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Abstract

The practical number system may not be as popular as other number systems in
number theory, but, it certainly cannot be ignored in modern day mathematics. Many
mathematical concepts in analysis and other aspect of mathematics and physics can be
simplified using the concept of practical numbers. In this work, we examine some
properties of the practical number system.
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1.0 Introduction

Let m be a positive number. If m is such that evatgger ne (1,m) can be expressed as a sum of distinctipesit
divisors of m, then m is called a practical numt&ninivasan [1]was the first person to define pcattnumbers. Some
other authors refers to them as panarithmic nun@érs

An example of practical number is 12. 12 is a cfical number because all the numbers from 1ltecdn be
expressed as sums of divisors of 12. i.e.

2=1+1, 3 =2+1, 4=3+1, 5= 3+2, 7 =6+1, 8 =6+2, 93,610 = 6+3+1, 11 =6+3+2.

The sequence of practical numbers as given irs[3] i

1,2,4,6,8,12,16,18,20,24,30,32,36,40,42,54,56,60,..

The practical numbers system is not as populathes &nown number systems such as the complex nusylstem,
the real number system, the rational number systeenprime number system etc. However, the impogaof this
number system can be seeing in the examples below.

(&) The practical number system is different frame discrete systems in that, the operations oftiaddand
multiplication must be defined for each pair of rhers in any discrete system but that is not the egth practical
numbers. For example, if the largest integer ihén the product k x k is not defined, nor is thensk+1 defined. In pure
mathematics spaces where this product and sum thardefined can be studied using the practicalbarmaystem [2].

(b) We think it is reasonable to suspect that niogtortant theorems of analysis can be proved énptactical
number system, just as it is with the real numlystesn.

(c) In the practical number system, there arenfinite series. All series are finite [4].

(d) We observe, the implication of the practicainiier system on topology and measure theory wilhberesting
as all sets would be closed and there would bepeo sets.

(e) In practical number system, there is a lowmitlon the size of positive, non-zero numbers [1].

2.0 Properties of Practical Numbers

(&) — (e) above and many more properties of practigailrers is the reason why the system of numbersotdren
ignored. Several authors dealt with some of itsdrtgnt properties these include:
Erdos [5] who announced that practical numbers kave asymptotic density. Stewart

[6], proved that an integem= 2, m= p*, p52--- p.* ,with primes
Pt Py k
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p,, P, <:---< P, andintegersr; >1,
Is practical if and only ifp, = 2and fori = 23..k,

P = U( Py piofil)"'l
Where d(Nn) denotes the sum of the positive divisors of n.

Let p(X) be the counting function of practical numbgp§x) = Z m, m practical, Margenstem [zj]eveloped upper

ms<x

and lower bounds for the counting function as foo

)5/3—5

Io)g; (loglogx)™™* < p(x) < xlogx(loglogxloglog x)
X

Melfi [8] conjectured thatp(x) ~ Ax/log x, with

A = 1.341, in analogy with the asymptotic behavioupimes.
In this work, we look at some of these propertiéb the aim of improving upon then.

Lemma 1: Let m be a positive integer and lef =1<d, <d, <---<d, =m be the positive divisors of m lel,

be the least divisor such thelf, = Jm. Then d,+d, +---+d,, +1<m.

Theory 1: A positive integer m is practical if and only ifexy n with1<n< a(m) is a sum of distinct positive
divisors of m.
Proof: Since (M) = m, if m is such that every n with< n < d(m) is a sum of distinct divisors of m, then m is

practical.

Let m be practical, i.e. every n with< N < m is a sum of distinct positive divisors of m. letd, ,...,d,, ...d,

be as in a lemma 1. For any j satisfyidg< j <h-1 we haved, +---+d; +1<m by lemma 1. Hence
d, +---+d; +1 is a sum of distinct divisors offl, of which at least one must bad; +1. It follows that
dj +1<d, +--- 4 dj +1whence every nwitl < n< a(m) is a sum of distinct divisors of m.

Lemma 2 If m is a practical number and n is an integerhsthat1 < n < d(m) +1,then mn is a practical number. In

particular forl< n < 2m, mn is practical.

Theorem 2: Every practical numbeK can be expressed as a sum of a finite set ofipaghaumbers.
Proof: Let N be a positive integer; if everg [1 (1, M) can be expressed as a sum of distinct diviso®pthen M is

practical. Also, we argue that every practical nemk [] (1, m) can be expressed as sum of distinct practical eusnb
less thanX.

Let x° D(l, m) be a practical number, X, , X,, -+, X, [ (1, m) < x? and X, X,,--+, X, are practical
numbers and divisors ot” then

XP=x + X, ot X, X <X,
That is X” can be expressed as sum of practical numbers w{ihim) .
It's important to note that sometimes some numbeag be repeated to get the desidel i.e.

XP=x +x +X +...
XP=x +X, +X, +...

However , where possible repetition should be aaid\ good example, is the practical number 18.
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x"0(1,18) ={ 1,2 4,6,81216},
Let XP =12 we have 12 = 6 +4+2,
xP =8, we have 8 = 6+2,
xP =6, we have 6 = 4+2,
xP = 4, we have, 4=2+2,
xP = 2, we have, 2=1+1.

: : . 7 5.
Theorem 3:1f M and M+ 2 are two practical numbers, then every even intéferwith m? <2n< Emz is a sum

of two practical numbers.

m2 2
Proof: Melfi [8], split up the interva{7, > }nto
R L

~ ’ m ’
(i) 5 }
iy |me, 3m?,
Giy  [3m?, 71 2”‘2J.
We split the interval into five sub intervals .
M |m?r2m)
Gy |m?

5
2m?, =m?
(iii) { > }

- S o 2
~m?,3
(iv) [Zm m }

v (a2 7m? /2]

.2m?

2
m- 7
by refining the closed interv{7, Emz} we hope to improve upon the result obtained byfil8g In the first

interval, if M=2, the only even number contained lmz 12, mz)is 2 which is a sum of two practical number

2 2
m m
(2 = 1+1). Supposem > 2 and le2n ] |_m2 /12, mz). If 2n= > or2n= > +m, we use the decomposition

m> _ (m
7— E_l +m, (1)

m?/2+m=m(m/2-1)+2m )
2
Otherwise we can represent 2n—g125—+ km+2j with 0< k <%m, 1<j< g, (k, j) % (0,%mj then

2
2n:m7+km+2j:n(g+k—jj+(m+2)j @3)

which imply 2n is the sum of two practical numbers.
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In the interval(iii), if M= 2, the even numbers contained in the interval
[2m2, 5/2m2J are 8 and 10 i.e(10=8+2) and (8 =6+ 2). Supposem> 2 and let 2n[] |_2m2, 5/2m2],
we can represent 2n as

2m? +km+2j =m(2m+k - j)+(m+2)] @)

5 . 5 . .
Em2+km+21=rr(§+k—1j+(m+2)1 (5)
From (4) and (5), its clear that 2n is the sumwnaf practical numbers.
Again in interval (iv): if M= 2, in [$n? 3m?]
The even number in the interval will be 10 and .EZ(EI.OZ 8+ 2) and (122 10+ 2) which are sums of two practical
numbers. Supposin> 2, and let2n [ l% n?, 3m2J, then,

2n:gm2—km+2j:m(2m—k—j—1)+(m+2)[%m+jj (6)

or
2n=3m? —km+2j = m(2m-k - j - 2)+(m+2)(m+ j) )

(6) and (7) shows 2n is the sum to two practicahibers.
In the interval (v): ifM= 2, the only even number contained(iﬁm2 7m? /2] is 14 which is the sum of two

practical number£14= 8+ 6). Supposem > 2 and Iel(3m2 7m? /2]. We can represent 2n as

7 , , 3 .
2n= Emz -km+2j = m(2m -k-j- 3) + (m+ 2)(§m+ jj which is the sum two practical numbers.
Thus every intege2n with m* /2 < 2n < 7m? /2 is a sum of two practical number.

3.0  Egyptian Fractions and Practical Numbers

2 1 1
Definition: An Egyptian fraction is a sum of positive (usuplljistinct unit fractions. e.g7 =—+— (in this

4 28

representation no unit fraction is repeated) [9].

p

We attempt to marry this two number systems (prattind Egyptian) with the aim of decomposing anagtions —

into its Egyptian form (sum of reciprocals).

Its easily seen that ifo can be written as the sum of divisors @f then P can be expanded with no denominator

greater tharq itself, for example, if we want to expanz% , hote that 4 and 5 are divisors of 20 so that,

9 4+5 1 1

200 20 5 4
Izevbizua and Okoromi [3] provided a theorem o tielationship, which We state without proof.

m_ 1 1 1
Theorem 4: — = —+—+...+— if and only it there exist positive integers M addand divisorsD, --- D, of N

n o x X X,

|3

m
such that— =— and D, + D, +---+ D, =0 (modM). Also, the last condition can be replacgd b
n

Z
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D,+D,+---+D, =M and the condition(Dl, D,,-, Dk) =1 may be added without affecting the validity of
theorem.

Another theorem connecting Egyptian fratt and practical numbers was proved by Robingpn [
Theorem 5: If n is a practical number and g is any numbeatigty prime with n, andg < 2n, then gn is also

practical.
This theorem whose proof we have left out, showather strong relationship between practical numbad Egyptian
fractions. We demonstrate this relationship with éid of an example.

5
Using theorem 5, we can expaﬁzels— as follows,

5  512)

23 2312
Since 23 < 2(12),{q=23 and n=12 by theorem5} andslZractical, we know that 23(12) is practical@ifem5). So 5(12)
can be written as the sum of distinct divisors &f12) i.e.,

512) _46+12+2 _1 1 1

2312 232 6 23 138
This transition from practical numbers to Egyptifaactions and Egyptian fractions to practical numsbis of great
benefit to number theory in particular and mathéesdh general.

4.0 Practical Numbers and Perfect Numbers
Definition: A perfect number is a positive integer that isada the sum of its proper positive divisors, tisathe sum of
its positive divisors excluding the number its@fuivalently, a perfect number is a number thauai the sum of all its
positive divisors (including itself).

The first perfect number is 6, because 1, 2,3ack its proper positive divisors and 1+2+3=6.izgjently the number
6 is equal to half the sum of all it positive dimis i.e. (1+2+3+6)/2=6.

The first four perfect numbers can be gent—:irka;eZp_1 (2° -1 ,pisprime{p=2,3,5.7} ie.
p=2:2(2*-1 =6,
p=3:2°(2°-1) =28,
p=5:2"(2°-1) = 496,
p=7:2°(2" -1 =8128

Next, we look at the relationship between practicahbers and perfect numbers.
Theorem®6: Every perfect even number is also a practical rermb

Proof: Let XLI N be a perfect even number. Then by definitdrnas proper positive divisork,,K,, Ks,.. K, such
that X =Kk, +K, +K; +...+K,.
Also sinceX is perfect, thefk, +k, + K, +...+ K, +x}/2=x.
Note also, thak,,K,,K,,..K,, are distinct positive divisors of and Kk, < X.
Recall that by definitionX is practical if everyc [ (1, X) can be expressed as the sum of distinct positixsads of X.
Thus, if C;,C,,C,..C,, U (4, X) and

¢ =k tk,,

c, =k, +k, +k;,

c, =k +k, +k,,

C, =k, +k, +ks +...+K,.
Then X is practical.
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Conclusion

The practical number system has its uniqupgrties that makes it useful to number theory arahematics in
general. We have shown the relationship that estivben the practical numbers and some other nusyisegms like, the
Egyptian fractions and perfect numbers. We have siteplified some known theorems on practical nursibe
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