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Abstract

The Homotopy Analysis Method (HAM) is an analytic method developed to solve
non-linear problems. We have expatiated on the theory behind the method and applied
to it a closed group SIR problem to determine the magnitude of an epidemic for a
hypothetic case. We considered cases when the basic reproduction number Ry is less
than 1 (when there is no epidemic) and when Ry is greater than 1 (an epidemic case)
and the results are presented graphically.
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1.0 Introduction

The Homotopy Analysis Method (HAM) is an analytietinod developed to solve non-linear problems. as first
proposed by Liao in 1992 [1] using the concept opdlogy. The HAM has advantage over the numercethods
because it produces series solutions which ardnuants unlike the numerical methods that approx@rsaiiutions at
discrete points, giving rise to rounding off errohe HAM has been applied to solve many typesoofinear problems:
integral and integro-differential equations [2]se&m of ODEs [3], coupled equations [4,5] and matmers [6 -11]. The
method is independent of any small and large phygi@arameter. It provides us with a simple wayetsure the
convergence of the solution by using the convergentrol parameter to adjust and control the cayarece region and
the rate of convergence of approximate series. egtablished the reliability and efficiency of thetimod by applying it
to the problem of Susceptible, Infectious and Resdothe SIR model of a disease

2.0  Basic ldea of the HAM
To illustrate the basic idea of the HAM, considez following differential equation

N{U(x t) =0 U,=a I

where N is a nonlinear operat¥,t the independent variables of the exact soluﬁd)ﬁx, t) to be determined.
U(X, t)can be a vector. Wherél' is a constant. LeUO(X, t) denote an initial approximation or initial gueds o
UO(X, t), which must satisfy the initial or boundary corwlit of the given problem (1)h # 0 be nonzero auxiliary

parameterY(t) # 0 an auxiliary function and L an auxiliary linearesptor. Liao constructed the so called zeroth-order
deformation equation given as

(1 - g)L(®(x, t, q) = Uy(x, 1)) = ghH (x, t)N(®(x, t, q)) @

whereq [J [0, 1] is the embedding parametdt,# O is a non-zero parameter called the convergenceaton

parameter,H (X, t) # 0 is an auxiliary functionL is an auxiliary linear operatoUO(x, t) is an initial guess of
U(X, t), which must satisfy the initial conditions frorethiven problem,CD(X, t, q) is an unknown function which is

defined in terms otJ (X, t). It is important to know that one has great fosado choose auxiliary linear operator L, the
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auxiliary parameter h and the auxiliary functiorgt)Y

Obviously, wherg] = Oand p =1in (2), we have
CD(x, t, O) :Uo(x, t)
and

®(x, t,1)=U (x, t) (4)

Thus as p increases from 0 toCD(X, t, q) deforms (varies) continuously from the initial apxmation U0 (X, t)

®3)

to the exact solutiotJ (X, t)

This kind of continuous variation is called defotioa in topology. ExpandingD(X, t, q) in Taylor’s series with
respect to the embedding parameter g, one has

®(x, 1, q) =Ug(x, t) + DU, (x, t)o (5)
k=1
_ 10"
WhereUk(X, t) —Ea—qkq)(x, t, q - (6)

If the auxiliary linear operatdr , the initial guesblo(t), the convergence control parametfeand the auxiliary

function Y(t)are so properly chosen that equation (6) conveages= 1 we have

U(x t) = U, (x t) + éuk(x, t) .

which must be one of the solutions of the origimah-linear equation as proved by Liao [12,13]
We defined the vector

U, =U,(x 1), U (x 1), U,(x 1),...U, ,(x t)
According to the definition of equation (5), theuatjon of Uk(x, t) can be defined from the zeroth order

deformation of equation (2) by differentiating itiknes with respect to q and then dividing by k!dAfinally setting q =
0, we have the so called kth order deformation tguia

LU, (% 1)) = X,U,,(% t) = hH(x, )R (U, 4(x, 1)) . ®
Where
. B 1 ak—l

Rk(U (X t)) " k1) ag N(@(x,t, Q))q:0 ©9)
And

{0 k<1
X, =

1 k>1

Applying the inverse linear operatd:r_l to both sides of equation (8), we have
U, (% t) = XU (x t) + hH (%, DR (U, (x 1)) . Qo)

Note that the higher order deformation equation i8)governed by the linear operator L and the term

—

R<(U k_1(X, t)) is expressed by equation (9) for any non-linearaior.
From equation (10) it is easy to obtdih, (X, t) fork = 1. Atthe kth order, we have

U(x t) = g)uk(x, t) LAy

Equation (11) will give accurate approximation loé toriginal equation (1) if equation (1) admitsraque solution,
but if not, then it will give solution among manther possible solutions.

Note that equation (11) can be expressed for amngonlinear operator N and we can use Mathematid Maple
to get the mth-order derivative, |t ).
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3.0 Application of HAM to SIR Model

An SIR model is an epidemiological model that coteputhe theoretical number of people infected veth
contagious disease in a close population over tifrtee model was created in 1927 by Kermack and kigiiek [14] on
which they considered a closed population with ahige compartments; susceptible S(r), infectedd &ind recovered
R(r).

The model can be represented diagrammatically by

S 1 5 R

Using a closed populatio that is neglecting birth and disease-related dewthave

N =5(r)+I(r)+R(r) .12

Where N is the number of population at tirhie

Kermack and Mckendrick [14] derived the followinguations

gf -AS (13)
_:Ims_y{ (14)
dR

__” (15)

Where y is the rate of recovery ang3 is the infectious contact rate.

Using non-dimensional variables define as

S I R
Uu=—, Vv=—, W=—, t=pu
N N N

We choose our initial conditions in such a way that

u(0)+v(0) + w{0) =

and assume our initial conditions to be

u(0)= 09, v(0)= 01, W{0)=

We have the non-dimensional equations of SIR mgikein by

du _

_‘_ROUV .. (16)
=Ruv-v an

dw _

ot (18)

where the basic reproduction numbes i defined asR, :é
Applying HAM to those equations (16), (17) and (18 defined the nonlinear operators

N[at, p)]= M+ R4t Pt p) a9
nla . p)l=° a( °)_R . phat.p)+ (. p) -
N[a t, p)] ( p)_ »(t p) @Y

and initial approxmanons
u,(t)=09 v, (t)=01e", w,(t)=0

The auxiliary linear operators are given by
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L (al, p)=24LP)

ot (22)
04,(t,
L,[a . p)]=%+@(t, p) 23)
onlt,
Ll p)=220P)
(24)
With the properly that
L (Cl) =0
L,(c,et)=0
Ls (Cs) =0

where C, ,(i = 1,2,3) are integral constants to be determined.

Letting pD[O,l] denotes the embedding parameter and b, hs are non-zero auxiliary parameters and

Y, (t) (i = 1,2,3) are the nonzero auxiliary functions. We then camstithe following  zero-order deformation
equations given by

(L= p)Lufa(t, p)-u, ()] = Y, (ON[ (t, )] . @
(L- p)Lafe (t p)- v, (1)] = hopY2 (ON[e (¢, )] o)
(L- P)Lslgs . p) - w, (1)) = he pYa (N ¢, )] @
(25), (26) and (27) are subject to the initial citinds

(0, p)= 09 (28)
¢,(0,p)= 01 (29)
¢,(0,p)=0 .. (30)
Where ¢ (t, p) (i=1, 2, 3) are functions of t and p (embeddintapzeter)

From (25), (26) and (27), we have when p=0

¢.(t.0)=u,(t) .. (28a)
¢, (t,0)=v,(t) .. (29a)
¢3(t ,O) =W, (t) (30a)
And

p=1

¢(t)=ult) .. (28b)
% (t1)=v(t) .. (29b)
¢:(t1) = w(t) (30b)

So as p increases from 0 to(q,(t, p) (i = 1,2,3) vary from U, (t), v, (t) .w, (t) to ul(t), Vl(t), Wl(t).

Expanding ¢1(t, p), ¢, (t, p) and ¢3(t, p) with respect to p by using the Taylor's theorend ammploring
(28a), (29a) and (30a).We have

alt, p):uo(t)+;zf;um(t)pm I
. p)= v, (1) Lo )" . @
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a(t, p)=w,(t) + > w, (t)p" INEE
m=1
Where
um(t):iam@(tm' p)
m  0Jp 0=

vm(t):ia ot p)
m  op"

p=0

Wm(t):ia %(; p)
m  Jp 50

If the nonzero auxiliary parameterg h,, hs and auxiliary functions Xt), Y(t) and Ys(t) are properly chosen in such
a way that these series (31)-(33) are converggmthtwe have from

WF%®+§%® e
vw=w®+gﬁﬁ) —

o) = w, 1)+ S ) B

Equation (34) — (36) are called the homotopy se@gtion for u(t), v(t) and w(t)

M™ —order deformation equations
Let us defined the vectors

0y, = [u,(t), u, (2).....u,, ()]
U = [ (t). v, (t).... v,y ()] M1
W, = [w, (t). w, (t)..... w, (t)]

We have the frorder deformation equations given as

Ll[um(t)_)(mum—l(t)] = lel(t)Rm (um—l) (37)
u_(0)=0 .. (372)
L, [Vm (t) ~ XV (t)] =h,Y, (t)Rm (\7m—1) (38)
v,,(0)=0 .. (383)
Ly [Wm (t) = X Wit (t )] =hyY, (t)Rm (Wm—l) (39)
w, (0)=0 .. (3%)
Taking the inverse auxiliary linear operator oftbsides of (37) - (39), we have
U (£) = Xl (8) + L Y (R, (0, )]+ C . (40)
Vi (£) = XonViwa (6) + 1L, Y (R, (9, )] + Coe™ @
w, (t) = x, W, (t)+h LY, (OR, (W, )]+ C, . (42

Let hy=h, =hs,=h for simplicity. Then from the definition of oauxiliary linear operator of each function. Werda
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the inverse auxiliary linear operators defined as

L= E ()ar
=gt :er (Doir
B t
Lt =] Qo
and Yi(t), Ya(t) and Ys(t) by the rule of coefficient ergodicity
Y,(t)=1
Y,(t)=e™
Y,(t)=1
Therefore, we have from (40) — (42)

um (t) = Xmum—l (t) + hJ:Rm (Um—l )dr + Cl
Voo (t) = XV (t) + e [€7 R, (7, Jor +Ce”

Wm (t) = /Yme—l (t) + hJ:Rm (Wm—l )dr + C3
Where

3

-1

R (l_jm—l) =Up (t) +R 2 Ui (t) Vi (t)

BIX
13

R (V1) = Vines (0)+ Ry 22 U (O (0) + Vi (1)

=0

Rm (Wm-l) = Wr'n—l (t) - Vm—l (t)
The mth-order approximation of U(t), V(t) and Wéte given by

uft) =, 1)
)= v )

m

oft) =35, )

We have

U,(t)=09

U, (t)= 09+h[e*R (001~ 002" + 0.t)~t] -t
V,(t)= 01e™

o

V,(t) = e*[e* (01~ 002hR, ) +€'hR, (002~ 0051)]

=~

3

4.0  Analysis of the Result

(43)

(44)

(46)

(47)

(48)

(49)

(50)

(51)
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(45)

We have the valid regions of h after plotting theunves of u(t) ,V(t)and \N(t) as—16<h<-05 for u(t) ,

-1.6 <h<-01for V(t) and—15<h< 02 for W(t)
for R, = 0.5andR, = 2.

Choosing a common valid region from the valid regiof u(t) V(t) and Vv(t) We have our common valid region
as —15<h<-05. within this region— 1.5<h < =05, we can choose any value fdt for convergence.
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For the different values dft, We have the following plots for f@rder approximation dj(t), v(t)vv(t) when
Ry =2
Ul
0.9
0.8
0.7
0.6
0.5

Fig.1. 18 order approximation ofU (t) for h=-08 - dotdashedh=-1 - dotted h=-12 -
dashed antt =—14 - bold forR, =2.

\VAL
0.15°¢
0.10

0.05

P T S S S S S S S U S t

Fig.2. 10 order approximation ofV(t) for h=-0.8 - dotted,h=-1 - Bold, h=-1.2 - dot
dashed anb =-14 - dashed forR, = 2.
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W L
0.3 ,,’: :_;__- pmp———
0.2 o
01"
2 s a8t

Fig.3. 18" order approximation of W(t) for h=-08 - dotted, h=-1 - Bold h=-1.2 - dot
dashed anbh =—-14 - dashed forR, = 2.

For the difference value ofl, We have the following plots for fCorder approximation dl.ﬂ(t),V(t), W(t) when
R, = 05. we have
U
0.90
0.89
0.88
0.87
0.86
0.85

1 2 3 a4 5

Fig.4. 1" order approximation of U(t) for h=-08 - dotted, h=-1 - Bold,h=-12 - dot
dashed anh =-14 - dashed,R, = 0.5

\VALilE

‘ S t
1 2 3 4 5
Fig.5. 10" order approximation ofVV (t) for h=-08 - dotted,h=-1 - Bold h=-12 _ dot dashed
andh = -14 — dashed,R, = 05
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W Ll
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Fig.6. 1¢" order approximation ofW(t) for h=-0.8 - dotted,h=-1 - Bold h=-12 - dot dashed
andh =-14 _ dashed,R, = 05

5.0 Conclusion
From Fig 1, Fig 3, Fig. 4 and Fig. 6, the shapeU({t),andW(t) follow the normal shape found by other authors

[15 - 17] but we are more interested in the valtiaroepidemic hence our concentration is on Figa@ 5 forV(t);

which measures the size of an epidemic. We foundhat when the basic reproduction numbgrsRess than 1 (Fig. 5),
there is no epidemic, the number of infected peystatreases with time and tends to constant vafieevever when R
is greater than 1 (Fig 2), there would be an epideam predicted in literature [15-17]. From F&.the number of
infected persons increases to a maximum and finadyces.
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