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Abstract

Scholars have identified sensitivity analysis as an integral component of model
development which has several interesting petroleum and chemical engineering
applications particularly in the biogas production sector. This numerical tool has a
long history of neglect in Nigeria. For the first time, we propose this powerful scientific
technique which can be utilized to tackle the expected problems of parameter
estimation, data collection, model validation and policy formulations in biogas
production. The model parameter when varied a little one-at-a-time which will produce
a big cumulative effect on the solution trajectories can be considered as a most
sensitive parameter. In this context, we have observed that the model parameters based
on our range of variations are to be considered as all relatively equally sensitive or
relatively equally least sensitive. The implications of our novel contributions in the
biogas production have the capability to propel stakeholders to identify the role of
effective implementation of data collection in order to improve the quality of biogas
production as one of the means of sustaining national development in Nigeria.
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1.0 Introduction

The notion of a sensitivity analysis in parameter estimation, model validation and related policies can have diverse
interesting applications in several aspects of natural sciences, physical sciences and engineering to mention a few [1- 11].
Sensitivity analysis measures the relationship between a model parameter and its corresponding impact on the solution
trajectory due to a variation of a parameter one-at-a-time. It is an integral component of model development. In this talk,
we propose to apply the notion of a sensitivity analysisin order to quantify the relative importance of one parameter over
the other parameter in the context of biogas production [11]. Other related cited references and data on biogas production
in sub-Saharan Africa, Nigeria and Asian countries can be obtained and read from the classic work of lyagbaet a. [11].

2.0  Materials and Methods

The method of sensitivity analysis has been clearly defined, discussed and applied in our most recent work [2]. A
detailed description of the algorithm which clearly defines the method of sensitivity analysis can be read in one of our
papers in the present volume of thisjournal.
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In this paper, this numerical technique is applied to analyse an interaction model between two components of biogas
solids [11] which we have successfully constructed. This system of continuous first order ordinary differential equations
does not admit a closed-form solution but involves a sophisticated MATLAB programming with which this interesting
environmental physics related problem was solved within our multi-disciplinary skills. Considering the fact that biogas
production is an alternative source of energy makes it imperative to involve the joint application of chemical engineering,
statistics and mathematics, computer and environmental physics in order to provide a sustainable effort of tackling this
scientific problem.

The complex interaction between two biogas solids can be described using a Lotka-Volterra type of model equations
which has the following mathematical structure

dB,(t)/dt = By(t)(a-bB4(t)-cBx(1)) )

dB,(t)/dt = B(t)(d-eBy(t)-fBx(1)) @

Here, B4(t) and By(t) define the populations of two biogas solids at time t in days. The model parameters a, d, b, f, c,
and e are assumed to be positive constants which we will specify their precise values later in this paper. The initial
conditions or the starting biomasses for these biogas solids are specified by B;(0) and B,(0) which are also assumed to be
positive.

In the work of lyagba et al. [11], the data of bio gas production were obtained but the model which describes the
interaction between two solids of biogas was not constructed. The proposed model in equations 1 and 2 is called a system
of continuous nonlinear first order ordinary differential equations of the Lotka-V olterra type in the mathematical ecology
literatures. Without the self-interaction or intraspecific interaction specified by the terms b B,(t) B4(t) and f B,(t) B,(t) as
well as the interspecific interaction terms ¢ B4(t) B(t) and eB(t) B,(t), the rate of change equations using the theory of
calculus will grow exponentially obeying the Malthus growth law which does not provided a meaningful scientific insight
because the two biogas solids in question will tend to compete for limited resources in the environment. The inclusion of
both the intraspecific and interspecific terms acts to inhibit the growth of these two biogas solids. It is worth mentioning
that the above system of equations does not generally have closed-form solutions but do have four steady-state solutions
[2].

The model parameters a and d define the growth rates for the B4(t) and B(t) populations. The parameters b and f
define the logistic parameters otherwise called the intraspecific or self-interaction coefficients which inhibit the popular
Maltusian growth whereas the parameters ¢ and e are called the interspecific coefficients. The parameter c is the effort of
the second biogas population to inhibit the growth of the first biogas population while the parameter e is the effort of the
first biogas population to inhibit the growth of the second biogas population. The interspecific coefficients clearly obey
the popular mass action law which hasitsroot in molecular physics.

The growth rate parameters and the intraspecific coefficients were determined from the experimental data collected
by lyagba et al [11]. On the basis of these time series biogas production data, the values of a and d were calculated to be
0.1067 ml/g TS and 0.1064 ml/gV'S; the values of b and f were calculated to be 0.0099 and 0.0079 with similar units.
Under some simplifying assumptions that the precise values of the interspecific coefficients must be relatively smaller
than the values of the intraspecific coefficients, we have chosen the values of ¢ and e to be 0.01 and 0.0002. The initial
conditions or initial data for this system of model equations were chosen to be 1.2 ml/g TS and 1.5 ml/gV S over a biogas
production period of 100 days.

Our sensitivity analysis of these model parameters which is based on these parameter estimations are displayed in the
series of Tables below:

Discussion of ODE45 Sensitivity Analysis for Biogas Production in Nigeria

For the first time in Nigeria and in the context of simulation sensitivity analysis, we hereby present the following
results which we have not seen elsewhere with the expectation of providing sufficient insights which are capable of
guiding stakeholders who provide funding and make policies about biogas production in Nigeria. Our results in terms of
1-norm, 2-norm and infinity-norm will be presented in the form of rows. For example, our ODE45 1-norm sensitivity
values when a model

parameter is varied one-at-a-time by 1 percent, 2 percent, 3 percent, 4 percent and 5 percent will be shown in the
form of five co-ordinates (Mpsp, MP2p, MPsp, MPap, MPsp) Where mp,, represents a sensitivity value when a model
parameter is varied by 1 percent, mp,, represents a sensitivity value when a model parameter is varied by 2 percent, mps,
represents a sensitivity value when a model parameter is varied by 3 percent, mp., represents a sensitivity value when a
model parameter is varied by 4 percent and mps, represents a sensitivity value when a model parameter is varied by 5
percent.
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TABLE 1: ODEA45 Sensitivity analysis of parameter a=0.1067 ml/g TS

Mathematical Norms a=0.0011 a=0.0021 a=0.0032 a=0.0043 a=0.0053

1-norm 93.34 93.06 92.76 92.46 92.14
2-norm 93.97 93.70 93.42 93.12 92.81
Infinity-norm 99.12 98.88 98.62 98.34 98.04

We observe from Table 1 that a variation of parameter a will produce 1-norm sensitivity values of 93.34, 93.06,
92.76, 92.46 and 92.14, 2-norm sensitivity values of 93.97, 93.70, 93.42, 93.12 and 92.81 and the infinity-norm
sensitivity values of 99.12, 98.88, 98.62, 98.34 and 98.04. We observe from these ODE 45 calculated sensitivity values
that the intrinsic growth a of the first biogas solid can be considered as a more sensitivity parameter. On the basis of our
sensitivity values for the parameters a, B;(0) and B,(0), we observe that the sensitivity values for parameter a outweigh
the sensitivity values for the two initial condition parameters. This result is consistent with other related scientific results
which have reported that the intrinsic growth rate a is associated with the carrying capacity which defines the maximum
population size for a growing population. This observation can also be applied in a growing population of biogas solids.
Therefore, the parameter ais expected to be relatively more sensitive than theinitial condition parameters.

TABLE 2: ODE45 Sensitivity analysis of parameter B;(0) =1.2ml/g TS

Mathematical Norms | B(0)= 0.0120 | B,(0) = 0.0240 | B4(0) =0.0360 | B4(0)=0.0480 | B.(0) = 0.060
1-norm 61.18 52.22 46.90 43.09 40.13
2-norm 65.30 57.61 52.81 49.25 46.40
Infinity-norm 86.99 80.96 76.50 72.84 69.72

In this scenario, Table 2 shows that a variation of parameter 1C; will produce 1-norm sensitivity values of 61.18,
52.22, 46.90, 43.09 and 40.13, 2-norm sensitivity values of 65.30, 57.61, 52.81, 49.25 and 46.40 and the infinity-norm
sensitivity values of 86.99, 80.96, 76.50, 72.84 and 69.72. In summary, the model parameter B,(0) can be considered as a
relatively sensitive parameter when compared with the two intrinsic growth rates parameters.

TABLE 3: ODE45 Sensitivity analysis of parameter B,(0) = 1.5 ml/gVS

Mathematical Norms B,(0)=0.015 | B»(0) =0.030 B,(0) = 0.045 B,(0) =0.060 B,(0) = 0.075
1-norm 62.41 53.18 47.73 43.85 40.83
2-norm 61.95 54.52 49.89 46.47 43.73
Infinity-norm 94.66 87.46 82.26 78.06 74.51

In this scenario, Table 3 shows that a variation of parameter 1C, will produce 1-norm sensitivity values of 62.41,
53.18, 47.73, 43.85 and 40.83, 2-norm sensitivity values of 61.95, 54.52, 49.89, 46.47 and 43.73 and the infinity-norm
sensitivity values of 94.66, 87.46, 82.26, 78.06 and 74.51. In summary, the sensitivity values of the first initial condition
parameter dightly differ from the sensitivity values of the second initial condition parameter. Therefore, the parameters
B;(0) and B,(0) can be considered as relatively and equally sensitive parameters. It is interesting to mention that the
sensitivity of these parameters presupposes their relative contribution in the growth of these two biogas solids as starting
weights of the biogas solids which we have chosen to make sense with the original data of lyagbaet a. [11].

TABLE 4: ODE45 Sensitivity analysis of parameter d = 0.1064 ml/gVS

Mathematical Norms d=0.0011 d=0.0021 d =0.0032 d=0.0043 d =0.0053
1-norm 101.63 101.24 100.84 100.41 99.97
2-norm 93.32 92.97 92.60 92.22 91.81
Infinity-norm 108.50 108.03 107.56 107.05 106.51

Journal of the Nigerian Association of Mathematical Physics Volume 23 (March, 2013), 187 — 192
189



Testing for a Sensitivity Analysis in the Biogas Production Polies. Enu N. Ekaka-aetal J. of NAMP

In this scenario, Table 4 shows that a variation of parameter d will produce 1-norm sensitivity values of 101.63,
101.24, 100.84, 100.41 and 99.97, 2-norm sensitivity values of 93.32, 92.97, 92.60, 92.22 and 91.81 and the infinity-norm
sensitivity values of 108.50, 108.03, 107.56, 107.05 and 106.51. These sensitivity values clearly show that the parameter
d can be considered as another relatively more sensitive parameter than the two initial condition parameters B;(0) and
B,(0). In terms of the sensitivity of the intrinsic growth rate parameters and the sensitivity of the initia condition
parameters, we have observed on the basis of this analysis that the sensitivity of the intraspecific coefficients b and f can
be categorised as more sensitive [see Table 5 and Table 6].

TABLE 5: ODE45 Sensitivity analysis of parameter b = 0.0099 ml/gTS

Mathematical Norms b =0.000099 | b=0.000198 b =0.000297 | b=0.000396 b = 0.000495
1-norm 4326 25199 1804.3 1413.0 1163.5
2-norm 6071 3308.2 2286.6 1749.9 1417.1
Infinity-norm 10804 5315.3 3461.6 2544.9 2001.1

In this scenario, Table 5 shows that a variation of parameter b will produce 1-norm sensitivity values of 4326,
2519.9, 1804.3, 1413.0 and 1163.5, 2-norm sensitivity values of 6071, 3308.2, 2286.6, 1749.9 and 1417.1 and the
infinity-norm sensitivity values of 10804, 5315.3, 3461.6, 2544.9 and 2001.1.

TABLE 6: ODE45 Sensitivity analysis of parameter f = 0.0079 ml/gVS

Mathematical Norms f = 0.000079 f = 0.000158 f = 0.000237 f = 0.000316 f = 0.000395
1-norm 4591.7 2686.5 1938.8 1529.4 1267.8
2-norm 6183.8 3391.9 2356.5 1808.4 1466.8
Infinity-norm 9958.2 5034.4 3368.7 2531.1 2027.0

Table 6 shows that a variation of parameter f will produce 1-norm sensitivity values of 4591.7, 2686.5, 1938.8,

1529.4 and 1267.8, 2-norm sensitivity values of 6183.8, 3391.9, 2356.5, 1808.4 and 1466.8 and the infinity-norm
sensitivity values of 9958.2, 5034.4, 3368.7, 2531.1 and 2027.0. The sensitivity values of the intraspecific coefficients b
and f are clearly bigger than the sensitivity values of the interspecific coefficients ¢ and e [see Table 7 and Table 8].

TABLE 7: ODE45 Sensitivity analysis of parameter ¢ = 0.001

Mathematical Norms ¢ =0.00001 ¢ =0.00002 ¢ =0.00003 ¢ =0.00004 ¢ =0.00005

1-norm 12.24 12.12 11.99 11.87 11.75
12.92 12.80 12.66 12.52 12.40

2-norm

Infinity-norm 14.26 14.11 13.97 13.82 13.68

Table 7 shows that a variation of parameter ¢ will produce 1-norm sensitivity values of 12.24, 12.12, 11.99, 11.87
and 11.75, 2-norm sensitivity values of 12.92, 12.80, 12.66, 12.52 and 12.40 and the infinity-norm sensitivity values of
14.26, 14.11, 13.97, 13.82 and 13.68. Comparing the sensitivity values of the interspecific coefficients c and e, we
observe that the parameter ¢ can be considered more as a dightly least sensitive than the parameter e which we can say
that it isthe most least sensitive [Table 7 and Table §].
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TABLE 8: ODEA45 Sensitivity analysis of parameter e = 0.0002
Mathematical Norms e =0.000002 e =0.000004 e = 0.000006 e =0.000008 e=0.000010
1-norm 1.7952 17771 1.7589 1.7408 1.7227
2-norm 1.7141 1.6968 1.6795 1.6622 1.6449
Infinity-norm 2.0418 2.0212 2.0006 1.9800 1.9595

Table 8 shows that a variation of parameter e will produce 1-norm sensitivity values of 1.7952, 1.7771, 1.7589,
1.7408 and 1.7227, 2-norm sensitivity values of 1.7141, 1.6968, 1.6795, 1.6622 and 1.6449 and the infinity-norm
sensitivity values of 2.0418, 2.0212, 2.0006, 1.9800 and 1.9595. On the basis of these calculations, we observe that the

interspecific coefficient parameter e has the most lower sensitivity values.

TABLE 9: ODE45 Sensitivity analysis of parameter T [the duration of biogas production] = 100 days

Mathematical T=1day T =2days T =3 days T =4 days T =5days
Norms

1-norm 168.48 166.95 165.34 163.65 161.86

2-norm 121.60 120.45 119.24 117.98 116.65

Infinity-norm 173.86 171.93 170.05 168.17 166.30

Table 9 shows that a variation of parameter T will produce 1-norm sensitivity values of 168.48, 166.95, 165.34,
163.65 and 161.86, 2-norm sensitivity values of 121.60, 120.45, 119.24, 117.98 and 116.65 and the infinity-norm
sensitivity values of 173.86, 171.93, 170.05, 168.17 and 166.30. Therefore, the duration of biogas production parameter T
can be considered as another relatively sensitive parameter than the two intrinsic growth rate parameters aand d.

What do we learn from this detailed and systematic sensitivity analysis? Our contribution unanimously point to the
key fact that when a model parameter is varied a little one-at-a-time, two parameters b and f are dominantly more
sensitive while the other parameters such as a, d, and the duration of biogas production T can be classified as relatively
equally sensitivity.

Conclusion

In this pioneering study, our sensitivity analysis of the model parameters of biogas interaction reinforces a key
hypothesis which clearly states that a model parameter which when varied a little and produces a biggest cumulative
effect on the solution trajectories is classified as a sensitive parameter whereas a model parameter which is similarly
varied a little and produces a smallest cumulative effect on the solution trgjectories is classified as a least sensitive
parameter. On the basis of this proven numerical technique, the model parameters b and f are clearly dominant sensitive
parameters. In contrast, the model parameters T, d, a, B,, By, and ¢ can be classified as relatively equally sensitive. In the
context of biogas production, the model parameter eisthe least sensitive.

Therefore, the sensitive parameters which we have identified would require to be estimated efficiently in order to
provide better predictions and reduce uncertainty which can characterise most biogas estimated data. It is worth
mentioning that the intraspecific coefficient e which defines the effort of the first biogas population to inhibit the growth
of the second biogas population is hereby called the least sensitive parameter and in the context of parameter estimation,
this least sensitive parameter needs to be taken as a rough estimate.

For our present simulation analysis to be fully translated into a sustainable biogas production and national
development, we will recommend a further data collection from which our proposed model can be validated. The
outcome of our contribution reinforces the urgent need for stakeholders to fund and sustain along-term biogas production
in Nigeria as it is presently being implemented in other fast and slow developing countries where support for biogas
production as an aternative source of energy and agricultural production are empowered to function side by side.
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