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Abstract

The classical inventory deteriorating model assumes that deteriorating items start
deteriorating immediately after such items are kept in stock. Thisis not always the case
as there are some items (which include tomatoes, cassava, bread, cakes, etc) whose
deterioration does not start immediately they are put in stock. Moreover the economic
production quantity (EPQ) model assumes that items produced are always of perfect
quality, however in real situation, product quality is never perfect. Everything depends
on reliability (quality assurance) of such items. In this paper, we construct an EPQ
model for deteriorating items whose deterioration does not start immediately they are
stocked but rather after some period of time and the unit cost of production is directly
related to the process reliability and inversely related to the rate of demand. Numerical
examples are given to illustrate the devel oped model.

1.0 Introduction

The problem of determining the most desirable omigsntity under stable conditions is commonly knoas the
classical economic order quantity (EOQ) probleme Elquivalent of this problem in production is tltem@omic production
guantity (EPQ) model or lot size inventory modele®the years, a voluminous amount of research worthis subject has
been done and many interesting results have bgenteel in the literature. Inventory depletion is\geally considered to be
as a result of demand rate only but this is notgisgeral situation in real life. There are caseisiedgntory depletion that are
not due to demand only, but also due to deterimmati other factors. The decaying inventory probleas first analyzed by
Ghare and Shradét] who developed an EOQ model with constant rate cagleCovert and Philif2] extended the work of
Ghare and Shradé¢t] and obtained an EOQ model for variable rate oéni@tation by assuming a two parameter weibull
distribution. Misra[3] developed a deteriorating model with finite repddyment rate. Heng et dK] considered lot size
inventory system with finite replenishment ratenstant demand rate and exponential decay. Sarkaer[6] considered lot
size inventory model with inventory level dependdamand and deterioration. Arcelus et[@].also developed a model on
retailer’s pricing, credit and inventory policies fdeteriorating items in response to temporarggicredit incentives. Yang
[7] considered the pricing strategy for deterioratitegns using quantity discount when demand is précsitive. An EOQ
model for deteriorating items under inflation aide discounting was developed by Moon e{&). Manna and Chaudhuri
[9] considered an EOQ model with ramp type demand tates dependent deterioration rate, unit productost and
shortages.

In all the above literature, the authors assumad diterioration of the items start from the ins&of their arrival in
stock. As a matter of fact, many items (for examfilsthand vegetables, fruits, and some items yeed in industry like
bread, cakes, etc) have a span of maintaining fjaslity or original condition. During that periothere is no deterioration
occurring. Thus it is necessary to consider invgnfmroblems for non-instantaneous deterioratingnge Ouyang et al.
[10] developed an EOQ model for non-instantaneous de#ting items with permissible delay in paymentd amere the
demand before deterioration starts is the sambaisafter deterioration begins. Sugapriya and Zeyan[11] developed a
model to determine a common production cycle tioreah economic production quantity model of nodntaneous
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deteriorating items allowing price discount andmpissible delay in payments. Musa and Jdri] developed an inventory
model for some tropical items that exhibit delaylateriorationGeetha and Uthayakumgir3] developed an EOQ model for
non-instantaneous deteriorating inventory itemd piartial backloggingMonika and Shorj14] developed an EOQ model
for two levels of storage for non-instantaneousedetating items with stock dependent demand, tiragying partial
backlogging and under permissible delay in paymeB@raya and Sanj15] developed an EPQ model for delayed
deteriorating items with stock-dependent demanel aatl linear time dependent holding cost. MusaSamd[16] developed
an Inventory model for delayed deteriorating iteamgler permissible delay in payments but where thmahd before
deterioration starts is different from that aftetetioration starts. Thus, this paper is a gersgdin of Ouyang et a[10].

Many authors modified inventory policies by considg the issue of process reliability and qualityprovement in
EOQ/EPQ models. Tapiero et dl17] developed an EOQ model for reliability, pricing aadality control. Cheng
[18] developed an economic production quantity modeh vgtocess reliability and quality assurance comatitns.
Tripathy et al[19] developed an EOQ model with process reliabilitysideration. Tripathy and Pattndik0] developed an
EOQ model for optimal inventory policy with relidiby consideration and instantaneous receipt unti@erfect production
process.

In this paper, we construct an EPQ model for itevhese deterioration does not start immediately @ireystocked but
rather after some period of time. It is also assliimethe paper that the unit cost of productiodiigctly related to the
process reliability and inversely related to théesaof demand. Before deterioration begins, depietf inventory is
dependent only on demand. From the time deter@rdiegins up to the end of the cycle, depletiomeéntory will depend
on both deterioration and demand. Process religlnilithis paper goes hand in hand with the unét @ a product in such a
way that the higher the reliability of a produdte thigher the cost of production and vice versas Ehusually expected in
real life because the higher the price of an itdm,more reliable it will be meaning that the pexeeliability is nearly equal
to 1. In many cases of real life, the unit cospafduction of an item is directly related to it&iability (quality assurance).
After developing the model, we have given some nigakexamples to illustrate the applications @& tteveloped model.

THE MATHEMATICAL MODEL

In developing the model, the following notation assumptions are used:
NOTATION
1, The demand rate (units per unit time) durlmgperiod before deterioration sets in
U, The demand rate (units per unit time)after detation sets in
Q The production quantity (units in a prodantiun)
X  The production cycle length (time unit)
C  The unit cost of the item (in Naira)
A The set-up cost per production run (Nagagroduction run)
i The inventory carrying charge (excludingefst charges)
B The rate of deterioration
X, The time deterioration sets in
X, The difference between the production cyahgte and the time deterioration sets in
Y,  The initial inventory
Y;  The inventory level at the time deterioratimyins
H The holding cost or inventory carrying cimsa production cycle
r Process Reliability of the items (0 <r < 1)

ASSUMPTIONS

(i) Instantaneous production

(i)  Unconstrained suppliers capital

(iit) Backorders not allowed

(iv) Allitems are inspected and defective ones @eadded

(v) Demand of product exceeds its supply

(vi) The unit cost of production of the itemis directly related to the process reliability(quality assurance) and
inversely related to the demand rajes& u, . This relationship is specifically assumed to be:

-b
X X
CD”(M?*”Z?ZJ
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Where a, b, k are non-negative real numbers to be chosen basedroa known data so as to provide the best fihef t
estimated cost function.
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Figl: Inventory movement in a non-instantaneous detgian situation

LetY(t) andY,(t) be the inventory level before and after deteriorasets in respectivelyY (t) depends only on demand
and the differential equation that describes theatibn before deterioration sets in is given by

% =-4 ,where0st< X, @)
Solving (2), we get
Y(t)=-ut+E

(whefeis a constant ) 3
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applying the boundary conditidry’ (t) =Y, att =(in (3), we get

Y, =E €))
substituting(4) in (3), we obtain

applying the boundary conditidii (t) = Y; att = X;] in (5), we get
Yo =—mXi +Y

Yo =Ya+mX; (6)
substituting(6) in (5), we obtain
Y(t) =Yy + (X — Oy (7)

After deterioration sets in, depletion of inventavijl depend on both demand and deterioration &eddifferential equation
which describes the situation is given by

dy, (t
% + BY, (t) ==, whereg; <t <X (8)
Equation(8) is a linear differential equation and so usingitiiegrating factor,
Y, = et
we get its solution as
Y, (t) =Fe” —% (wheré is a constant) 9)
applying the boundary conditidY, (t) =Y, att =X,;] in(9), we get
v, =Fern -2
B

= F = (Yd +&] eﬂx1
B
substitutingF in (9), we get
Y, (1) :[Yd +%)eﬁ>‘le‘ﬁt e

B
o ()Yt Jer o
> Y, (t) :%(e(xl—t)ﬁ _1) +Yde(X1—t)ﬁ 10

Applying the boundary condition¥;(t) = 0att = X ] in (10), we get
0= &(e(xl—xm _ 1) £y, 08
5 Y08 = _&(e(xl—xw _1)
B
Y, = —%(1—e‘(xl‘x)ﬁ) (11)
Substituting(11) in (7), we obtain
Y(t)= —%(1—6‘“‘“) + (X, — ) (12)
Substituting(11) in (10), we get

Yd (t) :%(e(xl‘t)ﬁ _1) _%(1_ e—(Xl—X)ﬁ)e(xl_t)ﬁ
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= Y, (t) :&e(xl—t)ﬂ _&_&e(xl—t)ﬂ + XXX 0B

B B B
o ()t
B B
Y, (t)= %(e‘x‘”ﬁ -1) (13)

The number of deteriorated iteni§X,) is the difference between the total deman#.im e. X,u, and the total inventory at
the time deterioration setsiire. Y, ,

d (Xz) =Yy — X,
> d(X,)= —%(1_6—(x1—x)ﬁ) “ X1

and so
d(X,)= —%(1—@‘“”* +X,p) (14)
INVENTORY CARRYING COST (HOLDING COST)

The cost associated With storage of the whole itorgruntil it is sold or used, i.e. inventory camy costH, and is given by:

|CIY(t)dt +|ch (15)

Subsututmg(l) (12) and(13) in (15), we obtain

H=ia(l-r) (/»’1 + 1, 2 jbXg(-%(l—e—(&—xw)+(Xl—t)/,11jdt

foafer 4

%)
S I ———
vl e 55

:ia(l—r)_k(ﬂl%+/vlz%j_ {_%(Xl_xle_(xl X)p ) (XZ 2 jﬂl %(_%_X‘Fe()(;l +X1]}

so that after further simplification, we obtain

. -k -b
H = {1+—1 je'(xl’x)M_xl/Jlﬂ__l _x Jia(or) T (X X)X, (16
BX, 2u,  BX, X, /X

| X,
+ia(l-r) (ﬂlx v

TOTAL VARIABLE COST

The total variable cost is the sum of set-up cusdt of deteriorated items and inventory carryiosgtgi.e.

Total variable cost (TVC)
= A+Cd(X,)+H (17)
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(TVC) =

s S oo Lo 01 M e

The total variable cost per unit time is given as

Total variable cost per production run

Z(X) = :
The production cycle length
= Z (X) _A_ a(l—l’)"‘ (ﬂlxl_': H,X 2)"’ ,uz(ij N a(l—r)"‘ (,UlX 1__:)_#2( 2)—b U 2( e_(xl—x)pj
X AX X BX X
_ a(l—r)_k ('ulxl"':uzx 2)_b ,Uz( A xlj
X X

o R e

since X,=X-X,.

1-1) " (X + (X = X)) "
= z(x)= 2 ) XA ”2( 1“)
X B X
LAl (Xt (X =X)€@l ) (X + (X = X)) (X=X,
18 X—b+1 1 x—b+l
. (1+ 1 J(e*xl‘x)ﬂ}rm,@( 1) 1 ( 1) ( jxlua (1=r) ™ (14X, + (X = X)) ° 12X, )
BN X ) 2 BX, X, BX*
To obtain the value of which minimizes the total variable cost per uimite, we take the derivative ZKX) with respect to
d*(2)

X and then set the result to zero. The valug edtisfying that equation gives the minimum prodldg— >0.The

derivative is given as:
dz(X) _
X
A a(b‘l)(l-f)_k(ﬁaxﬁﬂz(x—X]))_buz( L j+abﬂ22(1—r)_k(ﬂ?<1+ﬂz(X—X))_b_l( L j
XZ ﬁ X_b+2 ﬂ X b+l

+a(1‘r)_k(M><1+ﬂz(X—XJ))4°ﬂz[ﬂXM+(b‘]) x-jewxm_aow(l—) (XX 0) (eﬂ s J

i)t X ) e )
1 Xz(—b+]) 1 N
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o

,BX 1 {XX)8 _ 1%3( j ( 1) ia(1-r) " (X + (X = X)) X,
244, BX, BX
{( 1 Ie*xlx j 1 ( 1) ( jxllab (1-r) [—,Lé(,ulX1+luz(X—X]))_l+X_l},uZXl:O
o3 X, X, X (14X, + (X =X) B
A2 a(b-1)(1-r)" (MX +(X=X))" ( 1 j+abu§(1—r)‘k(ul><1+u2(x—x))""1( 1 j
X ﬂ X—b+2 ﬂ x—b+1
LA (Xt X)) pf XE(XBHOT) s 2 (1) (XX X)) €00
_a.(l—r)"k('ulxl+,uz(X—X]))‘blu2 X—b(bX—Xl(b—])) +abﬂzz(1_r)_k(/éxl+ﬂ2(x_X]))_b_l(x—xl)
1 Xz(_bﬂ) 1 X—b+1
a1 (ﬁX—l)e_(xl_x)ﬁ_xlmm 1 ]ial-r) " (sX+ (X =X))° uX,
A\ 1 2, BX BX 7
o 2o e x et b,
Al 1) 2 B X X (14X, + (X~ X)) B
= A+a(b-1)(1-r)‘k(/4xl+u2(x—xo)‘buz( 1 j_abuf(l—r)‘k(uxlw;x—x))‘b‘l( 1 J
X2 ﬁ X—b+2 ﬁ X—b+1
_altor) (Xt X X)) pf (XBHOD) o, aoms? (1) (X X=X (€0
ﬁ X—b+2 ﬁ X—b+1
+a(1—r)'k(Mxlwz(x—xo)*’u{(bx—&(b-l))J_abui(l—) (X X =X)) " ( ><lj
1 X—b+2 1 X—b+1

_{(“ 1 J(ﬁx—lje_(xl_x)ﬁ_xlulm 1 }ia(l—r)‘k(ulxlwz(x—xl))‘bule
Ax U1 20, BX, BX P

_ (1_'_ 1 j(e‘(xl‘x)ﬂ}rxlylﬂ_ 1 _X iab(l—l’)_k{—/,lz(,ulxl+,uz(x—Xl))_1+X_1}/,12X1=0
BX, 1 2u,  BX, X, ,8X‘b+1(ulxl+/,12(x—x1))b

Multiplying through byX ?*2) we get

A, a(b=1)(1-r) " (X, (X = X)), _abpt (1r) " (X it pgX = X))

Xb ﬁ ,BX_l
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B 1 BX* 1
N a(l—r)'k (Iule+,uz(X - Xl))‘b #{(bx - Xl(b—l))} B aby,? (1—I’)_k (#lxl+ﬂ2(x _ X]))—b—l ( X - Xl]

_a(l-r) (X (X = X)) #{(Xﬁ ¥ (b‘l))je-m-x)ﬁ L b (L) (X + (X = X)) (e“xl‘x)ﬂJ

1 1 1 Xt

_{[“ 1 ](ﬁX—lje-(xl-w_xlulm 1 }ia(l—r)‘k(ulxlwz(x—xl))‘bule
BX, 1 2u,  BX, B

(xi-x)8 iab(1-r)"{- X+ f,(X = X))+ X X

_ (1_'_ 1 ](e ]_,_Xl,ulzg_ 1 _L ( ) { ,uz(,ul 1 /12( 1))b },L12 1=0 (20)
BX, 1 2u,  BX, X, BX (X, + 11,(X = X))

Now, if other parameters are given, equatidf) can be used to determine the bésthich minimizes the total variable

cost.TheEPQ of the corresponding will be computed from:
EPQ = demand before deterioration starts + demand after deterioration starts + number of deteriorated items

= X+ (X, +d(X)
Substituting(14), we have

EPQ= /4%, * 14, (X = X)) —%(1— 95 + X 3)

= ,U1X1+:Uz(x - Xl) _%(1_6_(X1_X)ﬁ +(X - Xl)ﬁ)

= 14X, * 11 (X = X)) —%(1—@(“”*) ~1,(X - X))

EPQ = 1X, —%(1—@“1‘”” ) 21)

NUMERICAL EXAMPLES
Solution of ten different numerical examples hawdifferent parameters as indicated witl= 10,6 = 1 and k = 6.

Tablel: Solutions of ten different numerical examples

Examples A Hq U r i X4 /] X z EPQ
(naira) (units) (units) (years) (years) (naira) (units)

Examplel 2500 2000 1200 0.90 0.13 0.019178 0.40 0.038356 101462.1 61
(7days) (14days)

Example2 2700 2500 1000 0.91 0.15 0.038356 0.50 0.046575 120365.7 104
(14days) (17days)

Example3 2650 3000 1600 0.88 0.14 0.057534 0.30 0.084932 5154296 217
(21days) (31days)

Example4 2400 3500 2000 0.87 0.12 0.076712 0.45 0.10411 36977.83 324
(28days) (38days)

Example5 3000 3200 800 0.89 0.11 0.095890 0.35 0.112329 58586.68 320
(35days) (41days)

Example6 2300 2400 1100 0.86 0.10 0.115068 0.51 0.145205 25627.45 310
(42days) (53days)

Example7 1900 3300 1400 0.85 0.16 0.134247 0.55 0.161644 22629.26 482
(49days) (59days)

Example8 2600 2000 1300 0.84 0.17 0.153425 0.60 0.183562 23621.13 346
(56days) (67days)

Example9 3500 2300 500 092 0.01 0.172603 0.20 0.180822 52952.8 401
(63days) (66days)

Examplel0 1500 1800 700 0.83 0.18 0.191781 0.32 0.232877 14478.15 374
(70days) (85days)
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SENSITIVITY ANALYSIS

We have carried out a sensitivity analysis on fifeceof changes in the system parametey$,(and k) on the total variable
cost per unit time (X), using the following example which is examplén Table 1.

Table2: Example1in Table 1

a | b |k A I’N U r i X, B X Z EPQ

10| 1| 6| 2500 2000 12000 0.90 0.143 0.019148 0j40 0.038356101462.1 61

Table 3: Sensitivity analysis

System parameter % change in the system % change ir¥
parameter

60 21
40 14

a 20 7.2
-20 -7.2
-40 -14
-60 -21
60 -35
40 -34

b 20 -26
-20 121
-40 649
-60 2956
60 142329
40 8949

k 20 531
-20 -34
-40 -36
-60 -36

From the table 3, it can be observed that:
* Z(x) is sensitive to changes in the parameter.
e Z(x) is more sensitive to changeskirand is less sensitive &0

Conclusion

In this paper, an EPQ model for deteriorating itemmch do not start deteriorating until after sotime is presented.
Deterioration also depends on product reliabiliydlity assurance) of the product. Before detetimnabegins, depletion of
the inventory is purely dependent on demand butrwdeterioration begins, depletion is dependent ath llemand and
deterioration. The manufacturer is paid for thensémmediately they are received.

There are items that have the property especialtyopical countries such as those in the WesteAfriSub-region like
Nigeria. These items include firsthand vegetalflests, bread, cakes, etc. The quality of thosedpots depends largely on
process reliability (quality assurance) of the mitbn line. The proposed model can be used inntorg control of non-
instantaneous deteriorating items such as foodsitéke bread, cakes, sandwitches and so on.
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