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                       Abstract 

 
The Homotopy Analysis Method (HAM) is an analytic method developed to solve 

non-linear problems.  We have expatiated on the theory behind the method and applied 
to it a closed group SIR problem to determine the magnitude of an epidemic for a 
hypothetic case.  We considered cases when the basic reproduction number R0 is less 
than 1 (when there is no epidemic) and when R0 is greater than 1 (an epidemic case) 
and the results are presented graphically. 
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1.0     Introduction 

The Homotopy Analysis Method (HAM) is an analytic method developed to solve non-linear problems.  It was first 
proposed by Liao in 1992 [1] using the concept of Topology.  The HAM has advantage over the numerical methods 
because it produces series solutions which are continuous unlike the numerical methods that approximate solutions at 
discrete points, giving rise to rounding off errors.  The HAM has been applied to solve many types of nonlinear problems: 
integral and integro-differential equations [2], system of ODEs [3], coupled equations [4,5] and many others [6 -11].  The 
method is independent of any small and large physical parameter.  It provides us with a simple way to ensure the 
convergence of the solution by using the convergence control parameter to adjust and control the convergence region and 
the rate of convergence of approximate series.  We established the reliability and efficiency of the method by applying it 
to the problem of Susceptible, Infectious and Removed, the SIR model of a disease 

 
2.0 Basic Idea of the HAM 

To illustrate the basic idea of the HAM, consider the following differential equation 

( )( ) 0, =txUN    α=0U     ... (1) 

where N is a nonlinear operator,tx,  the independent variables of the exact solution ( )txU ,  to be determined. 

( )txU , can be a vector. Where α  is a constant.  Let ( )txU ,0  denote an initial approximation or initial guess of 

( )txU ,0 , which must satisfy the initial or boundary condition of the given problem (1), 0≠h be nonzero auxiliary 

parameter, ( ) 0≠tY  an auxiliary function and L an auxiliary linear operator. Liao constructed the so called zeroth-order 

deformation equation given as  

( ) ( ) ( )( ) ( ) ( )( )qtxNtxqhHtxUqtxLq ,,,,,,1 0 Φ=−Φ−   ... (2) 

where ]1,0[∈q  is the embedding parameter, 0≠h  is a non-zero parameter called the convergence control  

parameter, ( ) 0, ≠txH  is an auxiliary function, L  is an auxiliary linear operator, ( )txU ,0  is an initial guess of 

( )txU , , which must satisfy the initial conditions from the given problem, ( )qtx ,,Φ  is an unknown function which is 

defined in terms of ( )txU , .  It is important to know that one has great freedom to choose auxiliary linear operator L,  the 
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auxiliary parameter h and the auxiliary function  Y(t) 

Obviously, when 0=q and 1=p in (2), we have 
( ) ( )txUtx ,0,, 0=Φ        … (3) 

and 

( ) ( )txUtx ,1,, =Φ        … (4) 

Thus as p increases from 0 to 1, ( )qtx ,,Φ  deforms (varies) continuously from the initial approximation ( )txU o ,  

to the exact solution ( )txU ,  
This kind of continuous variation is called deformation in topology.  Expanding ( )qtx ,,Φ  in Taylor’s series with 

respect to the embedding parameter q, one has 

( ) ( ) ( )∑
∞

=

+=Φ
1

0 ,,,,
k

k
k qtxUtxUqtx      ... (5) 

Where ( ) ( )
0

,,
1

,
=

Φ
∂
∂=

q

k

k

k qtx
qk

txU      ... (6) 

If the auxiliary linear operatorL , the initial guess ( )tUo , the convergence control parameter h and the auxiliary 

function ( )tY are so properly chosen that equation (6) converges at 1=q  we have 

( ) ( ) ( )∑
∞

=

+=
1

0 ,,,
k

k txUtxUtxU       ... (7) 

which must be one of the solutions of the original non-linear equation as proved by Liao [12,13] 
We defined the vector 

( ) ( ) ( ) ( )txUtxUtxUtxUU kk ,...,,,,,, 12101 −− =
r

 

According to the definition of equation (5), the equation of ( )txU k ,  can be defined from the zeroth order 

deformation of equation (2) by differentiating it k times with respect to q and then dividing by k! And finally setting q = 
0, we have the so called kth order deformation equation 

( )( ) ( ) ( ) ( )( )txURtxhHtxUXtxUL kkkkk ,,,, 11 −− =−
r

   ... (8) 

Where 

( )( ) ( ) ( )( )
0

1

1

1 ,,
!1

1
,

=
−

−

− Φ
∂
∂

−
=

q

k

k

kk qtxN
qk

txUR
r

    ... (9) 

And 





>
≤

=
11

10

k

k
X k  

Applying the inverse linear operator 1−L to both sides of equation (8), we have 

( ) ( ) ( ) ( )( )txURtxHhLtxUXtxU kkkkk ,,,, 1
1

1 −
−

− +=
r

   ...  (10) 

Note that the higher order deformation equation (8) is governed by the linear operator L and the term 

( )( )txUR kk ,1−

r
 is expressed by equation (9) for any non-linear operator. 

From equation (10) it is easy to obtain ( )txU k ,  for 1≥k .   At the kth order, we have  

( ) ( )∑
∞

=

=
0

,,
k

k txUtxU        ... (11) 

Equation (11) will give accurate approximation of the original equation (1) if equation (1) admits a unique solution, 
but if not, then it will give solution among many other possible solutions. 

Note that equation  (11) can be expressed for any given nonlinear operator N and we can use Mathematica and Maple 
to get the mth-order derivative Um(t ). 
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3.0 Application of HAM to SIR Model 

An SIR model is an epidemiological model that computes the theoretical number of people infected with a 
contagious disease in a close population over time.  The model was created in 1927 by Kermack and Mckendrick [14] on 
which they considered a closed population with only three compartments; susceptible S(r), infected I(r), and recovered 
R(r).   

The model can be represented diagrammatically by 
RIS →→  

Using a closed population N that is neglecting birth and disease-related death, we have  

( ) ( ) ( )rRrIrSN ++=                                                 …  (12) 

Where N  is the number of population at timer  
Kermack and Mckendrick [14] derived the following equations 

IS
dr

ds β−=         … (13) 

IIS
dr

dI γβ −=         … (14) 

I
dr

dR γ=          … (15) 

Where γ is the rate of recovery and  β  is the infectious contact rate. 

Using non-dimensional variables define as 

rt
N

R
w

N

I
v

N

S
u γ==== ,,,  

We choose our initial conditions in such a way that  

( ) ( ) ( ) 1000 =++ wvu         

and assume our initial conditions to be 

( ) ( ) ( ) 00,1.00,9.00 === wvu  

We have the non-dimensional equations of SIR model given by 

uvR
dt

du
o−=

        … (16) 

vuvR
dt

dv
o −=

        … (17) 

v
dt

dw =
         … (18) 

where the basic reproduction number R 0 is defined as γ
β=0R  

Applying HAM to those equations (16), (17) and (18), we defined the nonlinear operators 

( )[ ] ( ) ( ) ( )ptptR
t

pt
ptN o ,,

,
, 21

1
1 φφφφ +

∂
∂=

    … (19) 

( )[ ] ( ) ( ) ( ) ( )ptptptR
t

pt
ptN o ,,,

,
, 221

2
2 φφφφφ +−

∂
∂=

   … (20) 

( )[ ] ( ) ( )pt
t

pt
ptN ,

,
, 2

3
3 φφφ −

∂
∂

=
     … (21) 

and initial approximations 

( ) ( ) ( ) 0,1.09.0 === − twetvtu o
t

oo  
The auxiliary linear operators are given by 
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( )( ) ( )
t

pt
ptL

∂
∂= ,

, 1
11

φφ
       … (22) 

( )[ ] ( ) ( )pt
t

pt
ptL ,

,
, 2

2
22 φφφ +

∂
∂=

     … (23) 

( )[ ] ( )
t

pt
ptL

∂
∂

=
,

, 3
22

φφ
                                                             … (24) 

With the properly that 

 
where ( )3,2,1, =iCi  are integral constants to be determined. 

Letting [ ]1,0∈p  denotes the embedding parameter and h1, h2, h3 are non-zero auxiliary parameters and 

( ) ( )3,2,1=itYi are the nonzero auxiliary functions. We then construct the following   zero-order deformation 

equations given by 

( ) ( ) ( )[ ] ( ) ( )[ ]ptNtpYhtuptLp o ,,1 11111 φφ =−−     … (25) 

( ) ( ) ( )[ ] ( ) ( )[ ]ptNtpYhtvptLp o ,,1 22222 φφ =−−    … (26)| 

( ) ( ) ( )[ ] ( ) ( )[ ]ptNtpYhtwptLp o ,,1 33333 φφ =−−    … (27) 

(25), (26) and (27) are subject to the initial conditions 

( ) 9.0,01 =pφ
        

… (28) 

( ) 1.0,02 =pφ
         

… (29) 

( ) 0,03 =pφ
         

… (30) 

Where ( )pti ,φ  (i=1, 2, 3) are functions of t and p (embedding parameter) 

From (25), (26) and (27), we have when p=0 

( ) ( )tut o=0,1φ         … (28a) 

( ) ( )tvt o=0,2φ         … (29a) 

( ) ( )twt o=0,3φ         … (30a) 

And 
p =1 

( ) ( )tut =1,1φ         … (28b) 

( ) ( )tvt =1,2φ         … (29b) 

( ) ( )twt =1,3φ         … (30b) 

 So as p increases from 0 to 1, ( )pti ,φ
  ( )3,2,1=i  vary from  ( )tu 0 , ( )tv0  , ( )tw0  to  ( )tu1 , ( )tv1 , ( )tw1 . 

Expanding  ( ) ( ) ( )ptandptpt ,,,, 321 φφφ  with respect to p by using the Taylor’s theorem and  imploring 

(28a), (29a) and (30a).We have 

( ) ( ) ( )∑
+∞

=

+=
1

1 ,
m

m
mo ptutuptφ       … (31) 

( ) ( ) ( )∑
+∞

=

+=
1

2 ,
m

m
mo ptvtvptφ       … (32) 
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( ) ( ) ( )∑
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mo ptwtwptφ       … (33) 
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If the nonzero auxiliary parameters h1, h2, h3 and auxiliary functions Y1(t), Y2(t) and Y3(t) are properly chosen in such 
a way that these series (31)-(33) are convergent at p=1, we have from  

( ) ( ) ( )∑
+∞

=

+=
1m

mo tututu        … (34) 

( ) ( ) ( )∑
+∞

=

+=
1m

mo tvtvtv        … (35) 

( ) ( ) ( )∑
+∞

=

+=
1m

mo twtwtw        … (36) 

Equation (34) – (36) are called the homotopy series solution for u(t), v(t) and w(t) 
 
M th –order deformation equations 

Let us defined the vectors 

( ) ( ) ( )[ ]tututuu mm ,...,, 21=v
 

( ) ( ) ( )[ ]tvtvtvv mm ,...,, 21=v
   m≥1 

( ) ( ) ( )[ ]twtwtww mm ,...,, 21=  

We have the mth-order deformation equations given as  

( ) ( )[ ] ( ) ( )11111 −− =− mmmmm uRtYhtutuL
vχ     … (37) 

( ) 00 =mu       … (37a) 

( ) ( )[ ] ( ) ( )12212 −− =− mmmmm vRtYhtvtvL
vχ     … (38) 

( ) 00 =mv       … (38a)  

( ) ( )[ ] ( ) ( )13313 −− =− mmmmm wRtYhtwtwL
vχ     … (39) 

( ) 00 =mw       … (39a) 

Taking the inverse auxiliary linear operator of both sides of (37) - (39), we have 

( ) ( ) ( ) ( )[ ] 111
1

111 CuRtYLhtutu mmmmm ++= −
−

−
vχ

   
    … (40) 

( ) ( ) ( ) ( )[ ] t
mmmmm eCvRtYLhtvtv −

−
−

− ++= 212
1

221

vχ    … (41) 

( ) ( ) ( ) ( )[ ] 313
1

331 CwRtYLhtwtw mmmmm ++= −
−

−
vχ     … (42) 

Let h1=h2 =h3,=h for simplicity. Then from the definition of our auxiliary linear operator of each function.  We have  
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the inverse auxiliary linear operators defined as  

( )

( )dreeL

drL

t

o

rt

t

o

∫

∫
⋅=

=

−−

−

1
2

1
1 .

  

( )∫ ⋅=− t

o
drL 1

3
 

and  Y1(t), Y2(t) and Y3(t) by the rule of coefficient ergodicity 
( )
( )
( ) 1

1

3

2
2

1

=
=

=
−

tY

etY

tY
t  

Therefore, we have from (40) – (42) 

( ) ( ) ( )∫ ++= −−

t

o mmmmm CdruRhtutu 111

vχ     …  (43) 

( ) ( ) ( )∫
−

−
−−

− ++=
t

o

t
mm

rt
mmm eCdrvRehetvtv 211

vχ
 

  … (44) 

( ) ( ) ( )∫ ++= −−

t

o mmmmm CdrwRhtwtw 311

vχ     …  (45) 

Where 

( ) ( ) ( ) ( )∑
−

=
−−−− +′=

1

111

m

ok
kkmommm tvtuRtuuR

v
    … (46) 

( ) ( ) ( ) ( ) ( )tvtvtuRtvvR m

m

ok
kkmommm 1

1

111 −

−

=
−−−− ++′= ∑

v
   …  (47) 

( ) ( ) ( )tvtwwR mmmm 111 −−− −′=v
      … (48) 

The mth-order approximation of U(t), V(t) and W(t) are given by 

( ) ( )∑
=

≈
m

on
n tutu         … (49) 

( ) ( )∑
=

≈
m

on
m tvtv         … (50) 

( ) ( )∑
=

≈
m

on
m twtw        …  (51) 

We have 
( )
( ) ( )[ ]
( )
( ) ( ) ( )[ ]thRehReetV

etV

ttteRehtU

tU

o
t

o
t

t
o

t
o

t

o

05.002.002.01.0

1.0

1.001.001.09.0

9.0

34
1

1

−+−=

=

−−+−+=

=

+−

−

−

 
 

4.0 Analysis of the Result 
We have the valid regions of h after plotting the h-curves of  ( )tu , ( )tv and ( )tw  as 5.06.1 −<<− h  for ( )tu  ,

1.06.1 −<<− h for  ( )tv  and 2.05.1 <<− h  for ( )tw  

for 5.00 =R and 20 =R . 

Choosing a common valid region from the valid regions of ( )tu , ( )tv  and ( )tw . We have our common valid region 

as 5.05.1 −<<− h . Within this region 5.05.1 −<<− h , we can choose  any value for  h for convergence. 
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 For the different values of h , We have the following plots for  10th order approximation of( )tu , ( )tv , ( )tw   when 

20 =R
 

  

  Fig.1.   10th order approximation of   ( )tU  for  →−= 8.0h  dot dashed, →−= 1h dotted  →−= 2.1h

dashed and →−= 4.1h bold   for 20 =R  . 

 

  

Fig.2.    10th order approximation of   ( )tV  for  →−= 8.0h  dotted, →−= 1h Bold,
 

→−= 2.1h dot 

dashed   and →−= 4.1h dashed  for 20 =R . 
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Fig.3.   10th order approximation of   ( )tW  for  →−= 8.0h  dotted, →−= 1h Bold

 
→−= 2.1h dot 

dashed  and →−= 4.1h dashed  for 20 =R . 

 

For the difference value of h , We have the following plots for  10th order approximation of ( )tU , ( )tV , ( )tW  when 

5.00 =R . We have  

  

Fig.4.   10th order approximation of   ( )tU  for  →−= 8.0h  dotted, →−= 1h Bold, →−= 2.1h dot 

dashed  and →−= 4.1h dashed, 5.00 =R  

 
Fig.5. 10th order approximation of   ( )tV  for  →−= 8.0h  dotted, →−= 1h

Bold, 
→−= 2.1h dot dashed  

and →−= 4.1h dashed, 5.00 =R  
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Fig.6. 10th order approximation of   ( )tW  for  →−= 8.0h  dotted, →−= 1h Bold
 

→−= 2.1h dot dashed 

and →−= 4.1h dashed, 5.00 =R  

 
5.0 Conclusion 

From Fig 1, Fig 3, Fig. 4 and Fig. 6, the shapes of ( )tU ,and ( )tW  follow the normal shape found by other authors 

[15 - 17] but we are more interested in the value of an epidemic hence our concentration is on Figs 2 and 5 for ( )tV ; 

which measures the size of an epidemic.  We found out that when the basic reproduction number R0 is less than 1 (Fig. 5), 
there is no epidemic, the number of infected persons decreases with time and tends to constant value.  However when R0 

is greater than 1 (Fig 2), there would be an epidemic as predicted in literature [15-17].   From Fig. 6, the number of 
infected persons increases to a maximum and finally reduces. 
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