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Abstract

Uniform convergence remains the “best” method fopproximation of solutions
of an initial value problem of an H-order differential system out of all types of
convergences. Our objective in this paper is to @pgmate a solution to an initial
value problem, by constructing a sequence of funas that will converge uniformly to
a solution. The proof was shown to exist from unifo Cauchy criterion and further
confirmed by Lebesgue Dominated Convergence Theomsnagainst the method of
Induction that is popularly used. The results shodvéhat even Picard’s theorem is a
direct consequence of uniform convergence which Imp all other types of
convergences but the converse is not true. Agaithboontinuity and boundedness are
direct consequences of the proof of Weierstrassotieen and depend on the uniform
Cauchy criterion and hence, the solution to our goiem.

Keywords:Uniform convergence; Uniform Cauchy Criterion, Lebee dominated convergence theoreth-arder
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1.0 Introduction

Uniform convergence being one of the propertiesadfitions of Differential systems has largely remeai one of the
“best” methods of approximations of solutions, aligh very difficult to construct, it has most udefonsequences.

There are many ways to prove the existence ofwisnlto an ordinary differential equation. The plast is to find one
explicitly. This is a good approach for separabteegact equations or linear equations with constafficients but
unfortunately, there are many equations that cahaaolved by elementary methods, so attemptimdee the existence
with this approach may not be visible.

An alternative approach is to approximate a sofutman initial value problem by constructing awssge of functions
that converge uniformly to a solution. This appivée due to Picard [1]. Thus, uniform convergeredhie best kind of
convergence. It has most useful consequencest lisitaiso difficult to achieve. In most cases wétlsefor pointwise
convergence or %convergence instead [2]. Though uniform convergeinmplies all other types of convergences but the
converse is not true. Also, continuity and boundssnare direct consequences of uniform convergemcepven Picard’s
theorem. Again, even the proof of Weierstrass thimodepends heavily on the uniform Cauchy criteabiough the former
is on uniform absolute convergence and the latirigniform and non-uniform convergence.

In this paper our objective is to construct a seqaeof functions and then prove that it convergefumly to a solution
of an initial value problem of adorder linear differential system of the format
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X=F(t,x) (1.1)
With initial condition:  x(to) = xo ™\

x(ty) =x;

x(t) =x,

(ty) =
TR (1.2)

x(t) =x, _/
We now employ Picard’s iteration on the construgeguence of functions which is defined recursiasyollows:
x(to)=x,
t
x,(t) = x, + ftoF(S,xo(s))ds

x,(ty) = xo0 + ftto F(S,x,(s))ds
: 1.3)

X (t) =x, + ftZF(S, Xn_1(5))ds
If this sequence of functions converge uniformhatfunctionx(t), then this function is the solution of (1.1) and?j11,3].

2.0  Some Theorems And Definitions Underlying Our Concept

We now state some theorems and definitions whi¢hb@ian asset for our proof.

Theorem 2.1: (Weierstrass M-Test)

Assume{Xy} y=1iS a sequence of functions defined in an openvater < t < b. suppose thafM,} y-, is a sequence of
positive constants such that, (¢)| < M foralla < t < b.

If is convergent, then converges uniformly foralk < t < b

Proof: see p. 73 of [1]

Theorem 2.2 [Lebesgue Dominated Convergence Theorem]
Let {f,,(x)} be a sequence of functions measurable on E sath th
lim £, () = £ (x)

Then, if there exists a functidd(x) integrable on E such that:

|f.(x)] < M for alln.
We have:

lim =

N—oo

= see p. 74 of 4

Proof: See p.84 of [4]

The very notion of Existence and Uniqueness oftenig of any initial value problem of differentisystems lie in Picard’s
theorem and we re-state as follows:

Theorem 2.3(Picard)

Suppose the functiondt, x) andZ—i are continuous for aflt, x) in the rectangular plane R and bounded, that is;
ORI
i |E <m
For all(t,x) in R, then our initial value problem of (1.1) afid2) has at most one solutia@lit). Hence, it has precisely

one solution.
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Proof: See pp 93-94 of [3] and also [1]
Theorem 2.4[Uniform Cauchy Criterion]
Let {f,,} be a sequence of functions defined on a subset R. dfien, there exists a function f such thagconverges
uniformly to f on D if and only if the following aalition is satisfied:
given[] > o there exists N#(¢) such that:
|f(x) — fn(x)] < € for every X_]D and for everyi, m = N.
Proof: See p. 37 0f [5]

Definition 2.5(a)
Let {g1, g, g5..} be function fromX — Rand f: X — R be some other function. The sequedge g, gs..} converges
uniformly to f' if Tlli_r&llgn —fll. =0 seep 127 of [2]

Definition 2.5(b)

Let {f,}be a sequence of function defined in a subset®. tfien{f, } is said to converge uniformly on D if:

givene > 0 there existsN € N such that :

| f,(x) — f(x)| <€ foreveryx €D

See p.36 of [5] and p 127 of [2]

3.0 Methodology

OGBU and Eze and Finan M.B have proved uniform eogence using the method of induction but our agghrowill be

different in that we will offer the proof by usirtheorem 2.4[Uniform Cauchy Criterion] and furthergenentation of the
results by theorem (2.2) to show that our constidigiequence of functions (1.3) converges unifotmlg solutione(t) of

(2.1) and (1.2)

4.0 Main Results
Invoking our theorem (2.4) and applying it to (1.8% obtain the following

Proof((__]) Supposex, (t) [_Jx(t) uniformly on the interval | §to - h; to + h].
Then givere > 0, we choose ou¥ = N(€) such that:

|t (8) = x(£)] <= (4.1)
For alln > N(t) and for allt € 1.
We have;
b (6) = X (O (8) = (D)1 [x(1) = %, (1)
<—2 +—2
=€ (4.2)

< On the other hand, suppasg(t) satisfies uniform Cauchy Criterion. Then for edigkd t [ ]I the numerical sequence

x, (t) satisfies the ordinary Cauchy criterion. So thetsts a limit which we calt(t) defined on

| =[to - h; to + h] such that:

x,(t) = x(t) pointwise on/

Remark: Note that this pointwise convergencd anplies Uniform Convergence drbut the converse is false.

We now show that, (t) — x(t) uniformly onl. Infact, for any givere > 0 we can choos® = N(t) such that :
|xm(t) - xn(t)l <E (4-3)

For allm,n > N and allt €1.

Furthermore, fixx > N andt[_]I and letm — 0, we obtain;

[x(t) —xn(t)| <€eforallt €l

Remark: The choice a¥ depends only og and not ore andx € D as is the case in pointwise convergence.

5.0  Further Results
To further confirm our above assertion, we empld@/éh Lebesgue Dominated Convergence Theorem gy apthus;

limy o267, (8) = X(O |l (£) — 2(D)]|..=0

= lim supp ¢ e%n (€) — x()| =0 (5.1)
lim,,_,. x, (t) = x(t) (5.2)
We know from (1.3) that :

x,(t) = f;op(s, Xn-1(5))ds (5.3)

We write (5.2) as
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x(t) = lim x,(t)

Therefore,
x(t) = lim [xo + ftto F(S, xn_l(s))ds] (5.4)

t
= x + | lim fF(S, xn_l(s))ds
L to
[t
=x, + f F(S, xn_l(s))ds

Lto

=x, + ftto F(S,xn_1(s))ds. .. (5.5)

This shows that(t) is a solution to our integral equation of (1.3} dnerefore a solution.

Discussion

1.

Uniform Convergence Implies Pointwise Convergericeplies convergence in’tspace but the converse is not
true(Note the later, the sequence is uniformly loi@ghandX is compact) [2]

2. Uniform convergence implies semi-uniform convergeiraplies pointwise convergence but however theverse
is false[2]

3. Hence to understand convergence in general, itfficient to understand uniform convergence to ¢bastant of
zero function.

4. We can deduce that both boundedness and conticauitype direct consequences of uniform convergenddeads
a confirmatory hand to Picard’s theorem on existeared Uniqueness of solutions.

5. Asequence {§ in R converges to a point in R if and only if
lim,, ., sup{xy} = lim;_, inf{X\} = x [6]
Note: This point x is a unique point which coiresdwith a unique solution but we know that uniqesnef a
solution implies the existence of a solution bt tonverse is not true.

6. A sequence {§ in R converges to a point x in R if and only fexy subsequence of {xconverges to x. This point
is a unique point which coincides with a uniqueutioh. (see pp 213 — 218 of [6])

Conclusion

The conclusion shows that x(t) is a solution to megral equation (1.3) and therefore a solutrodr initial value
problem of (1.1) and (1.2) but the deductions fttb proof are similar to the results obtained in [6
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