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Abstract

The dynamics of interaction between two prey species and a predator can be understood using the
process of a complex mathematical modelling of several parameters [1]. Having studied the relative
importance of the migration rates of this ecological system in one of the published papers in the present
volume of this journal, it isimperative in this context to computationally examine the importance of the two
carrying capacities which sustain the growth of these prey and predator populations because of the inevitable
role which the notion of a carrying capacity playsin the functioning and stability of this ecological system.

In this study, we consider the following secondary data such as N;(0) = 50, N»(0) = 50, P(0) = 45,
carrying capacities K;=110 and K, = 100, the migration rate of prey species in the free zone and the
migration rate of prey species in the reserve zone have precise values of 0.5 and 0.4 respectively [1]. We
considered the instance when the duration of interaction is 180 days. On the basis of our present sensitivity
analysis, we have found that the carrying capacity K; of the prey in the free zone is a dominant sensitive
parameter than the carrying capacity K, of the prey in the reserve zone irrespective of the three popular
mathematical norms which we have implemented in a Matlab program to calculate the sensitivity measures
of these carrying capacities. These two carrying capacities can be considered as relatively equally sensitive or
relatively equally important parameters which define the dynamics of the prey-predator interaction with
harvesting. In order to minimise prediction uncertainty, a further model validation is suggested to guide
further research and strengthen knowledge-base in this ecosystem modelling. We have also found in this
study that the coefficient of variation for the carrying capacity K; is a better estimate than the coefficient of
variation for the carrying capacity K, irrespective of the type of the 1-norm, 2-norm and infinity-norm
calculated values. Detailed numerical results of sensitivity measures are presented and discussed.
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1.0 Introduction

It is an established scientific fact that the cengycapacity of an ecological system defines th&imam population
size which can support the growth of interactingoydations. In its own long history in the study efological
populations, its sensitivity was not consideredha work of Khamis et al. [1]. This model formutati defines two
carrying capacities namely the carrying capacityhef prey in the free zone and the carrying capadithe prey in the
reserve zone. While the carrying capacity of tteypn the free zone defines the maximum mass deokjirey biomass
in the free fishing zone at any time t, the camyaapacity of the prey in the reserve zone defthesmaximum mass
density of prey biomass in the reserve zone attiamg t. Having successfully studied the sensitgtof the migration
rate of prey species in the free zone and thateftigration rate of prey species in the reserveezave will attempt to
conduct the sensitivity analysis of the two cargyaapacities of the prey-predator interaction \iiginvesting which was
unfortunately not considered in the work of Khaetisl. [1].
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While the migration rates tend to be associatet sdme sort of spread between the prey and predapaidations,
the notion of a carrying capacity measures the mari population size which sustains the growth eséhpopulations.
From the ecological perspective, a carrying cagasia more significant model parameter than thgration rate. The
carrying capacity plays a key role in the logistiodel formulation which inhibits the popular Malthexponential
growth phenomenon that has been unanimously agoegavide a meaningless ecological insight becéluseesources
that species depend on are not inexhaustible. dhishe basis of this idea that the theory of cditipe takes on a
dominant contribution in the formulation of mathdimal models of most complex ecological systemstdms of
applications, the carrying capacity of a populatsystem can play a key role in the stabilizatioranfunstable steady-
state solution of a population system. Anotherrggting application in a population system concenesstudy of the
bifurcation of a steady-state solution involvingaiation of a carrying capacity when other modmigmeters are fixed.
The fundamental qualitative changes in the behavajuthe steady-state solution which is the corépouof this
sophisticated numerical mathematics have poteatidl attractive applications in the functioning agidnning of the
ecological system. It is against this backgrourat the are motivated to separately study the seitgitof the carrying
capacities as a distinct research investigatiomftbe sensitivity of the migration rates of theenaiction between two
preys and a predator.

2.0  Materials and Methods

The primary source of data for this complex compiotel analysis is based on the data provided bgrkik et al.
[1]. Their model is a system of continuous firsder nonlinear ordinary differential equations witie following
mathematical structure:

dNy(t)/dt =ry Ny(t)(1-Ny(t)/Ky) + BaNa(t) —BiN1(t) — mu Ny(t) P(t) —gEN(t)

dNo(t)/dt = ra Na(t)(1-Na(t)/K2) - BaNa(t) + BiN4(t) — mp No(t)P(t)

dP(t)/dt = P(tf—d — oP(t) + ay Ny(t) + o Na(t) ),

Here, the initial conditions are;{0) > 0, Nx(0) > 0 and P(0) > 0. The other model parameters arsidered as
positive constants. For the purpose of this sinmasensitivity analysis, the precise values of ¢herying capacity of
prey species in the free zone denoted byid the carrying capacity of prey species in #seive zone denoted by K
are 110 and 100 respectively. The above model flation describes a prey-predator interaction wiinvesting in the
context of aquatic ecosystem. Following Khamislef1d, we consider the prey in patch 1 denoted\ift) to be free for
fishing and preys in patch 2 denoted by(ly as prey refuge which constitutes a reserve areanarighing is permitted
in that area. The predator population (density) Pép no barrier between the two patches in teffrfistong.

Our computational method of calculating the sevisjtiof the carrying capacity of prey species ie free zone and
the carrying capacity girey species in the reserve zone is based on the prdposthod of Ekaka-a and Nafo [2] and
Ekaka-a [3]. This 01114tactical numerical methoddsed on the hypothesis of varying a model paemaelittle one-at-
a-time and observing its cumulative effect on tbkitson trajectories or model outputs. These saiisitvalues can be
calculated by using the three popular mathematioams of 1-norm, 2-norm and infinity-norm which dased on the
ODE 45 Matlab programming language. The detaildohitien of the step by step algorithm of our seivitiy analysis
method can be seen in one of our published in theemt volume of this journal. The other versiohshe sensitivity
analysis of model parameters which is based opdpelar one-at-a-time formulation can be read éwlorks of [4, 5, 6,
7, 8,9, 3]. It is worth mentioning that our preserethod of sensitivity analysis is clearly diffatdrom the approaches
of these researchers.

3.0  Discussion of Results

In this section, we will present and discuss trsults which we have obtained by using the numet®etnique of
sensitivity analysis.

RSV represents range of sensitivity values; ipresents the weighted mean of sensitivity vaMas represents the
variance of sensitivity values; Std representssamdard deviation of sensitivity values; MN reprgs mathematical
norms.

What do we learn from Table 1? Based on our choicensitivity hypothesis, our calculations cleahow that the
carrying capacity of prey species in the free zomeluce higher values of the cumulative effectshensolution
trajectories or model outputs when this parameteraried a little one-at-a-time while the other mlogarameters are
fixed. Similarly, our calculations show that therging capacity of prey species in the reserve zmoeluce relatively
higher values of the cumulative effects on the timiutrajectories or model outputs when this paramis varied a little
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Table 1: Calculating the sensitivity values of tta@rying capacity of prey species in the free zané the carrying
capacity ofprey species in the reserve zone

MN Sensitivity values of carrying capacities witerpentage variations RSV W Var Std
K]_: 1.1 K]_: 2.2 K]_: 3.3 K1:4.4 K1:5.5
K2:1 K2:2 K2:3 K2:4 K2:5
1-norm 245.05 229.65 217.40 206.87 197.47 47.58 211.43 | 351.2 18.7
131.70 120.50 112.23 105.47 99.75 31.95 108.67 | 158.6 12.6
2-norm 144.45 135.10 127.70 121.36 115.72 28.73 124,12 | 128.1 11.3
88.13 80.60 75.05 70.53 66.70 21.43 72.67 71.35 8.45
Infinity-norm 166.80 160.99 155.60 153.13 150.11 16.69 154.78 | 43.96 6.63
96.77 88.55 82.46 77.18 73.41 23.36 79.80 86.07 9.28

one-at-a-time while the other model parametersfiaesl. Therefore, the carrying capacities can kesgfied as
relatively sensitive or important parameters instleontext. These present observations are corystde same
irrespective of the values of the 1-norm, 2-norrd anfinity-norm ODE 45 sensitivity values. Our pe@s$ contribution to
knowledge complements and extends the current mmaheal analysis of Khamis et al. [2011].

In this study, the 1-norm calculation of the statéd coefficient of variation (CV) which is defideas the value of
the standard deviation divided by the value ofwieégghted mean shows that the CV of the carryingaciyp K; is 0.0884
while the CV of the carrying capacity, ks 0.1159. On the basis of this calculation, theoim sensitivity for the carrying
capacity K is a better estimate than the 1-norm sensitiatytifie carrying capacity X Following the same procedure,
the 2-norm calculated values of the CV for the yiag capacities Kand K are 0.0910 and 0.1163 respectively. In this
scenario, the 2-norm sensitivity for the carryirgpacity K is a better estimate than the 2-norm sensitivity the
carrying capacity K Similarly, the infinity-norm calculated values ttfe CV for the carrying capacities, ldnd K; are
0.0428 and 0.1163 respectively. Therefore, thanityfinorm sensitivity for the carrying capacity i a better estimate
than the infinity-norm sensitivity for the carryingpacity k.

Conclusion

On the basis of this contribution which is quitéfetient from our earlier contribution, the carryingpacity of prey
species in the free zone is a relatively more si@agparameter than the carrying capacity of pgscges in the reserve
zone. These two parameters will need to be estareficiently in order to minimise model predictiamcertainty. We
will expect these observations to guide furtheeagesh and strengthen knowledge-base in model Vi@idand parameter
estimation theory. The statistical measures of@amgighted mean, variance and standard deviafieach sequence of
sensitivity values are quantitatively specified.

We have found in this study that the coefficientvafiation (CV) for the carrying capacity; Ks a better estimate
than the CV for the carrying capacity Krespective of the 1-norm, 2-norm and infinityrmocalculated values of the
coefficient of variation. The pattern of changeghia values of the CV for the carrying capacities different from the
values of the CV for the migration rates which vevéd studied in one of our published papers in tesgnt volume of
this journal. From our experience, the study ofgbasitivity of the carrying capacities is a distiand sophisticated level
of numerical mathematics because the variatioh@trrying capacities can play key roles in thematational analysis
of the doubling time for the biogas solids prodaictand in the determination of the limiting popidatsizes for the three
interacting populations. This challenging aspectahputational mathematics will be attempted in foture extension
of this paper.
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