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Abstract

Gravitational field equations exterior to rotating homogeneous spherical masses
are derived. The field equations have only one unknown function dependent on the
mass or pressure distribution. In approximate gravitational fields, the unknown
function reduces to the gravitational scalar potential exterior to the mass. Thus, this
approach introduces a hither to unknown way of generalizing the gravitational scalar
potential and introduces correction terms to it. In this gravitational field, the sixteen
field equations reduce to four nonlinear partial differential equations.

1.0 Introduction

In recent articles [1-4], we showed how gravitadibfields of various mass distributions can be isttidising metric
tensors that have only one arbitrary function deieed by the mass or pressure distribution. Thistrary function
possesses all the symmetries of the mass or peesisiribution. In [1], we obtained the metric tendor a rotating
homogeneous spherical mass and used it to studydkien of test particles and photons in this getional field. Orbits in
the vicinity of a rotating homogeneous mass wese atudied. In [2], we constructed gravitationaldiequations for a time
varying spherical mass distribution and obtainealigational radiation equations in this gravitatibfield. In [3], the metric
tensor in the field of an oblate spheroidal mass gemstructed and used to study orbits in the #jcof an oblate spheroidal
mass. In [4], gravitational spectral shift exterioroblate spheroidal masses in the Solar Systesnstvalied using this new
approach. In this article, we extend our work i b derive Einstein’s gravitational field equatfo exterior to rotating
homogeneous spherical masses.

In [1], a static sphere of total mass M and dengitplaced in empty space is considered. In such arepttee mass

distribution within the sphere is homogeneous ardento rotate with uniform angular velocity abouixed diameter. It
was shown that the covariant metric tensor for ghéitational field is given in spherical polamdinates(r,0,¢)) as

2
Joo :l+c_2f (r.0)

(1.1)

R
911 = |:1 Cz f ( g ):i (12)
9., = -’ (1.3)
U5 = —T%sin’ 8 (1.4)
g,, =0; otherwise 1.5)

where f (r,H) is an arbitrary function determined by the masgrithution within the sphere.

In this article, the metric tensor, equations (10l§1.5) is used to construct gravitational fielfliations for this gravitational
field.
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Using tensor analysis [5], the contravariant metgicsor and coefficients of affine connection cancbnstructed [1]. The
Riemann Christoffel tensor (in terms of the affe@nnection coefficients) for this gravitationallfies found to have the
following components

0 __p0 _r0 _fo
Roiz = Rozl‘roz,l r01,:

(2.1)
RIOOl = _Rflo =-r 30,1"' r llf 010+ r 21|I 020_ r 01'3 Oc (2'2)
Rlooz = _szo =-r 20,2"' r 11! 010+ r 21 020_ r 01ro Oo (2_3)
R2001 = _Rgloz -r 020,1+ rlzr 010"' r qu 020_ re 0 Oc (2_4)
Rgoz = _Rgzo =-r 020,2"' r 12{ 010_ r 025 00‘ (2_5)
Roos = ~Reso=T 50 5T 50 % (2.6)
- pl - _rF1 01 11 21
Rém__Rom__r 00,1"'r OI.L— oo_r (Jg 11_r &J ‘ R.7)
- pl —_r1 01 1r-1 21
R%oz__Rozo__r 00,2+r OE oo_r OG 12_r &) : (2.8)
_ pl —fr1 1 21 2F 1
RlllZ__R121_r12,l_r 11,2"'r S el B P (2.9)
_ pl _r1 1 11 2r-1 -1 -1
R;lZ__RZZl_FZZ,l_r 21,2"'r Lol L al b gl 1, (2.10)
- pl —r1 11 2r-1 31
R;13__R331_r33,1+r 3§ 11"'r J; 21_r !s_1 : (2.11)
_ pl _r1 11 21 31
R;za__Rssz_r33,2+r st T L @.12)
2 _ 2 _ 2 02 12 2 2
R}Ol__Rom__r 00,1"'r Oll_ oo_r (J(; 11_r &) : (2.13)
2 _ 2 _ 2 02 12
I%)02__R020__r 00,2"'r 05 oo_r (J(; 1 (2.14)
2 _ 2 _ 2 2 12 2F 2 1 2
R, =~R=-T 12,1_r 11,2"'r el B Pl e W1 (2.15)
2 _ 2 _ 2 12 12
I:‘)212__F2221__r 12,2"'r zg 11_r £ 1 (2.16)
2 _ 2 _2 12 2r 2 3 2
Rs13__R331_r33,1+r 3§ 11"'r J; 21_r !s_1 : (2.17)
2 _ 2 _r2 12 32
Rszs__Rssz_r%,z"'r 3§ 12_r J; 3 (2.18)
3 _ 3 _ _r1r3 213
Roos = ~Rozo= T od 57T 70b % (2.19)
3 _ _p3 —r3 33 13 2- 3
Rna__le_r13,1+r 1l B Atul B PR (2.20)
3 _ 3 _r-3r3 113 2F 3
R =Ry =T 5% T s T L (2.21)
3 _ 3 _r3r3 13 2F 3
Ros=~Roa =150 5 Tb s T L (2.22)
3 _ _p3 —_r3 33 13
Rzza__stz_r23,2+r zg 32_r J; 1 (2.23)
a - . 1
Rss =0;  otherwise (2.24)

where(0,1, 2, 3) represent théct, r,8,@) four space-time coordinates.

From the Riemann Christoffel tensorequations (®1(2.24) and tensor analysis, the Ricci tensottia gravitational field
is obtained as

Ry = R800+ R%Ol+ F"20024' R3oo (2.25)
R11 = R1010+ Rill+ F‘)i12+ R311 (2.26)
R22 = R220+ R1221+ R2222+ R322: (2.27)
Rss = Rgso"' R]I-S3l+ Rgsz"' R333 (2.28)
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R, =0; otherwise (2.29)

Substituting explicit expressions for the composeutt the curvature tensors and simplifying yields following explicit
expressions for the Ricci tensor;

A 7120, 2 g
Ro=- 102 100) 5L 21 B i o)

rc
cotd of 1 9%f _ 2 2 Tlof ) (2.30)
- —- + 1+—f(r,0 —
22 9r r%?06? rx* [ ( )} (ae}
1 2 Totf 2 2 "of  co® 2 ” of
=—|1+—=f(r,@ —t+—|1+—f(r, 0 — | 1+—=f(r g —
Ruz |10 21 (r0)| Sbe B li(o)| S-S5 e o
- -3 2
L [1+ 2 f(r,B)} LR 224[1+—22f(r,9)} (ij
e c? 00° r<t c 06 (2.31)
2 2 ( of 2r of 2
R,,=—|1+—=f(r,@ — —+—=f(r,8
22 C4 |: CZ (r ):l (agj C ar CZ (r ) (232)
R, = 3r S|2n gof . 25|£f€ £ (r,8)+cos D
c or c (2.33)
From, the Ricci tensor, the curvature scalar, RiHis gravitational field is obtained using
R=0"Ry+9"R,+ 9" R,,+ 9 Ry, (2.34)

as

c” or rccor r<c

cotd 2 o of 4 1 cos?®
+ 9% s 2 i (r0)| Lt (r,0)- ==
rzcz[ c? ( )} 08 r¥%? (r.0) r?sin?@ (2.35)

2 0°f 8 of cotd 2  of 2 2 MRS
R=‘7—2‘—2—‘T[1+§f(r'9)} E‘rzc‘i[“pf(rﬂ)} (ﬁ)

It can be easily deduced from the Ricci tensor tiaisixteen general relativistic field equatiortedor to the mass
distribution reduce to four equations in this gtaional field. These are:

1 _

Roo = ERg 0w0=0 (2.36)
1 -

Rll_ERgll_ 0 (2.37)
1

R, — Py Rg,,=0 (2.38)

1 Rg,, =0
Rss E Q33 = (2.39)

Substituting the Ricci tensor, curvature scalar #mal covariant metric tensor into the field equadiq2.36 - 2.39) and
simplifying yields the respective explicit field @a&fions as:

2
:61‘2_%{1 2 (r 9)} [afJJrcotHi_Zr[lJr_f(r 9)}01‘
206 c c? 206 2 06 c ar

coteﬂ_z{ _f (r 9)} c? cosﬂ[“_zzf (r 9)}
>3 2 sin’@ c (2.40)
0=t -L1e 2 (o) At a1 Zr )] 2
RGO I GURES =S ’3)} (2.41)
e o o] (3] S8 2] (33
.
R e
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2
0:a£—££+w:8{1+2 (r 8)} (af afj 1[1+_f( 8)} (afj
or ror r c or 06 r’c 00 (2.43)
In weak gravitational fields (to the order of? ), these field equations reduce respectively to
2 2
_ 0 fz_%[ij +cot9[£+£j_2 [“_f( e)rf
200 c°\aéd 2 08 or or

—2[1+C£2f(r,9)}f(r 0)-% C0829|:1+C_2f(r ,9)}

2 sin?@

(2.44)
2
0= 9 fz —izi+ cotd of | 2r[1+—f (r 0)} of
06 c°o068 2 06 ar
2 , cos¥
+2|1+—f(r,0)|f(r.0)+x oy 1+—2f(rﬂ)
c sin c (2.45)
02f 3 (af \2 cotd of  of
0=2_1+ 2 2|4 1- —f 0 2
ar? rzcz(aej 2r? [ (r )Kar 60]
2
C cosP, BT, ¢y p)
2r? sin?6 ror «c? (2.46)
2 2
A I A
r r or r c r ric (2.47)

The gravitational field equations reduce to founlireear partial differential equations that candodved to obtain explicit
expressions for the unknown functid’)r(r,H) . It is well known [6], that for this mass distuifion, the gravitational scalar

potential CD(F,H) is given as

2
oo =1+ = (r,0
o @ (6) (2.48)

Thus, our unknown function can be conveniently égghido the gravitational scalar potential extetoothe mass distribution.
It is hoped that when the field equations are shiVither to unknown generalization of the grawitaal potential for this
mass distribution will be obtained.

Conclusion

It is worth noting that the field equations constad in this article satisfy the requirement ofarignce of line element a
priori and this is satisfactory for an astrophykisalution of Einstein’s gravitational field. Alsdhe field equations are
mathematically simple as they contain only one wukm With the construction of gravitational fieldjations in this

gravitational field, the door is thus open for #tedy of other gravitational phenomena in thisdfiel
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