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                       Abstract 
 

The dynamics of interaction between two prey species and a predator can be understood using the 
process of a complex mathematical modelling of several parameters [1]. Having studied the relative 
importance of the migration rates of this ecological system in one of the published papers in the present 
volume of this journal, it is imperative in this context to computationally examine the importance of the two 
carrying capacities which sustain the growth of these prey and predator populations because of the inevitable 
role which the notion of a carrying capacity plays in the functioning and stability of this ecological system. 

In this study, we consider the following secondary data such as N1(0) = 50, N2(0) = 50, P(0) = 45, 
carrying capacities K1=110 and K2 = 100, the migration rate of prey species in the free zone and the 
migration rate of prey species in the reserve zone have precise values of 0.5 and 0.4 respectively [1]. We 
considered the instance when the duration of interaction is 180 days. On the basis of our present sensitivity 
analysis, we have found that the carrying capacity K1 of the prey in the free zone is a dominant sensitive 
parameter than the carrying capacity K2 of the prey in the reserve zone irrespective of the three popular 
mathematical norms which we have implemented in a Matlab program to calculate the sensitivity measures 
of these carrying capacities. These two carrying capacities can be considered as relatively equally sensitive or 
relatively equally important parameters which define the dynamics of the prey-predator interaction with 
harvesting. In order to minimise prediction uncertainty, a further model validation is suggested to guide 
further research and strengthen knowledge-base in this ecosystem modelling. We have also found in this 
study that the coefficient of variation for the carrying capacity K1 is a better estimate than the coefficient of 
variation for the carrying capacity K2 irrespective of the type of the 1-norm, 2-norm and infinity-norm 
calculated values. Detailed numerical results of sensitivity measures are presented and discussed. 
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1.0    Introduction 

It is an established scientific fact that the carrying capacity of an ecological system defines the maximum population 
size which can support the growth of interacting populations. In its own long history in the study of ecological 
populations, its sensitivity was not considered in the work of Khamis et al. [1]. This model formulation defines two 
carrying capacities namely the carrying capacity of the prey in the free zone and the carrying capacity of the prey in the 
reserve zone. While the carrying capacity of the prey in the free zone defines the maximum mass density of prey biomass 
in the free fishing zone at any time t, the carrying capacity of the prey in the reserve zone defines the maximum mass 
density of prey biomass in the reserve zone at any time t. Having successfully studied the sensitivities of the migration 
rate of prey species in the free zone and that of the migration rate of prey species in the reserve zone, we will attempt to 
conduct the sensitivity analysis of the two carrying capacities of the prey-predator interaction with harvesting which was 
unfortunately not considered in the work of Khamis et al. [1]. 
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While the migration rates tend to be associated with some sort of spread between the prey and predator populations, 
the notion of a carrying capacity measures the maximum population size which sustains the growth of these populations. 
From the ecological perspective, a carrying capacity is a more significant model parameter than the migration rate. The 
carrying capacity plays a key role in the logistic model formulation which inhibits the popular Malthus exponential 
growth phenomenon that has been unanimously agreed to provide a meaningless ecological insight because the resources 
that species depend on are not inexhaustible. It is on the basis of this idea that the theory of competition takes on a 
dominant contribution in the formulation of mathematical models of most complex ecological systems. In terms of 
applications, the carrying capacity of a population system can play a key role in the stabilization of an unstable steady-
state solution of a population system. Another interesting application in a population system concerns the study of the 
bifurcation of a steady-state solution involving a variation of a carrying capacity when other model parameters are fixed. 
The fundamental qualitative changes in the behaviour of the steady-state solution which is the core output of this 
sophisticated numerical mathematics have potential and attractive applications in the functioning and planning of the 
ecological system. It is against this background that we are motivated to separately study the sensitivity of the carrying 
capacities as a distinct research investigation from the sensitivity of the migration rates of the interaction between two 
preys and a predator. 
 

2.0 Materials and Methods 
The primary source of data for this complex computational analysis is based on the data provided by Khamis et al. 

[1]. Their model is a system of continuous first order nonlinear ordinary differential equations with the following 
mathematical structure: 

dN1(t)/dt = r1 N1(t)(1-N1(t)/K1) + β2N2(t) – β1N1(t) – m1 N1(t) P(t) –qEN1(t) 
dN2(t)/dt = r2 N2(t)(1-N2(t)/K2) - β2N2(t) + β1N1(t) – m2 N2(t)P(t) 
dP(t)/dt  = P(t)(−d – σP(t) + α1 N1(t) + α2 N2(t) ), 
Here, the initial conditions are N1(0) > 0, N2(0) > 0 and P(0) > 0.  The other model parameters are considered as 

positive constants. For the purpose of this simulation sensitivity analysis, the precise values of the carrying capacity of 
prey species in the free zone denoted by K1 and the carrying capacity of prey species in the reserve zone denoted by K2 
are 110 and 100 respectively. The above model formulation describes a prey-predator interaction with harvesting in the 
context of aquatic ecosystem. Following Khamis et al. [1], we consider the prey in patch 1 denoted by N1(t) to be free for 
fishing and preys in patch 2 denoted by N2 (t) as prey refuge which constitutes a reserve area and no fishing is permitted 
in that area. The predator population (density P(t)) has no barrier between the two patches in terms of fishing. 

Our computational method of calculating the sensitivity of the carrying capacity of prey species in the free zone and 
the carrying capacity of prey species in the reserve zone is based on the proposed method of Ekaka-a and Nafo [2] and 
Ekaka-a [3]. This 01114tactical numerical method is based on the hypothesis of varying a model parameter a little one-at-
a-time and observing its cumulative effect on the solution trajectories or model outputs. These sensitivity values can be 
calculated by using the three popular mathematical norms of 1-norm, 2-norm and infinity-norm which are based on the 
ODE 45 Matlab programming language. The detailed definition of the step by step algorithm of our sensitivity analysis  
method can be seen in one of our published in the present volume of this journal. The other versions of the sensitivity 
analysis of model parameters which is based on the popular one-at-a-time formulation can be read in the works of [4, 5, 6, 
7, 8, 9, 3]. It is worth mentioning that our present method of sensitivity analysis is clearly different from the approaches 
of these researchers.  
 

3.0 Discussion of Results 
In this section, we will present and discuss the results which we have obtained by using the numerical technique of 

sensitivity analysis.  
RSV represents range of sensitivity values; Wm represents the weighted mean of sensitivity values; Var represents the 

variance of sensitivity values; Std represents the standard deviation of sensitivity values; MN represents mathematical 
norms. 

What do we learn from Table 1? Based on our choice of sensitivity hypothesis, our calculations clearly show that the 
carrying capacity of prey species in the free zone produce higher values of the cumulative effects on the solution  
trajectories or model outputs when this parameter is varied a little one-at-a-time while the other model parameters are 
fixed. Similarly, our calculations show that the carrying capacity of prey species in the reserve zone produce relatively  
higher values of the cumulative effects on the solution trajectories or model outputs when this parameter is varied a little 
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Table 1: Calculating the sensitivity values of the carrying capacity of prey species in the free zone and the carrying 

capacity of prey species in the reserve zone 

 

one-at-a-time while the other model parameters are fixed. Therefore, the carrying capacities can be classified as 
relatively sensitive or important parameters in this context. These present observations are consistently the same 
irrespective of the values of the 1-norm, 2-norm and infinity-norm ODE 45 sensitivity values. Our present contribution to 
knowledge complements and extends the current mathematical analysis of Khamis et al. [2011]. 

In this study, the 1-norm calculation of the statistical coefficient of variation (CV) which is defined as the value of 
the standard deviation divided by the value of the weighted mean shows that the CV of the carrying capacity K1 is 0.0884 
while the CV of the carrying capacity K2 is 0.1159. On the basis of this calculation, the 1-norm sensitivity for the carrying 
capacity K1 is a better estimate than the 1-norm sensitivity for the carrying capacity K2. Following the same procedure, 
the 2-norm calculated values of the CV for the carrying capacities K1 and K2 are 0.0910 and 0.1163 respectively. In this 
scenario, the 2-norm sensitivity for the carrying capacity K1 is a better estimate than the 2-norm sensitivity for the 
carrying capacity K2. Similarly, the infinity-norm calculated values of the CV for the carrying capacities K1 and K2 are 
0.0428 and 0.1163 respectively. Therefore, the infinity-norm sensitivity for the carrying capacity K1 is a better estimate 
than the infinity-norm sensitivity for the carrying capacity K2. 

 
Conclusion 

On the basis of this contribution which is quite different from our earlier contribution, the carrying capacity of prey 
species in the free zone is a relatively more sensitive parameter than the carrying capacity of prey species in the reserve 
zone. These two parameters will need to be estimated efficiently in order to minimise model prediction uncertainty. We 
will expect these observations to guide further research and strengthen knowledge-base in model validation and parameter 
estimation theory. The statistical measures of range, weighted mean, variance and standard deviation of each sequence of 
sensitivity values are quantitatively specified. 

We have found in this study that the coefficient of variation (CV) for the carrying capacity K1 is a better estimate 
than the CV for the carrying capacity K2 irrespective of the 1-norm, 2-norm and infinity-norm calculated values of the 
coefficient of variation. The pattern of changes in the values of the CV for the carrying capacities are different from the 
values of the CV for the migration rates which we have studied in one of our published papers in the present volume of 
this journal. From our experience, the study of the sensitivity of the carrying capacities is a distinct and sophisticated level 
of numerical mathematics because the variation of the carrying capacities can play key roles in the computational analysis 
of the doubling time for the biogas solids production and in the determination of the limiting population sizes for the three 
interacting populations. This challenging aspect of computational mathematics will be attempted in our future extension 
of this paper. 
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