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Abstract

Exact hyperbolic, trigonometric and rational funatn travelling wave solutions to
the Korteweg De Vries (KDV) equation using thg&'/G) expansion method are
presented in this paper. New travelling wave satat to the KDV equation were
obtained with Liu’s theorem. The solutions obtain&eere verified by putting them back
into the equation with the aid of Mathematica. Thighows that th€/G'/G) expansion
method is a powerful and effective tool for obtaing exact solutions to nonlinear
partial differential equations in physics, mathemnies and other applications.
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1.0 Introduction

Most physical phenomena are described by partfédrdntial equations that are nonlinear in natdreese nonlinear
partial differential equations (NLPDE) appear innpdields such as Hydrodynamics, Engineering, Quantield theory,
Optics, Plasma physics, Biology, Fluid mechaniadidSstate physics, etc. [1]. In Soliton theorye thtudy of exact solutions
to these nonlinear equations plays a very germalee as they provide much information about thesaitat models they
describe.

Various powerful methods have been employed totoectsexact solutions to nonlinear partial diffesiehequations.
These methods include the inverse scattering wamsf2], the Backlund transform [3-4], the Darbowansform [5], the
Hirota bilinear method [6], the tanh-function mathi-8}, the sine-cosine method [9], the exp-fuantimethod [10], the
generalized Riccati equation [11], the Homogenalarize method [12], etc.

Recently a new method called t€'/G) expansion method was introduced by Wang et al} f{dZonstruct exact
solution to nonlinear partial differential equatson

The Korteweg de Vries equation (KDV) which is a Ammear PDE of third order has been of interestsit50 years
ago. More recently, this equation has been foundescribe wave phenomena in Plasma physics, anharmoystals, etc.
The KDV is a non-linear equation which has solisotutions. The Korteweg de Vries equation is offtiren

ou(x,t) ou(x,t) 23u(x,t)
+ pu(x,t) e

KDV is non-linear because of the product shownhia second summand and is of third order becaugkeothird
derivative in the third summand. The aim of thipguais to construct travelling wave solution to erteweg de Vries
equation by using th&:'/G) expansion method.

1.0 Description of the (G'/G) expansion method.
Here, we provide a brief explanation of & /G) expansion method for finding travelling wave swos of nonlinear
partial differential equations. Consider a nonlineguation of two independent variabieandt of the form:
P(u' Uty Uy, Uty Unxe) Ut ) =0 (2)
P is a polynomial inu(x,t) and its derivatives with respect toandt. To begin, we transform equation (2) into a
nonlinear ordinary differential equation by intrathg the variabl€ given by:
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ule,t) = u@) §{=x—ct 3)

Wherec is a constant and equation (2) reduces to a reatiardinary differential equation of the form
Qu,u',u”,u'"..)=0 4)
The method assumes that the solution to equatjocef2be expressed as a polynomidlgh/G)

m

G' i
wd =) a (E) iy # 0 5)

i=0
Where a,, a4, ..., @,, are constants to be determined ahe- G(¢) is a solution of the linear ordinary differential
equation of the form

G"(E)+AG' () +puG() =0 (6)

A andu are arbitrary constants. The general solutiorépfives [14]:

\/m[Cl sinh (M E) + C, cosh (M E>]
2 — [22 —
lCl cosh (M E) + C, sinh (M E>J

G'(§) _ [—Cl sin (—WE) + C, cos (—“4#2_/12{>]

, A2 —4u >0 Hyperbolic

N >

——~ = {+/4u — 12 A
G() #2 —5 A% —4u < 0 Trigonometric

|

2 2

C; cos (—ME) + C, sin (—ME) J

C, A
C,+C¢ 2’

Equation (4) is integrated as long as all the tecorgain derivatives, where integration constanéscansidered to be
zero. To determing:, we consider the homogenous balance between tieedti order derivative and the highest order
nonlinear term(s).

Substitute equation (5) with the determined valtiendinto equation (4), and collect all terms with teme order of
(G'/G) together. If the coefficients @f:'/G)! vanish separately, we have a set of algebraictemsan ay, a;, ..., @, C, A
andyu that is solved with the aid of Mathematica.

Finally, substitutingx,, a4, ..., @,,,, ¢ and the general solution to equation (6) into &équa5) yield the travelling wave
solution of equation (2).

A2 —4u=0  Rational

2.0  Application

In this section, we apply th@'/G) expansion method to construct travelling wave temuof the Korteweg de Vries
equation. Consider the KDV equation (1) which cannitten as:

U + puUUy + QUxxx = 0 (7)
We make the transformatidmw, t) = u(é), ¢ =x —ct.
Ju du 0§ du

ot dgoc . Cat
Ju du 9§ du

ox d& ox  df
d%u 0 a<au)

ax3  9x\ox \ox
_d 9d af(au)] _d [d (au)] _ d’u
T déoxldE ax\ag)| T dElag\og)] T dés
Equation (7) becomes
—cu' +puu’ +qu"' =0 €))

Integrating equation (8) once with respecf @and setting the integration constant to zero gield
2

u
—cu+p7+qu” =0 9
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To getm, we balance the highest order derivatieand the highest order nonlinear tetfm
2Zm=m+2 =>m=2
Then equation (5) becomes

2
G' G’
u(®) = a, (E) + a, (E) + ay where a, # 0 (10)
Wherea,, @, and a, are constants to be determined later. From (10)

, GI 3 GI 2 Gl
wW(é) = —2a;| =) +(C2ad—a) | = | + (2ap—a ) (= | —ap
G G G
N 4
uu(f) = 6(,]{2 (E) + (106{21 + 26(1) (
+ a A
Substituting equation (10) and its derivatives iatpation (9) and collecting all terms with the sgmower of(%) together
yields a simultaneous set of nonlinear algebrai@mégns as follows:
¢"\’
<E> i dapp?q + 2a,uq + ag’p — 2a9c = 0

! ! !

3 2
G

1
Gl
(E) © o 6aAuq + 2a,uq + a,A%q + agayp — ac = 0

G"\’
<—> i 16ayuq + 6a,1q + 8a,4%q + 2aya,p + ay%p — 2a,¢ = 0
¢"\’

(E) i 2a4q +10a,Aq + aa,p =0

4
(E) i 12a,q+ay?p =10
Solving this algebraic system of equation with éittof Mathematica yields two different sets ofusiain:

—-12 —12qA —12
Casel: a, = —xa a, = 4 ay = ar c=qA% —4u)
p p zp
—-12 —12qA —2q(A* + 2
Case2: a, = Tq a, = pq ay = % c=—qA* —4p)

Substituting the different sets of solution to #igebraic equation and the general solution to tamué6) into equation (10),
we obtain three types of travelling wave solutiohthe Korteweg de Vries equation.
Case 1

Whena? — 4u > 0, we obtain a hyperbolic function solution:

_ —12q C; sinh(A&) + C, cosh(4é)] A 2 12q4 C, sinh(A¢&) + C, cosh(48)] A 12qu
u®) = ( [C1 cosh(4¢) + C, sinh(Af)] Bl _> - p ( [ ) - T

2
WhereAd = —’122_4” andé = x — q(A2 — 4t

C, cosh(Aé) + C, sinh(4&)| 2

_ 12¢q C; sinh(A¢) + C, cosh(4¢) 2
u@®) = TAZ 1- (C1 cosh(4¢) + C, sinh(Af)) Db
If we setC; = 0 andC, # 0 in equation (11), we obtain
u(§) = -2 — ) [cschz (—”22_4” [ — g 4#)t]>l (12)
If we setC; # 0 andC, = 0 in equation (11), we obtain
3q A2 —4u
u(§) = ?(/12 — 4p) | sech? — - q(A* = 4u)t] (13)

Whena? — 4u < 0, we obtain a trigonometric function solution:
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_ 12 -G sin(B¢) + C,cos(BE)| 1\ 12q4 5|6 sin(BE) + C, cos(BE)] A\ 12qu
u(§) = ( [ Cy cos(Bé) + C, sin(B¢) ] _§> p ( [ C, cos(BE) + C, sin(BE) ] _§> T

WhereB = Y4~ andf = x + q(4u — A*)t

2

12 —C, sin(BE) + C, cos(BE)\*
we) = 1 ga [y, (Cisin(BE) + C; cos(BE) a
p C, cos(B&) + C, sin(B¢)
If we setC; = 0 andC, # 0 in equation (14), we obtain )
3 Jau — A2
u@) =~ (4 = 2% [cscz (”T [x +q(4u - AZ)t]) (15)
If we setC; # 0 andC, = 0 in equation (14), we obtain
3 V4p — A2
u) = == (= 22) [secz (“T [x + q (4 - AZ)t]) (16)
WhenA? — 4u = 0, we obtain a rational function solution: _
@ —12q( C, ,1)2 12q/1( C, /1> 12qu
u = — —_—— _—— —_—— - —
p \G+GE 2 p \(1+GS 2 p
Whereé = x
© = 12g/ G, )2 .
u¢ __T(cl+czx a7
Case 2

Wheni? — 4u > 0, we obtain a hyperbolic function solution:
) = —12q C, sinh(A¢) + C, cosh(48€)] A 2 12q4 C, sinh(4¢&) + C, cosh(A8)] A\ 2q(A% + 2w)
ul®) = C, cosh(A&) + C, sinh(A¢) 2 D C; cosh(A4&) + C, sinh(4¢§) 2 D
Where4 = Y24 andé = x + q(1% — 4u)t

2

. 2
u(E) = 12—qu 1 B C, sinh(4¢) + C, C(.)Sh(Af) (18)
p 3 C, cosh(A¢&) + C, sinh(A¢)
If we setC; = 0 andC, # 0 in equation (18), we obtain
3 JA2 —4
u(é) = —?q(lz — 4u) [coth2 (Tﬂ [x + q(A2 — 4u)t]> + % (22 —4p) (19)
If we setC; # 0 andC, = 0 in equation (18), we obtain
3 A2 —4
u(é) = —?q(lz — 4u) [tanh2 (—# [x + q(1% - 4;1)1:]) +%(AZ —4u) (20)

Wheni? — 4u < 0, we obtain a trigopnometric function solution:
_ —12q —C, sin(B&) + C, cos(BE)] 2 2 12q4 —C; sin(B&) + C,cos(BE)] A\  2q(A% +2p)
u@®) = C; cos(B¢) + C, sin(B¢) 2 D C; cos(B¢) + C, sin(B¢) 2] D
WhereB = —““‘2_'12 andé = x — q(4u — 12t

o= 2o o (G o)
If we setC, = 0 andC, # 0 in equation (21), we obtain
u(@®) = —%"(4# — ) [cotz (@ [x — q(4u - zzm)l —g(w — ) (22)
If we setC, # 0 andC, = 0 in equation (21), we obtain
u(®) = -2 - ) [tanz (@ [ — qCdy — AZ)t])l -2 - ) 23)

Wheni? — 4u = 0, we obtain a rational function solution:
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_ —12q/ G, N 12qA; G, AN 2q(% +2p)
”(5)‘T<m_i) T(M‘E)_T
Whereé = x
u(é) = _E<L)z (24)
p \C; + Cyx

Theorem 1:Liu’s theorem [15].
If equation (2) has a kink-type solution in therfor

u(§) = Py (tanh[yg]) (25)
WhereP, is a polynomial of degrée Then it has a certain kink bell type solutiorthie form
u(§) = Py(tanh[2y¢] + i sech[2y¢]) (26)

i is the imaginary number unit.

We can apply Theorem 1 to equation (12), (13), @®J (20) to construct new set of travelling waedutsons to the
Korteweg De Vries equation.

Using Theorem 1, equation (12) becomes

u(® = —S;Tq(lz —4u) + ?;Tq(/lz —4p) [tanh (\Mz —4pu E) + isech (\Mz —4u E)]_Z (27)

Whereé = x — q(4% — 4u)t
Using Theorem 1, equation (13) becomes

w(@) = %"(/12 — 4y) — %"(/12 — 4y) [tanh (Va2 =au E) + isech (,/A2 4y 5)]2 (28)

Whereé = x — q(1% — 4u)t
Using Theorem 1, equation (19) becomes

u(®) = %(/12 —4p) — %q(az — 4y) [tanh (w/a2 — 4y 5) + isech (,//12 4y f)]_z (29)

Whereé = x + q(1% — 4p)t
Using Theorem 1, equation (20) becomes

u(®) = %(AZ —4p) - %" (2 — 4p) [tanh (,/A2 — 4y E) + isech (/22 — 4u 5)]2 (30)

Whereé = x + q(1% — 4p)t

The travelling wave solutions of the Korteweg Daegrequation obtained using th&'/G) expansion method for the
hyperbolic, trigonometric and rational function &gpare presented in equations (11), (14), (17), (2&8) and (24). When the
arbitrary constant§; andC, are taken to be zero separately in equations (14), (18) and (21), we derive special soliton
solution presented in equations (12), (13), (158),((19), (20), (22) and (23). If we se= 6, g =1 andi? — 4u = 2,
equations (12) and (13) become identical to Brauswlutions to the KDV equation [16].

Applying Liu’s theorem to equations (12), (13), YXhd (20), we obtain new travelling wave solutiomghe form of
equations (27), (28), (29) and (30). All the trdimgl wave solutions to the KDV equation obtainedavehecked by putting
them back into equation (1) with the aid of Mathéoza

3.0  Conclusion

Hyperbolic, trigonometric and rational functionuedling wave solutions to the Korteweg De Vries &tipn have been
obtained using théG'/G) expansion method. Liu’s theorem was also apphbedbtain other travelling wave solutions. The
results have been verified by putting them baclo itite KDV equation with Mathematica. Conclusivetiie (G'/G)
expansion method is a powerful tool for finding exaolution to nonlinear partial differential eqoats in physics,
mathematics and other fields.
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