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                       Abstract 
       

A homogenous isotropic infinite elastic layer occupying the region �∞ �  � � ∞,   0 � 	 � 
 
under anti-plane strain is investigated. The problem is formulated using the Mellin transform and 
solved by conformal mappings. A closed form solution for the displacement everywhere in the layer 
is obtained from which we determine the stress field and the effects the loading caused on the 
material was ascertained. Three outstanding cases namely � � 
, � � 
� and � � �, are considered. 

   
 
1.0    Introduction 

Some observations regarding the stress field near the point of a crack has been carried out by Williams [1].  Reissner 
[2] studied stress and Displacements of spherical shells. 

In this paper, we investigate a homogeneous isotropic infinite elastic layer of height a  in a two dimensional strip 
subjected to anti-plane stresses of magnitude T . 

It consists of two parallel line ABC and DEF where C and D are at �∞ while A and F are at +∞. The loadings are 
prescribed on BC and DE where the strip 	 � 
 and 	 � 0 respectively. 

                                   (1) 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.1 A Transformation Of Plane Representing The Layer 
Because of the nature of the boundary conditions, elementary methods of solutions such as methods of separation of 

variables cannot be applied. Therefore, the region of analysis is transformed to a region where integral transform can be 
applied. 
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Fig 1  Geometry Of The Plane That Forms The Layer 
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The Conformal Transformation                  
Puttng ���� � ��� ,        � � � � �	                                                                  (1)  
maps the shaded plane region in Fig 1 onto the upper half w-plane of Fig 2 
  
Under the given special loading conditions the governing field equations of linear elasticity reduces to the following 

Laplace equations ! "#
"$# � "#

"%#& '��', (� � ! "#
")# � *) "") � *)# "#

"+#& '�,, -� � 0                  (2) �1 � , � 1,   / � - � 0. 
The non-zero stress components are given by the relation 

  �+2�,, -� � 3) ""+ '��,, -�,    �)2�,, -� � 4 "") '��,, -�                        (3) 

Where 4 denotes the shear modulus of elasticity. 
The boundary conditions are ""+ '��,, 0� � � 5637  ,             8 � , � 1                                               (4) 

        � 0  ,                       , 9 1 ""+ '��,, 0� � � 5637  ,             8 � , � 1                                                 (5) 

        � 0  ,                       , 9 1 
The asymptotic behavior of the stresses are 

  �-�, �,� � : 0;,<=*>                  
?   , @ 00;,<=*>                 
?    , @ ∞A                                               (7)  
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Fig 2.  The Layer Transformed To An Upper Half Plane (2) 



67 

 

 
Stress and displacement of an infinite layer under Anti-plane strain.  Emenogu   J. of NAMP 

 
The Mellin integral transform of '��,, -�, is defined as 
  'H ��?, -� � I  '��,, -�,J=*K,                        LM ��1 � N�? � 1� [3,4]                        (8) 
Applying the Mellin transform to (2), (4) and (5) yields ! O#

O+# � ?�& 'P��?, -� � 0                                        � 1 � N�? � 1                  (9)                                

 
"$HQ"+ �?, 0� � � 5637J                                                                                  (10) "$HQ"+ �?, 0� � � 5637J                                                                               (11) 

Solution of (9) is considered in the form 'P��?, -� � F�?�R8?-? � E�?�?�S-?                                                   (12) 
Therefore (10), (11) and (12) yields 

-s F�?�?�S0? � ?E�?�0? � � 5637J                                                                                    (13) �?F�?�?�S0? � ?E�?�R8?0? � � 5637J                                                  (14) 

Consequently, 'P��?, -� � 5637 TUVJ+J=WXY �7=+�JJ#JZ[7J \                                                                 (15) 

The displacement sought for is given by the inverse of the Mellin transform given by  '��,, -� � I  '��?, -�,=JK?                          U]ZLU=ZL                                         (16) 
The Bromwich integral in (16) can be solved by method of residue. The integral has simple poles at S = ^ S,   S �1, 2, 3, … … and double poles at b � 0 
Therefore, the solution of the problem is 
              'P��?, -� � 5637 T7� � - � *7  ∑ �=*�d

[# �R8?S- � cos�0 � -��L[h* \ ,°      (17)   , � 1, 0 � - � 0 

                   � � 
�40 j1S  k ��1�[S� �R8?S- � cos�0 � -��L
[h* l ,=[ 

  , 9 1, 0 � - � 0 
 
Polar co-ordinates  '��,, -� obtained in (17) was converted back to its original Cartesian co-ordinate '���, 	� 
 
 
 
 

          '���, 	� �
mno
np5637 T7� 	 � *7  ∑ �=*�d

[# !R8?S 7q5 � cos S0�1 � q5�&L[h* \ �[�r ,  ��r � 1, 0 � 	 � 
5637 T*7  ∑ �=*�d
[# !R8?S 7q5 � cos S0�1 � q5�&L[h* \ �=[�r ,  ��r  9 1, 0 � 	 � 
         

A    (18) 

 

Three outstanding cases namely 	 � 
, 	 � 5� and 	 � 0 are considered. These cases yield known result for   ��r � 1 

and    ��r  9 1 
 
2.1  ANALYSIS OF THE RESULTS 
Analysis of the displacement and stresses for  0 � � � ∞ and  0 � 	 � 
 

1) For ��r � 1 
At 	 � 0 the displacement is 

'���, 0� � 
�40 j02 � 00 . 
 � 10 k ��1�[S� !R8?S 0	
 � cos S0�1 � 	
�&L
[h* l �[7s5 , 

        '���, 0� � 5637 T7� � *7  ∑ !�=*�d=*[# &L[h* \ �[�r ,                                               (19) 
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At 	 � 
, the displacement is 

'���, 0� � 
�40 j02 � 00 . 
 � 10 k ��1�[S� !R8?S S0

 � cos S0�1 � 

�&L
[h* l �[7s5 , 

       '���, 0� � 5637 T� 7� � *7  ∑ !*=�=*�d
[# &L[h* \ �[�r ,                                                    (20) 

At 	 � 5�, displacement is 

'���, 0� � 
�40 j02 � 00 . 
2 � 10 k ��1�[S� !R8?S S0
 . 
2 � cos S�0 � 0
 . 
2�&L
[h* l �[7s5 , 

      '� !�, 5�& � 0                                                                                    (21) 

Let 	 � 5[ !S � *�&, the displacement the becomes  

'� t�, 
S �S � 12�u � 
�40 j02 � 0
 . 
S tS � 12u � 10 k ��1�[S� tR8?S S0
 . 
S tS � 12u � cos S0�1 � 1S tS � 12uuL
[h* l �[7s5 , 

                                 � 
�40 j02 . 0S tS � 12u � 10  k ��1�[S� tR8?S0. tS � 12u � cos S�0 � 0S tS � 12uuL
[h* l �[7s5 , 

                            � 
�40 j02 � 02S � 1S  k ��1�[S� �0 � 0�L
[h* l �[7s5 , 

                              � 
�40 0 v12 t1S � 1u w �[7s5 ,    �[7s5 ,  � 1    S � 1,2,3 … …. 
'� x�, 
S tS � 12uy � 12 
�40 t1S � 1u �[7s5 ,    S � 1,2,3 …. 

For �[�r , 9 1 
At 	 � 0 the displacement is 

'���, 0� � 
�40 j10 k ��1�[S� �R8?S�0� � cos S�0 � 0��L
[h* l �=[7s5  

                � 
�40 j10 k ��1�[S� �1 � ��1�[�L
[h* l �=[7s5   

                � 
�40 j10 k ��1�[ � 1S�
L

[h* l �=[7s5   
                       � 
�40�  k z��1�[ � 1S� {L

[h* �=[7s5   
             � �5637#  ∑ z|}�#d}~� �r ��[=*�# {L[h*                                                  (22) 

At 	 � 
 the displacement is 

'���, 
� � 
�40 j10 k ��1�[S� !R8?S�S0

 � � R8?S�0 � 0
 
�&L
[h* l �=[7s5  

                 � 
�40�  k ��1�[S� ���1�[L
[h* � 1��=[7s5  

                  � 
�40�  k x1 � ��1�S� y[L
[h* �=[7s5  

        � =�5637#  ∑ z|}�#d}~� �r ��[=*�# {L[h*                                                                (23) 

At 	 � 5[ the displacement is '� !�, 5�& � 5637# T∑ �=*�d
[# !R8? [7� � R8? 7[� &L[h* \ �=[�r   =0(24) 
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At 	 � 5[ �S � *�� the displacement is 

'� t�, 
S �S � 12� u � 
�40� k ��1�[S� tR8? S0
 . 
S tS � 12u � R8?S�0 � 0
 . 
S �S � 12�uL
[h* �=[7s5  

                                      � 
�40� k ��1�[S tR8?0 tS � 12u � R8?S�0�. 0S �S � 12�uL
[h* �=[7s5  

                                      � 
�40� k ��1�[S �0 � 0��L
[h* �=[7s5  

           � 0                                                                                  (25) 

Plotting the graph of 
356  '� !�, 
�S � *�[� & � � *� �1 � *[��d�r  

Where 	 � � *� !1 � *[& �[7s           S � 1 i.e. S � 2,3,4, … .. 
We have Fig 3                          	  
 
 
 
 
 
 
                                                                                         
 
 
 
 
  
                                                                                       
 0                                                    �  
 
 
 
 
 
 
Fig 3 Layer showing displaced and non-displaced regions 
General stress states are �����, 	� � 4K'�K�� ��, 	�,     � � 1,2 …. 
At 	 � 0, the stress is 

4 K'K	 ��, 0� � 
�0 j� 0
 � 10 k S0
 ��1�[S� �?�S 0 � sin n0�L
[h* l �[7s5 , 

  � 
�0 j� 0
 � 1
 k ��1�[S� �0 � 0�L
[h* l �[7s5 , 

� 
�0 T� 0
 \ �[7s5 ,                       S � 1,2,3 

    �����, 0� � ���[�r          S � 1,2,3 …                                    (26) 
At  	 � 
,  the stress states is 

4 K'�K	 ��, 
� � 
�0 j� 0
 � 1
 k ��1�[S !�?�S 0
 . 
 � sin n !0 � 0
 . 
&&L
[h* l �[7s5 , 

   � 567 T� 75 \ �[�r , 
   �����, 
� � ���[�r                                                                             (27) 
At 	 � 5�  the stress states becomes 
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4 K'�K	 !�, 
2& � 
�0 j� 0
 � 1
  k ��1�[S !�?�S 02 . S � sin n 02&L
[h* l �[7s5 , 

 

   ��� !�, 5�& � ���[�r                                                                          (28) 

At 	 � 5[ !S � *�&, the stress states is 

4 K'�K	 x�, 
S tS � 12uy � 
�0 j� 0
 � 1
  k ��1�[S !�?�S 02 �2S � 1� � sin 02&L
[h* l �[7s5 , 

                               � 
�0 j� 0
 � 1
 k ��1�[S x��1�[S � 1yL
[h* l �[7s5    

                              � � j�1 � 10 k x1 � ��1�[S yL
[h* l �[7s5    

                              � � T�1 � *7  ∑ ����r   L[h* \     ��� !�, 5�& � � z�1 � *7  ����r   � ∑ |#��r   
�L[h* {                                   

(29) 

Similarly, for �����, 	� � 3O$QOs� ��, 	� respectively. 

The layer experienced stress at the upper edge where 

��*��, 
� � � S� T� 7� � *7  ∑ !*=�=*�d
[# &L[h* \ �[�r    � ∞ � � � 0      0 � 	 � 


� 67  ∑ !*=�=*�d
[ & �[�r              � 9 1,               0 � 	 � 
  L[h*

A  (29) 

The material did not experience stress at the middle where 

   ��� !�, 5�& � :0,            �[�r  � 10            �[�r  9 1 A                               (30) 

The layer also experienced stress at the lower edge where 

�����, 0� �
mn
o
np  �0 k x��1�[ � 1S y �[7s5   L

[h*            �[7s5  � 1
� �0 k x��1�[ � 1S y �[7s5    L

[h*           �[7s5  9 1
A 

3.0 Conclusion 
The displacement deduced in a closed form, is then used to obtain the stress everywhere in the material. Along the 

middle of the layer, where 	 � 5� , the displacement vanishes that is !'� !�, 
2& � 0,       � ∞ � � � ∞,      0 � 	 � 
&, 
The stress are  ��* !�, 5�& � 0 and ��* !�, 5�& � 0. show that since the tearing stress, ��* !�, 5�& depends on the applied 

stress T, it follows that cracking will begin at the middle of the layer if T becomes very large. This is line with the result 
of [5,6] 

 
References 
[1] M.L Williams,” Some observations regarding the stress field near the point of a crack,” proceedings, crack 

propagation conference (Cranfield, England ) September,1961 
[2] E.Reissner, ‘ Stress and Displacements of shallow spherical shells,’ Journal of mathematics and physics, vol 25, 101-

104, 1964 
[3] l.N Sneddon  : The use of integral transforms, Mc Graw-Hill. New York ( 1972) , 281 
[4] Z.Szmydt  and B. Ziemian The mellin transform and Fuchsian type partial differential equations,  khiwer academics 

publisher, 1992 
[5] J.N. Nnadi;  Anti -plane shear analysis for a Non –homogeneous semi- infinite layer. Journal of the Nigerian 

association of mathematical physics volume 7 ,215,(2003) 
[6]  J.C Amazigo ; Crack in a semi-infinite layer under shear loading. Journal of applied mechanics 41, 903-904, (1975) 
[7] H Tada; Paris and G .lrwin; The stress analysis of cracks handbook 2nd edition Del research corporation, Hellertown, 

1985 
Journal of the Nigerian Association of Mathematical Physics Volume 23 (March, 2013), 65 – 70              


