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Abstract

In this paper, we propose a new technique for determining activity criticality in a
project network with activity durations modeled as trapezoidal fuzzy numbers. The new
method combines a recursive algorithm with a ranking index method based on the centre
of gravity of fuzzy sets for obtaining event as well as activity times. The proposed method
is demonstrated using numerical examples and is shown to be effective in determining
activity criticality in project scheduling when activity durations are uncertain.
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1.0 Introduction

Traditionallythe project manager usually desirehdge a foreknowledge of activities which are keyneeting planned
schedules. Once he has an idea of the criticalitiei, he monitors them closely to ensure thay tre executed as planned.
Traditional methods used in project scheduling udel CPM and PERT. CPM assumes that activity durstiare
deterministic in nature, allowing the use of thecsdled crisp (deterministic) activity times, Inagtice ,the use of crisp
activity durations are unrealistic.[1]. PERT uskeeé time estimates to determine the expecteditgctiuration. A major
shortcoming of using PERT is that the three tinssrates must follow a beta distribution, necetisigethe use of elaborate
statistical procedures.

In reality, the project manager estimates actidityations with very vague statements such as “ttieity will take
approximately 5 days” or “the activity can be execubetween 6 and 7 days. This type of statemersctifity time
durations does not lend itself to traditional meth@f project scheduling such as CPM and PERT. yser theory has
proven to be an effective way of handling such waiuformation [2].The decision maker only requiegressing the
project duration as a fuzzy set whose members hamgng degree of membership from 0 to 1. For eXaipa decision
maker speculates that an activity will take appmately 6 days, then he can express the fuzzy gctivration as 5, 6, 7. In
the fuzzy set representation of the activity damti6 has a membership function of 1 while the othe values have
membership functions equal to 0. This way, the slesimaker has been able to express both his gutirahd pessimism in
specifying the activity duration.

A number of researchers have used different metfmddetermining criticality of activities in a gext. Shanker et al
[3] proposed a metric distance ranking method faz§ numbers to a critical path method for fuzzgject network, where
the duration time of each activity in a fuzzy paijmetwork is represented by a trapezoidal fuzzgnlmer. A numerical
example was provided to explain the proposed prarecith detail. Possibility of meeting a fuzzy prdjén a specified time is
calculated for different projects having differemimber of activities using fuzzy critical path matdhbased on signed
distance ranking of fuzzy numbers. Shanker et Jabfdsented an analytical method for measuringcthieality in a fuzzy
project network, where the duration of each agctivi represented by a trapezoidal fuzzy number.yTheed a new
defuzzification formula for trapezoidal fuzzy numband applied it to calculate the float time (&léiene) for each activity
in the fuzzy project network to find the criticahth. Soltani and Haji [5] used a modified backwpeds based on a linear
programming approach which removes infeasible smiatwhich can result in a backward pass to solpsogect scheduling
problem in a fuzzy environment. Mikaeilvand et @) proposed a new method based on centre of masarking fuzzy
numbers. They presented numerical examples tdraiiesthe proposed method and compared with o#mkimg methods.
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Chanas and Zielinski [1] developed a methodologyditermining criticality for a path without usiggneralized arithmetic
operations on fuzzy numbers.

In this paper, we propose a new method for deténgiactivity criticality in a fuzzy project netwarWe apply a
modification of the method developed by Soltani &taji [5] to determine the latest start times o thctivities in the
network and then apply a ranking method to obtaiene latest and earliest times. The present methagbplied to a
hypothetical problem and the results compared miglilts compared with those obtained using crisplCP

2.0 Fuzzy Arithmetic
Figure 1 shows a trapezoidal fuzzy number

/'{'_

Figure 1: A trapezoidal Fuzzy Number
Let A=(a,b,c,,d;)and B=(a,,b,,c, d,) be two flat trapezoidal fuzzy numbers. The basiezju arithmetic
operations namely, fuzzy addition, fuzzy subtrattmd fuzzy multiplication are:

AOB =(a +a,b+b,c,+c,d+d) (1)
AG)B:(al_dZ'bl_CZ’Cl_bZ’dl_aZ) 2)
AOB=(aa,,bb,cc,dd) 3

The ranking of fuzzy numbers is an important issuroject scheduling. In forward pass computatitmsletermine the
event earliest times, we use ranking to deterntieeetvent earliest time. Cheng [7] developed a nligtandex method for

fuzzy number comparison based on the calculatioa oéntroid poinI(XG, yG)to obtain the distance index. The centroid

point (XG, Vs ) for a trapezoidal fuzzy numbékcan be defined by

— df+cf—af—bf+cld1—apl

(4)
3(C1+d1_a1_b1)
_a+y+ 2 +d,
SRECRIRTE ?

The ranking indexR(A) can be obtained by the expression
R(A) =y/%" + Vs (6)

Given any two fuzzy setfand B whose ranking indices arR(A) andR(B) , the comparison of the fuzzy numbers has

the following properties
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if R(A)>R(B) then, A>B (7)
if R(A)<R(B) then, A<B (8)
if R(A)=R(B) then, A=B (9)

3.0 Fuzzy Forward Pass
Consider a fuzzy project network with nodes. Using the activity on arrow (AOP) conventieach activity has a starting

nodei and an ending nodp. Consequently, an activity can be denoteA]asThe nodes in the project are numbered from 1

to n, where 1 is the starting node afds the ending node. The fuzzy event earliest atessiaime of a nodéare denoted by
E, and L, respectively.

The fuzzy event earliest time of the starting n(ide 1) is given by equation (10).
E =(0,0,0,9 (10)
For a nodej which has a number of predecessor nbges computeléi 0 f”. i 0 p(j)

We then find the ranking index of the various valusing the method proposed by Cheng [7] f:héﬂ f”. fuzzy set whose
ranking index is greatest becomes the fuzzy evatiest time of the node under inspection as shiovaguation (11)

E=(BF B ) =mak R EAY]

i0p(j)ze

In equation (11),i O p( j) denote the set of noddsvhich are predecessors to nodeFor the set of all activities which

11)

have an ending nodg being successors to a particular starting nodbe fuzzy earliest start time of all the actisstiis
given byEi . The fuzzy earliest finish time of an activiﬁf can be computed after the fuzzy event earliest tiihnnodel

Ei has been computed by using the expression
E Ot (12)

4.0  Fuzzy Backward Pass

In the fuzzy backward pass, we determine the fez@nt latest timé , the fuzzy activity latest finish timé_Fij as well as
the fuzzy activity latest start tinfeS,j . The fuzzy event latest time of the ending n(ml)s in the project is equal to the fuzzy
event earliest time of the ending n((@n = |_n) . In this paper, we propose a new technique fagrd@hing the latest event

timel; for all noded <N. In particular, we employ a modified backward phased on a recursive algorithm to find the

latest startLSi for all activities. The recursive algorithm is givas
(s, =(Ls), LS} Lsf LS
Ls; =max] o{L{ -t/
LSt =max 0, mifLs! (L2 -t)) (13)

J

LS’ =max| 0, mif('—Sjs ’(le_t”z))

LS =max 0, mirf(LS? (L} -t}))
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After computing the fuzzy activity latest start e'nh_Sj for all activities which originate from nodle the event latest time of

node i is obtained by finding the ranking indices of thias.‘sprectivel_lﬁi of all activities which originate from nodie and

setting theLSj value with the minimum ranking index s The fuzzy activity latest finish tim&.F; is equal tol;

5.0 Fuzzy Slack (Total Float) Time
The critical activities are determined by computihg slack time of the activities in the networkeTactivities whose fuzzy
slack time is equal to (0,0,0,0) are critical. Thezy total float of an activity is computed usitig expression

TF, = LF,0(ES, Ot,) (14)
In fuzzy network, it is necessary sometimes to eohfuzzy total float of activities to crisp valuda order to achieve this
we find the centroid of the fuzzy set. Consideruazf/ setA = (al,bl,cl,dl). To defuzzify the fuzzy set, we use the

expression

Centroid (A) = M (15)
6.0  Numerical Example 1
To demonstrate the concept and test the perfornaitbe present method, a simple case example e@sted from Udosen
[8]. It consists of 8 activities. The crisp activdurations reported by [8] were presented as a@idal fuzzy sets such that
the defuzzified value (crisp) obtained using theteeof gravity defuzzifier corresponds to the pvislues. The precedence
relations as well as the trapezoidal fuzzy actidityations are presented in Table 1
Table 1: Precedence relations and trapezoidal ftegaesentation of activity durations

Activity 1-2 1-3 1-4 2-3 2-4 2-5 3-5 4-5

Duration(days) | 2,4,6,8 1,3,57 24810 35911 512,14| 4,7,13,14 6.8.12.14 5,8,14,17

Figure 2: Network diagram for numerical example

7.0 Fuzzy Forward Pass
Step 1

The fuzzy earliest time of node(El) is the project start time equal (6), 0, 0,()

Step 2
The fuzzy earliest time of node(Ez) is computed byE, LIt ,which gives(2, 4, 6,8 .The earliest start time of activity 1-

2( Eslz) is equal td=1 . The fuzzy earliest finish time of activity 1(25[212) is equal toE; [J t,,which is equal toE

Step 3
To compute the fuzzy earliest time of node 3, wseobke that node 3 has two predecessor nodes, naoedyl and node 2.

Therefore we calculaté, LIt ;and E, LI't,,
E 0Ot,=(13,5,7andE, Ot,=(5,9,15,19

The fuzzy earliest time of node 3 can be compuiefinaing the ranking indices of the two fuzzy sawnely(l, 3, 5,7)
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and(5,9,15,19. The ranking index of fuzzy é1,3,5,7)is 1.2474 while the ranking index f((|5,9,15,19is 2.9692.

Since the ranking index of (5,9,15,19) is gre#itan that of (1,3,5,7), the earliest event timeade 3, Eis (5,9,15,19).
The fuzzy earliest start time of activity 2(35523) is equal to E,. The fuzzy earliest finish time of activity 2-&F,;is

equal toE, L1t ,which is equal to

(5,9, 15, 19)
Step 4
To compute the earliest event time of node 4, we titat node 4 has two predecessor nodes. Thaydmciode 1 and node

2. We therefore computk; [1t,,and E, [It,,
E Ot,=(2,4,810andE, 0t,,=(4,9,17,23
The ranking index ofE, [t ,is equal to 1.7857 while the ranking index flag [1t,,is equal to 3.7478.Therefore the fuzzy

earliest event time of node 4 is equal(t-é,9,l7, 23 .The fuzzy earliest start time of activity 2(4E524) is equal to E,

while ES,is equal td= obtained in step 1EF,,andEF,,are computed byE, Ot,,and E, t,,which are equal to
(2,4,8,1() and (4,9,17,23 respectively.
Step 5
To computeSs , we first calculate the values bf Ut E, Ut,cand E, [t,.and then determine their ranking indices.
E,Ot,=(11,17,27,33
E, Oty =(6,11,19,2%

E, 0t,5=(9,17,31,39

The ranking indices dE, O t,., E, O t,.and E, t,.equal 4.7830, 3.8193 and 6.3811 respectively ThexeFsis equal
to (9,17,31,395ince E, Ut .has the highest ranking index. The earliest firtishes for activities 3-5,2-5 and 4-5

namely EF,., EF,.and EF,. are equal to
E, Ut E, Ot,and E, Lt respectively.

8.0  Fuzzy Backward Pass
Step 1

The fuzzy latest time of event &.¢is equal t((9,17, 31, 39. This is because node 5 is the end node of thegirand
E. =L

Step 2

The latest start time of activity 3-5S,is obtained by using the recursive algorithm:

LS}, = max( (L‘;—tgs))
=max( 0( 39- 13) = 2!

LSS = max( 0, mir( LSS, (Li;,—tgs)))

:max(O, min( 25( 3% 1)3):
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LS2, = max( 0, mir{ LSS, (L2-t3))
= max( 0, min( 19( 17 )3)) =9
LS}, =max( 0, mir(LS3 (L -t4y))
=max( 0, mir{ 9( 9 §))= 3
The fuzzy latest start time of activity 3-5S;is equal tc(3, 9,19, 25. Since node 5 is the only successor node to npde 3

the fuzzy latest time of event 25-3 is equal t((3, 9,19, 25.
Step 3
In this step, we compute the latest start timectif/dy 4-5, LS45and the fuzzy latest time of node '44

LS, = max( ofLs —th))
=max( 0( 39- 13)= 2
LS, = max( 0, mir( LS, (|_35—t35)))
= max( 0, min( 22( 3% 1)4)) = 17
LSE = max( 0, mir( LS;, (Li_tis)))
:max(O,mir( 17( 17 )3)): 9
LS, = max( 0, mir( LS, (Lls_tis)))
=max( 0, mir( 9( 9~ §))= 4
The latest start time of activity 4-5 is thereferuial t4,9,17, 23 . The latest time of event 4:4is equal to

(4,9,17,23.
Step 4
In this step, we compute the fuzzy event Iatesét(rEz) of node 2. In order to achieve this, we first coe-S,,, LS,

and LSZ3by using the recursive algorithm and then calcullagér ranking indices. The particular latest staafue with the

least ranking index is selectedfes. Following the procedure in steps 2 and 3, weinlite following

LS,,=(0,4,10,19
LS,; =(5,18,18,23
LS, =(2,4,6,9
The ranking indices dftS,;, LS,cand LS, are 2.7383, 3.7857 and 1.2783 respectively. SinSg, has the least ranking
index, E, becomes(2, 4, 6,8
Step 5
In the step, we determike, LS, LS, and LS,. Following the procedure in step 4, we deternti, , LS ,and LS,
to be(0,0,0,0,(2,6,14,18and (2,5,9,19 .The ranking indices ofLS, LS,and LS, are 0, 3.3706 and 2.0616

respectively. Thereforel,51 equal (O, 0,0, Q .The earliest start, earliest finish, latest statest finish and total float times
of the activities in the network are shown in Tablf he total float of the activities was computesihg equation (14).

Journal of the Nigerian Association of Mathematical Physics Volume 24 (July, 2013)23 — 30
28



A Fuzzy Computational Approach for ... Oladeinde, Itsisor and Oladeinde J of NAMP

Equation (14) contains two fuzzy arithmetic opersitoamely, fuzzy addition and subtraction and wasipulated using
Equations(1)and(2)

Table 2: The fuzzy earliest start, fuzzy earligsish, fuzzy latest start, fuzzy latest finish dodzy total float of activities in
the project network.
Activity Durations

ES LS EF LF TF
1-2 2,4,6,8 0,0,0,0 0,0,0,0 2,4,6,8 2,4,6,8 0,0,0,0
1-3 1,3,5,7 0,0,0,0 2,6,14,18 1,3,5,7 3,9,19,25 ,12,88
1-4 2,4,8,10 0,0,0,0 2,5,9,12 2,4,8,10 49,1722 | 5,922
2-3 3,5,9,11 2,4,6,8 0,4,10,14 5,9,15,19 3,9,19,25] 0,0,4,6
2-4 2,5,11,14 2,4,6,8 2,4,6,8 4,9,17,22 4,9,17,22 [ ,0,0@
25 4,7,13,16 2,4,6,8 5,10,18,23 6,11,19,24 9,1381 | 3,6,12,15
35 6,8,12,14 5,9,15,19 3,9,19,25 11,17,27,38 91139 0,0,4,6
4-5 5,8,14,17 3,9,17,22 4,9,17,22 9,17,31,39 9138 0,0,0,0
9.0 Numerical Example 2

Figure 3 shows the network presentation of a fymnyect network [4]

C&é/v “

Figure 3: Precedence diagram of network

Table 3 shows the results obtained by Shanker[éi,avho applied an analytical method to the fuprgject network and
the results obtained using the present method.

Table 3: Results Obtained for Numerical example 2

Activity | Fuzzy activity time | Slack time Defuzzified Slack time Defuzzified
Shanker et al [4] Slack time Present method Slack time
Shanker at al[4] Present method
1-2 (10,15,15,20) (-160,-60,60,160) 0 (0.0.0.0) 0
1-3 (30, 40,40,50) (-130,-35,75,170) 20 (30,25,ap,1 20
2-3 (30,40,50,60) (-160,-60,60,160) 0 (0,0,0,0) 0
1-4 (15,20,25,30) (-110.-20,95,185) 37.5 (50,423p, 37.5
2-5 (60,100,150,180) (-100,-10,100,190) 45 (60,634 45
3-5 (60,100,150,180) (-160,-60,60,160) 0 (0,0,0,0) 0
4-5 (60,100,150,180) (-110.-20,95,185) 37.5 (5B325) 37.5
10 Discussion

The result of the fuzzy critical path analysis xample 1 is shown in Table 2. The result showsttivae activities namely
1-2, 2-4 and 3-5 are critical since their fuzzatdtoat values ar(sO, 0,0, () . The non critical activities are 1-3, 1-4, 2-35 2-

and 3-5 respectively. The defuzzified total floatshe non critical activities are 10, 7, 2.5, @&h5 respectively.
Comparison of the results obtained using the ptdaerny approach to that obtained when the defiettifuzzy durations
are employed using crisp CPM show that the crisM@Roduces the same critical activities as thegmeapproach. Table 4
shows the result obtained using the present methtte problem solved by Shanker et al [4] who edlthe same problem
using an analytical technique. Shanker et al [éHus method which allows the occurrence of negditizey numbers in
contrast to the present method. In particular, sedua backward approach which eliminates the pissitif negative fuzzy
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numbers. Table 3 shows that the present methottsésuhe same critical activities as the methedduby Shanker et al [4].
The defuzzified total float obtained using the presmethod is identical to that obtained by [4]eThiesent method has been
shown to be effective in determining activity a#lity in fuzzy project networks.

Conclusion

A new method has been applied to project scheduliiy uncertain activity durations. The method baen shown to be
effective in determining activity criticality in @roject network

The method produces consistent results with otrethotls whose solutions are available in the liteeatThe method has
been shown to be invaluable for project planners.
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