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Abstract

This paper presents an inventory model on the selection of the best cycle length
for a delayed deteriorating inventory items where the supplier allows some period
within which to settle for the goods supplied. The supplier does not charge interest if
payment is made within the allowed period, interest is charged on the unsold inventory
only if payment is made after the period. The moddl considers three different scenarios
depending on where the permissible or allowed period falls. Numerical examples on
the application of the model are provided.
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1.0 Introduction

The depletion of Inventory in real situation is smlered to be as a result of demand or deterioraiioboth. The
demand for the item could be a constant, linegvpegntial or stock dependent. The deterioratioriccba in form of lost of
value or quality of the inventory over a periodtiofie which is mostly the case with the commonlydugems like fruits,
vegetables, meat, perfumes, blood in blood bankssanon. The deterioration in this case is mainlg tb the age of the
inventory or in some cases due to the failure ok laf suitable storage facility especially in thase of items with high rate

of deterioration. For example, a large quantityplmiod donated and stored at a Specialist Hospit&lano got spoiled as a
result of the failure of the storage facility irethlospital.

There are other cases of deterioration that ocoertd obsolescence. This refers to the declinidgevaf items as a
result of the rapid changes in technology or thmduction of a new product by a competitor. Thisriostly the case with

styled goods like electronics, aircraft, mobile pés, computers and cars. Each of the listed itesosrbes obsolete with the
introduction of a replacement model.

It is a common practice in business transactiongadays for the supplier to offer the retailer pessible period within
which to pay for the items delivered. The retailemot charged interest when the account is setiledr before the
permissible period. He is only charged interesitéfreplenishment account is not settled untilrdfte permissible period.

The development of the deteriorating inventory mades pioneered by Ghare and Shrader [1] who deeel@ model
with a constant rate of deterioration. Goyal [2veleped an EOQ model under the condition of peibissdelay in
payments. The work of Goyal [2] was extended by a&g@l and Jaggi [3] to consider deteriorating iteffisis work was
extended by Jamal et al. to allow for shortagesddaé et al [4] investigated the effect of permilssitbelay in a periodic
review environment. Salameh et al [5] developednaantory model under permissible delay in paymana continuous
review situation. Chen and Chen [6] developed a&entory model for deteriorating items in a periodigiew situation with

shortages. Musa and Sani [7] constructed an Invempiolicies model for delayed deteriorating itemighvpermissible delay
in payment.

In this paper, an attempt is employed to consteuchodel on the selection of the best cycle lengthaf delayed
deteriorating inventory items with constrained ilet&s capital or permissible delay in payments.

2.0 Mathematical Formulation
The following Notation and Assumptions are emploirethe mathematical formulation:
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2.1 Notation

0, The rate of demand before deterioration sets in

, The rate of demand after deterioration sets in

The length of inventory cycle
The unit cost of the item

o  The ordering cost per order

O0O-9

The inventory holding or carrying charge
Interest to be paid per cycle
The interest paid per investment in stockscyefe length

e

o

|,  Theinterest that can be earned per investmenbaks per cycle length
D, The permissible delay in settlement of the account.

€  The deterioration rate

E, Interest earned in a cycle lengih,

E, Interest earned in the periol] — T

l 4 (t) Inventory level at any timeafter the setting in of deterioration

4 Inventory level at the time the deterioratimts in

[ (t) Inventory level at any timebefore deterioration sets in

T, Difference between the cycle lengthand the time when the deterioration sets in.
T,  Time when deterioration sets in

|, Initial inventory
2.2 Assumptions

(a) Instantaneous Replenishment (b) Lead is zero (c) Constrained Retailer's Capital

0

Figure 1: Inventory movement in a review perids D, < T,
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0 T, D, T

Figure 2: Inventory movement in a review peribd< D, <T

0 T, T D,

Figure 3: Inventory movement in a review periogd< T < D,

The movement of the inventory in the interé t < T, is described by the differential equation:

di (t)
- =—0 1
at 1 1)
The equation is solved to givel (t) = —o,t + K, (2)

Where K is an arbitrary constant. We apply the boundandi®ns att =0, | ) = Iy,

in equation (2) to havel , = K, , so that we get from (2)

[(t) =-ot+1, (3)
Moreover, applying the boundary conditibrr T, , 1 (t) =1, in (3) yields:
l, =1, +0T, (4)
Substituting equation (4) into (3) gives:
(1) =1, +(T,-t)o, (5)
The movement of the inventory in the interlgl <t < T is described by the differential equation:
di, (t)
—q F8a="0,, (6)
The solution of equation (6) after using a suitabtegrating factor is given as :
g _
Id(t): _72+K2eﬂ (7)

Applying the boundary conditionstae T;, 1 ,(t) = 1, in equation (7) gives:
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o _ o
|, =-22+K,e™™, whereK, = | ,e™ + =2 ¢ (8)
7 7
Substituting K, into (7) gives
o o o _ i
[4(t) = —72 + (| deﬁTl + erémje—a - 72(e(T1 8 _7) + |de(T1 t)6 (9)

Also applying the boundary conditiontax T, | (t) = O, we get from equation (9)

I, :%gz 1-eWTe) (10)
Substituting (10) into (9) gives:

(0= 22 -1 a
Substituting equation (5) into (10) yields:

(0=-"20-e)+ (T, )0, 2)

Total demand betweerl; and T= the demand rate at the onset of deterioratioime period when the item deteriorates
=0,T,
The number of items that deteriorate during thetinterval T, <t <T is computed from:

d(T,) =The amount that remains from the quantity ordertethe start of deterioration

-The total demand betweépand T =1, —0,T, (13)
Substituting equation (1®to (13) gives:
g (T =
d(Tz):—gz(l—e (D¢ 1+T7,6) (14)
3.0 Inventory Scenarios

There are three clear inventory scenarios as dieéw:

(@) 0< D, <T,, where the permissible period within which toIsefibr the replenishment account
is less than the time the deterioration bedihés Scenario is represented by Figure 1.

(b) T, < Dy <T, where the permissible period is greater thartithe the deterioration begins but
less than the inventory cycle length. Thidéscribed in Figure 2.

(c) T, =T < D;, where the permissible period is greater than twttycle length and the time the
deterioration sets in. This situation is did in Figure 3.

3.1Case 1(0<D, <T))

The customer in this case uses the revenue obit&iom the sale of items in stock and continuesam interest from the
accrued revenue up to the permissible peilig, the customer only pays interest if payment is erfaglyond the permissible
period .

3.2 Evaluation of the cost functionsThe total inventory cost is a function of ordertwst, Inventory Carrying Cost, cost of
deteriorated items, interest payable and interstsel. The costs are computed individually thus:

(a) The inventory ordering cost is given@s,

(b) The inventory carrying COQH which is the cost associated with the storagéeirtventory
until it is depleted is given as:

T T
Cy =iC[I(t)ydt +iC[1,(t)ct
0 T,

T T
g g
=iC|4-=2@-e ")+ (T, - t)o, pdt +iC [ =2(e"™? —1}dt
He( )+ (T, >1} le{g< }
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“[[1+ 1 L SN T,0,0 1T iCo,T, (15)
T, 20, 6T, T, 6

(c) The interest payable per cycle is given by:
Tl

|:>:c|pjl(t)dt+CIp]|d(t)0|t

Dp T
= 1_& e—(Tl—T)H + (Dp _T) +L(e(T—T1)9 _1) +Cl T.o T_1+ DF’(DP _2T1 Cl pUZTl
T, T, ar, e ) 2T, 6
(16)
If D, =T,, the interest payable from (16) becomes:
Cl o,T
P = 1_l+ i(e(T—Tl)H -1 p~ 21 (17)
1 ng 9
(d) The interest earned per cycle which is ther@geearned during the positive stock of the
inventory is given by:
F: T Cl
E =cl [otdt +Cl Jotdt = (0, -0,)T? +0,T?) 2 (18)
0 T
(e) The cost of deteriorated items is given@g:(T, ) = - CSZ L-e ™m0 4+ (T - T,)0) (19)

: 1 . . L
The total inventory cost per cycle Iengtﬁ'Cll(T )= ? (Inventory ordering cost + Cost of deterioratadris + inventory

carrying cost + Interest payable per cycle -Inteeasned during the cycle).

1
Tcll(T) = ?(Co +Cd (Tz) +CH + PI - E|)

<o O Zeqoer o [1s Lo T8 L T jiCO,
T T o a1, 20, 61, T, ar
+ 1_& e (M- 4 (Dp -T) +i(e(T—T1) -1) Cl pale + T_1+ Dp(Dp - 2T, Cl pTlal
f T, ar, ar 2 2T, T
Cl
-(o,-0,)T? +0,T? )= (20)
(( 1 2) 1 2 )2T
dTC,(T) _ . _ o . . o
We evaluateT =0 to determine value of =T, which gives the minimum total inventory cost aénplification
as follows: -C._+ Co, 1+ (6T _1)ef<T1—T)9)_ Co.T +| |1+ 1 (6T —1)e" (WP — T,0,6 + 1 iCo,T,
° 8 2 aT, 20, 61, @
2
+ 1—& (HT —l)e_(Tl_T)g _&4_ (HT _1)e(T—T1)g +1)C| pUZTl _ T1 + Dp(Dp - 2T1 cl _I_la_l
T, T, 6 2T, P
Cl
+ ((a1 -0,)T7? —T20'2) 2'“’ =0 21

3.3Case T, <D, <T)
In this case the permissible period for the settletnof the replenishment is greater than the timeedieterioration sets in.

3.4 Evaluation of the Cost functions

In this case the ordering cost, the cost of detatéal items, the interest earned per cycle andhtrentory holding cost are
same as in case 1.

(a) The interest to be paid per cycle is given by:
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T T
P=Cl, .[Id (tydt =ClI | %J‘(e(m)e ~1)dt = ( l(l— eTP00y (T — Dp)) Cl o, 22)
Dp Dp 0 e

If the permissible period coincides with the cylelegth i.,e D, =T , we get from equation (22)
Cl o,
7

payable since the inventory is completely depleted.
On the other hand, iD, =T, , equation (22) yields:

Cl o
P= —; 2 ((Tl —T)+%(e‘T'T1)9 —1)) (23)

Equation (23) coincides with equation (17), whistdue to the fact that both equations describe a
situation whereD, =T, . Moreover, If D, =0, equation (16) becomes:

1 _
P = (- 7 @-e> % —(D, - Dp)j =0 which clearly shows that at the end of theleyro interest is

2
P=|e ™M _ l+ i(e(T—Tl)H ~1) Cl,o,T, + Cl, T, o, (24)
T, 61 o 2
2
ie.0<P< M e (WMo _ l+ i(e(Tle)S -1 |+ Cl pTl g, (25)
7 T, 6T, 2

The total inventory cost per cycle length is givn
TC,(T) = £ (Co +Cd(T,) +C, +P, ~E))

-(T,-T)é .
= C_0+9(—ﬁ(l_e—(T1—T)¢9 +T26)j+l l+i e +T10-10—i—1 —ICJZT]-
T T\ 6 T\, 20, 61, T,) @
1( 1 i Cl,o, 1 cl,
+?(—§(1—e” P _ (T — Dp)j o —?((a1 —o, T2 +0,T?) > (26)
dTC,,(T)

By solving the equation =0, the value ofT = T,,which minimizes the total variable cost per uniteicould

be obtained in a simplified form as follows:

—Co+ S22 (14 (6T -1)e ) -Co,T, +| [ 1+ = |(oT ~ppeie 128, L HICTLT,
o, 20, Or,| 6
Cl o
+ (%(1— (17000 ) T(T0e)0 _ Dp)j ; 2 4 (0, - 0,)T - asz)Clze =0 (27)

3.4 Case 3D, >T)

Interest is not paid by the customer in this caseesD, >T meaning that the inventory is completely depleteniyever,
he continues to earn interest on sales revenue i@ tpermissible period he interest earned is a combination of that ehrne
ina cycle, T, plus that earned i, — T .

3.5 Evaluation of the Cost functions
In this case the ordering cost, the cost of detateal items and the inventory holding cost are sasria cases 1 and 2.

(a) Interest Earned in a Cycle,T, plus that earned in D, =T

Let the interest earned in a cycle be E; and that earned iD, —T be E,.Then

T, T
E =Cl ealjtdt +Cl 0o, I tdt = %((a1 -0,)T? +T202) (28)
0 T

The interest earned durind, —T i.e. beyond the cycle length and up to the peiibiisperiod is given by:
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E,= Cl e(alTl +0, (T _Tl))(DP -T) (29)

The total interest earnelt; is obtained by combining equations (28) and g®jollows:

Cl
ET = El + Ez =—= ((01 _Uz)le +T202)+C|e(01T1 +02(T _Tl))(DP _T)

2
Cl
= 29 {(al -0,)T,>+T%0,+20,T,D, - 20,T,T +20,TD, - 20,T?-20,T,D, + 20,T,T)}

In this case, the total inventory cost per cyelegthT is given by:

TC,(T) =C, +Cd(T,) +C, - E;

=G, C (_02](1_6_(T1'T’9+T26’) e 1+i e'(Tl'T)“’+L1016’—i—I iCo,y
T Tl @ T e, 20, OT, T,] @

- Tl((al -0, )T, +0,T*+20T,D, -20,T,T +20,TD, - 20,T% -20,T,D,
Cl,

+20,T,T )T (30)
The value ofl =T, ;which minimizesTC,,(T) can be obtained by solving the equation
dTC,,(T
A =0 and simplifying to yield:
dT
—Co+E%2 (14 (6T -1 ) -Co,T, +| [ 1+ 2 (6T —peime - T8 | 1 1ICOLL
T, 20, 6T, 6
2 2 Cle
+\(0,— )T + 21D (0, ~ 0,)0,T 7:0 (31)

At T =Dy, the cost functionTC,,(T) =TC;(T) which is denoted b C(D;) and given by:

TC(D,) :CC>+C((_U;)(1_€-(H—M)H +T20)J+1([1+5:!|-'Je_(T1_M)H+T1010_;|'_DPJICZZTI
D, D, D, 1 20, 1 I

Cl
- Dl ((a1 -0,)T, 2+ JZDF,Z)Te (32)
p

4.0 Selection criteria for the best cycle lengthr
From the last section, we considered three invgrdgoenarios as follows:

() 0D, <T,<T )T, <D, <T (i) T,<T<D,

As already indicated in the last sectioh,;, T;, and T,;be the periods associated with the three categbiineentory
scenarios above, then:
(1) If Dp <T, and D, <T,;, compareTC,,(T;;) and TC(D5,) , then go to (5).

() If Dp >T,, Dy <T, and D, 2T ;compareTC,,(T,,), TC,5(T,;) and TC(D5 ), then go to (5).

() 1f Dp >T,, Dy <T, but D, <T,;, compareTC,,(T,,) andTC(D;), then go to (5)

4 1f D, >T,, Dy >T,, but D, 2T,5, compareTC,5(T,;) and TC(D;), then go to (5).

(5) To find the best cycle length, select that eylehgth associated with the least cost.

6) If Dp <T, but D, >T;; or D, >T, but D, >T,,and D, <T,,then the optimum cycle length
will be Dy

5.0 Numerical Examples
Three examples are considered agealso as to get the best perigdlepending on the category in which the examle. fa
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Table 1:Parameter values and the optimal cycle lengthheliriventory model with constrained

retailer’s capital

SIN i — = =
C,|C g, | o,|] D. | T, g |1, l, | T=T, | T=T, | T=Ty4
1 250 | 70 3000 | 500 | 0.11] 0.0384| 0.0575| 0.4 | 0.18 0.09 | 0.3288 - -
2 500 | 50 2000 | 200 | 0.12 | 0.0575] 0.0384| 0.2 | 0.13 0.12 | - 0.1671 0.4493
3 300 | 150 2000 | 500 | 0.12 ] 0.1534| 0.0192| 0.7 | 0.14 0.11 | - - 0.0767
Table 2: Selection of the best cycle length correspondintpédeast overall inventory cost
SIN Selected best cycle length
TCL(T) | TC,(Ty,) | TC,(Ty) | TC(Dy) | >eectedbesieycieeng
1 122,2288.9 | - - 6002.72 14days
2 - 36900.09 - 8687.62 21days
3 - - 3308.42 5014.13 28days
6.0 Discussion on the result

(a) From the data in Table 1, row 1, it is cleaatttd, <T, and so the value fol =T, which minimizes the total
inventory cost is 0.3288120days. Therefore, we compaC,,(T,;) and TC(D;,)in Table 2, example (1) where
TC(D,) <TC,,(T,,) . We then selecD, =14 days which is associated with the least cost tthedest cycle lengfh

(b) From row 2 in Table 2, it is clear théd, >T,. The values forT =T, and T =T,; in this case are found to be
0.1671= 61 days and 0.4498164 days respectively, i.dVl <T,, butD, <T,,. Therefore, we only comparkC,,(T,,)
and TC(D;) to obtain TC,(T,,) =3690009 and TC(D,) =868762. Since TC(D,)<TC,,(T,,), we select

D, =21 days to be the right cycle length
(c) The values above indicate thdD, >T, and so the valued =T, and T =T ;are to be found so that the cycle

period associated with the least cost is chosehealest cycle length. The equation associated With T, does not have a
positive root and so we have fo=T,,, on the other hand, the value for=T,; is 0.076728days i.e.D, >T,, but
D, =T,;. We should therefore compareTC,(T;;) and TC(D;)to get TC,;(T,;) =330842 and
TC(D,) =501413. Since TC(D,) 2 TC5(T,5) , we selectT,; = 28days to be the best cycle length

7.0  Conclusion

In this paper, a mathematical model on the selecifahe best cycle length for the inventory ofajeld deteriorating items
is presented. The model is built on the assumptiah the demand, the deterioration rate, the irorgniolding cost and
other parameters are known constants.

The model considers a situation where the custameiven some allowed period within which to sefibe the goods
supplied. The customer is charged interest if lleddo settle the replenishment account within gleemissible period. The
optimal cycle lengti in each of the three examples that gives the minirtotal inventory cost was determined.
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