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Abstract

Application of linear algebra to other branches ddcience, engineering and
economics or elsewhere occurs via the need to selweh system of linear equation.
The main aim of linear algebra is to find the mostonomical way of manipulating
and solving such systems. There have been studmeapplication of linear algebra in
electrical networks. In this paper, we shall showow a matrix theory played an
important role in characterizing connections boti ispace and in electric circuits. We
also make an extension on when given a nodal incide matrix, one should by
analysis draw a corresponding electrical networké/e model an electrical circuit
problem that yields a unique solution. This is aelvied with the help of the Kirchhoff's
current law (KCL) and Kirchhoff's voltage law (KVL)
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1.0 Introduction

The introduction and the development of the notadna matrix and the subject of linear algebra fokd the
development of determinants, which arose from thdysof coefficients of system of linear equations.

Linear algebra is a branch of mathematics concewiddthe study of the theory and application oielr systems of
equations (briefly called linear systems), linemnsformations and eigen-value problems as these drom electrical
networks, frameworks in mechanics, curve fittingl aither optimization problems, processes in sitedisind systems of
differential equations are examples of applicatiohfinear algebra. Among other applications o&én algebra, this paper
deals mainly with application of linear algebramodelling electrical networks. Linear algebra eateapplied mathematics
more than sixty years ago and is of increasing mapae in various fields, especially in sciencegie@ering and social
sciences [1]. Kirchhoff's current law was used 2 4, 5] for the analysis of electrical circuitsa®ic definitions of some
terms related to matrix and linear algebra were alstained in [3]. Gauss-Jordan and Gaussian editmoim is used to solve
the systems of the linear equations generated [6].

Sylvester in 1948 introduced the term “matrix” wiiwas the Latin word for the womb as a name formaaay of
numbers [7].A Matrix has two important propertids.acts as compact store information and it alleagsemblies of
information to be handled simultaneously insteadra# item at a time. Fredrich Gauss in 1800 dev&apssian elimination
method and use it to solve least squares problemsléstial bodies (stars, moon, planet etc) [@trM algebra was nurtured
by the work of Arthur Cayley in1885. Cayley studisaimpositions of linear transformation ST as thedpct of the matrix
for S times the matrix T. He went on to study tlgelra of these compositions including matrix irees.

Alan Turing introduced the LU decomposition of atrixain 1948. The L is a lower triangular matrixtvil’s on the
diagonal and the U is an echelon matrix. It is camnto use LU decomposition in a solution of a segaeof system of
linear equations each having the coefficient mg&jx/].

1. Preliminaries

Linear equations: An expression of the form

A X1 F Ay Xg F oty Xy cenee e e et e e e e (1)

is called a linear equation Whetgb € R and thex; ieNare unknowns. The scalars are called the coefficients of the
x; respectively and b is called the constant tersiraply constant of the equation.
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A set of values for the unknowns say= k; , x, = k,,..., x, =k, is a solution of (1). If the statement obtaingd b
substitutingk; for x; a, k; +a, k, + ...+a, k, = b is true. This set of values is then said tesBathe equation. If there is
no ambiguity about the position of the unknowngha equation, then we denote this solution by sntpé n-tuple U=
(keyfey oo beyy)

Linear systems of equationsA linear systems of m equations in n unknownsx, ..., x, is a set of equations of the
form

S

allxl + -+ alnxn = bl

alel + -+ aann = bz (2)

A1 Xy + -+ ApnXn = by

Thea;, are given numbers, which are called the coeffisi@f the system. Thi’s are also given numbers. If thgs
are all zero, then (2) is called a homogeneoussystf at least oné; is not zero, then (2) is called non homogeneous

system. A solution of (2) is a set of numbeys..., x,, that satisfy all the m equations. If the systemigZhomogeneous, it
has at least the trivial solution = 0, ..., x,=0.

The system of linear equations (2) is said to ber @etermined if the number of unknowns is less tiie@ number of
equations.

The system of linear equations (2) is called urdigermined if the number of unknowns is more thanriumber of
equations.

The system of equations (2) is said to be deteminifiidne number of unknowns is equal to the nundfexquations, that
is m= n. The linear system of equations (2) is $aide consistent if it has a unique solution, pilige, the linear system is
said to be inconsistent (that is has infinitely maalutions) .

Coefficient Matrix, Augmented Matrix: From the definition of matrix multiplication, wes that the m equations of
(2) can be written as single vector equation AX where the coefficient matrix A[zzjk] is the mxn matrix

aqi1aq12 ., Q1n X1 b,

Qz1 Q3 ..., Q2p X2 b

A= X = . b=1]"?]and
(s wee eve eee oee Ao, Xy, b,

A11Q12 - Q1n Dy ]

Az1 Qg2 ---, A2n by

I R 7 MO ) N

is called the augmented matrix of the system (2is Bbtained by augmenting A by the column b. Ttadrim D determines
the system (2) completely because it containdallgiven numbers appearing in (2).

Kirchhoff's First Law : the sum of the currents flowing in to a nodegsa to the sum of the current flowing out.

Kirchhof's Second Law: The algebraic sum of the voltage drops aroundsecloop is equal to the total voltage in the
loop.

Electrical networks is the arrangement of a system of interconnectedtridal conductors such as resistors, inductors,
capacitors, transmission lines and voltage sout@scover a desired region.

1. Application of linear algebra in modelling electrical networks
Nodal Incidence Matrix
The Figure 3.1 shows an electrical network in aanogpace having six branches and four nodes (@mctiVhere A, B and
C represent the nodes and each node generatesdod ttoevnodal incidence matrix. The numbers 1toesthe branches.
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3

= Reference node
Fig 3.1An electrical network in an open space having sixrdanches and three nodes

To generate the entries of the matrix, we define

+1,if branch k leaves node (j)
aj = —1,if branch k enters node (j)
0,if branch k does not touch node (j)

ThenA = [a;] is called the nodal incidence matrix of the eieat network in Figure 3.1

Branches 1 2 3 4 5 6
1 -1 -1 0 0 0
| 0 1 0 1 1 0 |
l0 0 1 0 -1 - 1J

Where the first, second and third row is obtaineh@ node A, B, and C respectively.

Mesh Incidee Matrix
A mesh is a loop without a branch in its interioreaterior. A network can also be characterizedhigymesh incidence
matrix. In the Fig. 3.2, the numbers in the squaresthe loops and each loop generates a row ah##h incidence matrix
while the unsquared numbers represent the branches.

Fig. 3.2 An electrical network having four loops and siafiches
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M = [mj] , where
+1,if branch k is in mesh (j)and has same orientation.
my = {-1, if branch k is in mesh (j)and has opposite orientation
0, if branch k is not in mesh (j)

We can see in the figure 3.2 that, the mesheswarbered and directed in an arbitrary fashion.
Hence, M in (3) is called the mesh incidence maifithe electrical network in the figure 3.2

1 1 0 -1 0 0
10 0 0 1 -1 1

M= 0 -1 1 0 1 0 (3)
1 0 1 0 0 1

Having seen that given any network, one can byyaisabbtain the nodal and mesh incidence matrithefnetwork. We
shall see that given any nodal incidence matrixaarecritically draw the network.

Problem 3.1

Draw the electrical network whose nodal incidenarim or the matrix representation is given in (4):
-1 1 0 0 -1 -1
| 1 -1 0 0 0 0 | )
|l 0 0 1 -1 1 0 J|

Solution: The matrix (4), represent a nodal incidence matrsuppose, with six branches since there are dixmus in the
matrix. Where the first, second and third row &eethree different nodes. The entries of the madrdefined by

+1, if branch k leaves node (j)
ajx = -1, if branch k enters node (j)
0, if branch k does not touch node (j)

Y Z

Reference node

Fig 3.3 A diagram of electrical network in an open space
The figure 3.3 shows an electrical network with Branches (connections) and four nodes. One notteiseference
node (ground node, whose voltage is zero).

4.0 Models of electric circuits

Most people think of electricity as something tHatvs through wires. In fact, it is usually convent to understand
electricity as electrons flowing through wires. Whee talk of something flowing, we naturally bekethat there is pressure
behind the flow and the quantity of substance ftayviFor electrical circuits, the pressure behiredlectrons is measure in
amperes or amps. For simplicity sake, we shall idensonly direct current (dc) circuits, circuits which the electricity
travels in one direction in each wire.
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The basic laws that govern the current flow artedthelow.

Ohm'’s law: the voltage drop across a resistor éspgtoduct of the currents and the resistance. Vwitiere V is the
voltage, | is the current and R is the resistance.

Kirchhoff's first law: the sum of the currents flavg into a node is equal to the sum of the curflemting out.

Kirchhoff's second law: the algebraic sum of thdtage drops around a closed loop is equal to tta tmltage in the
loop.

Zl l.
11" v

Fig 4.1A diagram of an electrical circuit

The electric circuit in Fig 4.1 has four nodes {tions) (4, k,, ks, and k,) places where many wires meet together.
There are also six branches with currgnts, ..., I, and one source of electricity in the branch frigyto k,. Each branch of
this circuit has been arbitrary assigned an arrmicating a direction of flow. The actual directiohflow will be given by
the sign of the current in that branch. A positbugrent will flow in the opposite direction. An areter is used to measure
both the direction and the amount of current flayvin each wire of this circuit. If the current ill the wires that meet
together at a junction are added, it is found thatsum is zero. This expresses the fact thatubstance (the electrons),
which is flowing is not being created or destroydhe junction. It shows that, what goes in mesehual to what comes
out. This is one of the two basic laws regardiregtic circuits which were first formulated by G. Rirchhoff in 1845.

We see that dt, we havel; amps flowing in and, + I, amps flowing out. By Kirchhoff's law - I, -I; = 0.

This is a linear equation with currents as varigbléhere will be one equation for each node (jumjtiApplying the law
at the four nodes we get the following systemsopfadions.

Ii-1, -I; =0 (nodek,)

-1, -Is =0 (nodék,)

I3+, -1, =0  (nodéks)

-I;+I+l, =0  (node,)

Since, Kirchhoff's second law states that the sudrthe voltage drops around any closed circuit ningstzero. In our
more intuitive language this simply means thatghm of the pressures around a circular path mugeh® In essence this
law prohibits perpetual flow of electricity unletbere is a source for electricity.

Gauss elimination method used in electrical netwoik

Gauss elimination is a method of solving lineanays of equations. It is a process of reducingntlagrix coefficients
of the linear system to a “triangular form” from ih we shall then readily obtain the values of tilknowns by "back
substitution”.

Problem 4.1.In the electrical circuit in Fig 4.2, obtain thquations for the currents and hence solve usingsSiani
elimination approach.

20ohms Q 10ohms
A

PRGN s

\I/l1 I3

10ohms
80volt 90 volts

4
I, . -l-

o
e
P 5 ohm

Fig 4.2 A typical diagram of an electrical circuit

S
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To obtain the equations, we use Kirchhoff's curdemt (KCL) and Kirchhoff's voltage law (KVL).
Node Pi; —i, + i3 =0
Node Q=i; + i, — i3 = 0(5)
Right loop: 10i;, + 25i; =90
Left loop: 20i; + 10i, = 80
Now for convenience purpose, fgt= x;, i, = x,, i3 = x5 . Thus(5)can be written as
X1 —%x,+ x3 =0
—xX1+ X, — x3=0
10x; + 25x3 =90 (6)
20x; + 10x, = 80
The augmented matrix @) is

1 -1 1 0
_|-1 1 -1 0
4=1o 10 25 90
o _ 20 10 0 80
Which is reduced to “triangular” system B by Gaaasglimination
1 -1 1 0
5=10 10 25 90
0 0 —-95 - 190
0 0 0 0

Back substitution: working backward from the lastthe first equation of this triangular system, veadily
obtaines, x,, and x;
—95x; = =90 = x5 = i3 = 2 amperes.
10x, + 25x3 =90,x, = %(90 — 25x3) = i, = 4 amperes
X1 — X, + x3 =0, x; = iy =2 amperes.
This is the answer to the problem and the solusamique

5.0  Conclusion

Linear algebra offers a general mathematical tookblving system of linear equations. In this papee make an extension
by constructing an electrical network given the aloidcidence matrix. We also solve a practical eplenof an electric
circuit, whose solution is unique.
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