh/G)

m G' i
wd =) a (E> i # 0 )
i=0
Wherea,, a4, ..., a,, are constants to be determined &iiél) satisfies the generalized Riccati equation offtine

G')=p+1G(&) +sG*©§) s#0 (5)
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Wherep, r ands are arbitrary constants. Equation (3) is integtate long as all the terms contain derivatives,revhe
integration constants are considered to be zeralef@minen, we consider the homogenous balance betweenghedii
order derivative and the highest order nonlinean(¢s).

Substitute equation (4) with the determined valugénto equation (3), and collect all terms with #@ne order off ~™(¢)
andG™(¢) form = 0,1, 2, 3, ... together. If the coefficients &™ vanish separately, we have a set of algebraictieqsan
g, A4, -, A, U, ¢, p, 7 @nds that is solved with the aid of Mathematica.

Finally, substitutingr,, a4, ..., @, ¢ and the general solution to equation (5) into &qug4) yield the travelling wave
solution of equation (1). Twenty seven differerfutions of the generalized Riccati equation under different families are
presented below [18]:

Family 1: Whenp = /12 — 4sp, $? > 0 andrs # 0 orsp # 0, the hyperbolic solutions to equation (5) are:

G, = _2_15 r+¢tanh(§f)]

1
Gz1= —z[”‘p“’th(%)]
Gy = =52 [r + ¢ltanh(@€) + i sech(¢9)]]

1
Gy = — o [r + plcoth(¢¢) + cosech(p¢)]]

Gs = —% 2r+¢ [tanh (%f) + coth (%f)l
1 $+/Q% + RZ — Q¢ cosh(¢?))|
6~ 2s r Q sinh(¢p¢é) + R |
_ 1 ¢+/R? = Q% + Q¢ sinh($9))|
7T s |7 T Q cosh(¢pé) + R
Q andR are two non-zero real constants that satistres Q2 > 0.
2p cosh (%f)
’ ¢ sinh (%f) — rcosh (%E)
—2p sinh (%E)
Go = 5 5
—¢ cosh (75) + r sinh (75)
. 2p cosh(¢p¢)
107 ¢ sinh(¢§) — 7 cosh(¢¢) * i
o 2p sinh(¢¢)
7 ¢ cosh(¢p€) — rsinh(¢) + ¢
4p sinh (% E) cosh (% E)
Gz =

2¢ cosh? (%f) — 2r sinh (%f) cosh (%f) —¢

Family 2: Whem = \/4sp —r2, 1% > 0 andrs # 0 orsp # 0, the trigonometric solutions to equation (5) are:
1 n

Gi3 = 75 [—r + ntan (EE)]

Gy = —%[r +nc0t(gf)]

1
Gis = =52 [ + nlcot(é) + cosec(nd)]]

Gyy = 4_15 [—Zr +7 [tan (%E) — cot (%5)]]

1], TR - aneostre)
187 25 Qsin(né) + R
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1 49y/Q% =R+ Qncos(né)

Gro = 2s - Qsin(né) + R
Q andR are two non-zero real constants that satigffes R? > 0.
Gy = —2p cos (%E)
7 sin (%E) + 7 cos (%E)
c 2p sin (% f)
o 7 cos (%E) —rsin (gf)
Gy = — —2p cos(n§)
nsinrg) + r cos(ré) £ 1
6o = 2p 51n(1?€)
ncos(mé) —rsin(nf) +n
4p sin (%E) cos (%f)
Gy =

- 27 cos? (%f) — 2rsin (%f) cosh (%E) -7
Family 3: Wherp = 0, rs # 0 andg, is an arbitrary constant, then we have more swiatto equation (5):
—TJ1
Goe =
%7 s[g, + cosh(ré) — sinh(ré)]
G = —r[cosh(r¢) + sinh(ré)]
26 ™ s[g, + cosh(ré) + sinh(ré)]
Family 4: Wherp = r = 0, s # 0 andd, is an arbitrary constant, then the rational sohgito equation (5) are:
-1
Gy = —
7T sE+d,

3.0 Application
In this section, we apply the extended generalRiedati equation mapping method to construct tlagwave solution of
the Konopelchenko-Dubrovsky (KD) equation givenb9],

Up — Uyyy — ObUU, + 3/2 a*u*u, — 3vy, + 3au,v =0 (6a)

Uy = U (6b)
Wherea andb are real parameters. Equation (6) is a nonlingagrable evolution equation on two spatial dimensiand
one temporal. Far, = 0, equation (6a) becomes the Gardner equation. tbgu#a) is the Kadomtsev-Petviashvili
equation fora = 0 and the modified Kadomtsev-Petviashvili for= 0 [19-20].
We make the transformation(x, y,t) = u(¢), v(x,y,t) = v(§) and & = ux + By + ct .
Equation (6) becomes

cu' — udu'" — 6buuu’ + 3/2 a’uuu’ — 3pv' + 3auu'v =0 (7a)

pu' = pv' (7b)
Integrating equatioi7b) with respect t@ yields

v= Eu 8)

u
Substituting equation (8) into equation (7a) gimasordinary differential equation in ondy
2

3
cu' — pdu"" — 6buuu’ + 3/2 a’puu’ — %u’ + 3afu'u =0 9)
Integrating equation (9) with respect&aives
3 2
(c - %) u+ 3/2 (aB — 2bu)u? + 1/2 a’uud — pdu'' =0 (10)

To getm, we consider the homogenous balance betweenghestiorder derivative”” and the highest order nonlinear
termu?.

3m=m+2 >m=1
Then equation (4) becomes

I

u(@) = a, (%) +a where a; # 0 (1

Wherea, and @, are constants to be determined later. Substitetingtion (5) in equation (9)
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u®) = a;(pG 1 +1+56) + a, (12)
Substituting equation (10) and its derivatives iegpiation (8) and collecting the coefficientsiaf™(§) together yields a
simultaneous set of nonlinear algebraic equationg,ia,, r, s, p andc. These equations are:

1
—2p3uda; + §p3a2ua13 =0

3 3 3
—3p?ruda, + Epz(aﬁ —2bw)a,* + Epzazuaoalz +§p2ra2ua13 =0

3pBia 3
cpa, — ph7a: priuda, — 2p%sula, + 3p(af — 2bpwaya, + Epazuaozal + 3pr(af — 2bu)a,? + 3pra’uay,a,’
3 3
+ Eprzaz/,tal3 + Epzsazualz‘ =0
3p%a, 3 1 3rp%a 3
cay — %-ﬁ- E(aﬁ —2bp)ay? + Eaz/xa(ﬁ +cra, — Frai_ 2prspda, + 3r(af — 2bw)aga,; + Eraz/,taoza1
3 3 1
+ Erz(aﬁ — 2bu)a,? + 3ps(af — 2bw)a,? + Erzazuaoalz + 3psatuaya,® + §r3a2ua13
+ 3prsa?ua,® =0
3sp?%a, 3
csa; — —sriuda; — 2ps?uda, + 3s(af — 2bw)agya, + Esaz/,taoza1 + 3sr(af — 2bp)a,? + 3sra’uaya,’

3 3
+Esr2a2ua13 +§psza2ua13 =0

3 3 3
—3s?ruda, + Esz(aﬁ —2bwa,* + Eszazuaoalz +§r52a2ua13 =0

1
—2s3u3a, + §s3a2ua13 =0

Solving this algebraic system of equation with éitt of Mathematica yields the solution

—apf + 2bu F rap? 2u
dg = > a, = i_
azu a
_ —12abuf + 12b*p* + 9aB? — (r* + 8sp)a’u*
€= 2ua?

Substituting the solution to the nonlinear algebexuation and the general solution to the gerre@dlIRiccati equation (5)
into equation (11), we obtain different travelliwgve solutions of the KD equation.

Family 1: The hyperbolic solutions to equation (@heng = /72 — 4sp, $2 > 0 andrs # 0 orsp # 0 are:

o _ —af + 2by F ray? . _+2_#
0~ au 1= T
—_ 2,2 202 _ 2 2 4
f=ux+ﬁy+[ 12abup + 12b*u J;EZzﬁ (r +8Sp)a/,t]t
¢? sech? Qf
)= o (2¢) + a,
2[r+¢tanh(7§)]
oy = SB[ _#Tseet” (56) . b
L(8) =
# 2[r+q,’)tanh (%f)] H
—¢? cosech? 9{
u(§) = oy (q,’% ) + a,
2[r+¢coth(75)]
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() = o f ( —¢? cosech? (%S() > L B ayf

U [r + ¢ coth (¢ f)] H
~ +igh?

uz(§) = (¢ cosh(¢p¢) + r[+i + sinh(¢p&)] > * o
v3(§) = 1ﬁ o o

3 ¢ cosh(¢p&) + r[+i + sinh(¢p&)] U

u(§) = ay <r + rcosh(opw) + ¢ Sinh(d’#)) o
ap il 2ol
v (§) = — (r F rcosh(pp) T ¢ sinh(¢#)) Tu
2 2 ¢
—¢* cosech” (5 ¢
us(§) = ay é (2 ) é T
2r+ ¢ [coth (Zf) + tanh (Es‘)]

af —¢? cosech? (% E)

vy = 2F 2
H 2r+q§[coth( f)+tanh (¢E)]

Q|-0¢? + ¢2,/07 + R cosh(¢¢) + R¢p? smh(qbf)]

us) = ([R + Q sinh(¢¢)] [rR ¢+/Q% + R? + Q¢ cosh(¢pé) + Qr smh(q,’)f)])
Y. Q[-Q¢? + $2J/QZ + RZ cosh(¢¢) + R$? sinh(¢¢) |
vg(§) = —
H \[R + Q sinh(¢¢)] [rR ¢~/ Q2% + R% + Q¢ cosh(¢pé) + Qr smh(d)f)]
© 0|0¢? - ¢2(RZ =7 sinh(¢¢) + Rp? cosh(¢)
Uy = ay
[R+0Q cosh(d)f)][rR + ¢+/R? — Q? + Q¢ sinh(¢p¢é) + Qr cosh(q,’)f)]
o G Q|@? — $2/RZ = Q7 sinh(¢¢) + R cosh(¢¢) ]
v,(§) = —
H \[R + Q cosh(¢é)] [rR + ¢/R%? — Q? + Q¢ sinh(¢pé) + Qr cosh(q,’)f)]
_ ¢°
us(©) = @ (r + rcosh(¢pé) — ¢ sinh(qbf)) T
afB ¢2 aof
vs§) = =~ (r + rcosh(¢pé) — ¢ sinh(q,’)f)) * 7
_ ¢’
up(@) = ( — rcosh(¢é) + ¢sinh(¢f)) + o
af ¢2 aoB
vs(§) = _<r —rcosh(¢é) + ¢ sinh(d)f)) + T

_ 2[sech(¢¢) F i tanh(¢¢)]

U@ = @ (r cosh(¢pé) — p[+i + sinh(qbf)]) +ao
_af [ ¢p?[sech(¢p¢) F itanh(¢¢)] aof

1108 = =\ eosh(@9) — elEi + simh(@]) T i

u1(§) = o (r T rcosh(¢p?) £ ¢ sinh(¢€)> o
o1 (6) = M ¢2 + %
1188/ = r F r cosh(¢p¢) + ¢ sinh(¢p¢) 2
u2(§) = ay ( — rcosh(¢pé) + ¢ sinh(d)f)) o

alﬁ ¢2 aoﬁ
v12(8) = _< — rcosh(¢é) + ¢ Sinh(¢g)) + u
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Family 2: The trigonometric solutions to equatié, (vherm = /4sp — 2,172 > 0 andrs # 0 orsp # 0 are:

_ —ap + 2bu F rag? _
Qg = azﬂ @ = ?
s [—12abuﬁ + 12b%y -;2;12[? — (r? + 8sp)a’u ]t
—n?sec? (L¢
ts(f) = o (2 [r -1 tan((%7 2)]) o
2
v13(8) np i sec” (%€> y 2P
13 u Z[r—r]tan(%f)] u
—n? cosec? (L¢
u,(§) = ay (772 ) %
2[r +ncot(3¢)]
—n? cosec? (Q5>
v14(§) = L . +M
14 © [r + 7 cot (g f)]
us(§) = o (r T cos(nf) +r Sln(ﬁf))
a,p @b
v15(8) = T(r 7 cos(nf) + T sm(ng)) + I
u16(§) = ( sm(nf) + r cos(nf)) o
ne© = 2 n
16 r+n Sll’l(nf) Fr COS(ng) U

+
—n? cosec?
u7(§) = ay
2r+n [cot - tan ]

a, —1n* cosec
S ([( >—tan<tzf>1>
Q[-n? £ 7?07 = R? cos(ng) — Rn? sin(y¢)]
([R +QsinmO][rR F 1@ = % + Qn cos (né) + Qr Sln(né’)]>
~ a1ﬁ< Q[-an? £ n*/QZ = RZ cos(ng) — Rn? sin(¢)]

[R + @ sin(©)][rR F 1,/Q% — R? + Qn cos (1) + Qr Sin(nf)]>
Q[ Qn* ¥ n*yQ* — R? cos(né) — Ry? Sin(n€)] ) N
a

[R + @ sin(©)][rR £ 1,/Q% = R? + Qn cos(n§) + Qr sin(¢)|
Q[ Qn* ¥ n*Q* — R? cos(n) — Ry? sm(n€)]
[R + @ sin(©)][rR £ 1,/Q% = R? + Qn cos(n§) + Qr sin(¢)]

B -n
Upo(§) = <r+rcos(nf) +7751n(7]§)>

ai B —n Tof
v20(§) = (r + 7 cos(né) +1751n(17€)> +_

B -n?
U3 (§) = 4 (T‘ rcos(né) — nSln(T]s()>

Journal of the Nigerian Association of Mathematical Physics Volume 23 (March, 2013) 535 — 542
540



An Application of the Extended Generalized.. Kolebaje, Adenodi, Ojo and Akinyemi Jof NAMP

v,1(§) = M( 1 )‘*‘M
u

r —rcos(n§) — nsin(ns) ©

() = a —n?[sec(n¢) + tan(né)]
22 \rcos(é) + n[+1 + sin(né)] 0
oy () = D (T lsec@d) 2 anGO] ) | @b
22 u \rcos(mé) +n[+1 + sin(né)] u
U238) = (r Frcos(é) Fn sin(ns‘)> o
B af —772 aof
v3(8) = U (7‘ Frcos(né) ¥n Sin(nf)> " u
u = a - +«a
2#4(8) = & (r —rcos(n§) —n sm(nf)) °
_ alﬁ _772 aoﬁ
1724(5) = T (T‘ —r COS(T]{) -7 sin(nf)) + T
Family 3: More solutions to equation (6), whes= 0, rs # 0 andg, is an arbitrary constant are:
. _ —aB +2bu F ray’ " _+2_M
0= a’u 17 =4
—12abyuff + 12b%u? + 9a? B2 — (% + 8sp)a’u*
§=ux+py+ e t
T
Uzs() = @ (1 n erfgl) o
_ alﬁ r aOIB
’VZS(f) - T(l + erfgl) T
U = & () +a
26 et + g, °
C(LB 7'91 aﬂﬁ
v26(§) = _( ) +—
po\e+g)
Family 4: Rational solutions to equation (6), whes r = 0, s # 0 andd, is an arbitrary constant are:
. _ —af +2bu " _+2li
e 1T
—12abup + 12b*u* + 9a*p*
§=pwx+py+ a2 t
—S
Uy (&) = (m) +a
af s -s aof
v2r () = f(sf +d ) o
1

4.0 Results and Discussion

Remark 1: The travelling wave solutions of the coupled Koslehenko-Dubrovsky (KD) equation obtained using the
extended generalized Riccati equation mapping ndetbo the hyperbolic, trigonometric and rationahdtion types are
presented im; — u,, andv; — v,,.

Remark 2: The solutionsug, u,, u,; andu,, are identical and can all be describediy alone. Also solutions
Uyo, Uy, Upz andu,, are identical and can all be described by solutign Hence the extended generalized Riccati
equation mapping method produces 21 different elae$travelling wave solution to the KD equation.

Remark 3: All the obtained travelling wave solutions to B equationu, — u,, v; — vy, U1, V11, Uiz — Urg, Vi3 —

V19, Uspz, Va3, Uzs — Uy, and v, — v, Were checked by putting them back into equatigméh the aid of Mathematica.

5.0 Conclusion

Twenty one different hyperbolic, trigonometric amdtional function travelling wave solutions to tl®upled
Konopelchenko-Dubrovsky (KD) equation has been iobth using the extended generalized Riccati equati@pping
method. The results have been verified by puttiregrt back into the KD equation with the aid of Mattlagica.
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