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Abstract

Consider a group G with finite order such that it acts on itself by conjugation, the
paper presents a direct and simple appraoch for determing all possible groups that can be
obtained if this action yields precisely three orhits, that isif it yields a group of rank 3.

1.0 Introduction
This paper considers a simple and direct appro&achassifying the structure of groups whose ordeesfinite and are of
conjugate rank 3. Several research papers andgisunave been written on the structures expectdiditd groups as seen
in [1-7].
This paper considers a simple and direct approachassifying the structure of groups whose ordeesfinite and are of
conjugate rank 3.
Using the basic definitions as listed under preliamies the paper considers the various conditidbreojugation and the
has the various results as below.

2.0  Basic Definitions And Preliminaries Results

Definition 1

The group orbit of an elemeat € & is defined as

Gla) ={ga € GlgE G}

Wherea runs over all elements of the groff[ 8,9] .

Definition 2

A group fixed point is an orbit consisting of aglmelement. Thus the stabilizer of an elementasay G, consists of all

permutation of elements of the group that prodacgsoup fixed point ir [9] .

Definition 3

A group actiorG X Q — @ is transitive if it possesses only a single grotgit. i.e for every pair of elemett andb, there

is an elemeng € G such thatga = b . When this happen§ is said to be isomorphic to the left co&gtG,. WhereG,

is the stabilizer oft in G [ 8] .

Definition 4

If for every two pairs of pointsay , @, andby, b,, there is an elememt € G such thagga; = by;, then the group action is
called doubly transitive. Similarly, a group cantbiply transitive and in general , a group actiem-transitive if every set

{ay, ..., b} of 2n distinct elements as a group elemgrguch thatga; = b; [8].

Definition 5
Here we give a concise and more mathematical diefinof the previous definitions:

Let &5 be a transitive permutation group 9n & also act orf} X @ via
(a.B)g = (ag.89)

The rank offz can be defined as the number of orbité&adn  * (3.

Thus

{(a.a)la € Q}

is one orbit ands has rank2 if and only if
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{(a. B)la = B}
is an orbit, that is if and only & is 2-transitive.
The rank ofis can also be defined as the number of orbits othiilizer of a point.[3]

Lemma. If 4 is a groupA acts on itself by conjugation:

hx = hxh™ for g,x € 4

Corollary. Let.4 act on itself by conjugation, and {et€ 4. Then the number of
elements in each conjugacy class divides the afdr

3.0 The Proof of the Main Result
We here consider a finite gro&pthat acts on itself by conjugation, and deternailh@ossible groups that can be obtained if

this action yields precisely a group of rabk

To find such groups we just need to consider tmgugmcy classes as below:
Obviously the identity forms its own conjugacy &es.

We have two other conjugacy classes of of sizmdhb respectively to find.
Now recall that a conjugacy class divides the oadéhe group.

Thusa|l + @ + b and thusz|1 + b and similarlyb|1 + a.

Soifa = b, thena = b = 1 and we geZ /3

Otherwise with out loss of generality<< b. Butb|1 4+ a meansh = 1 + «, henceb = 1+ a.
Finally a|1 + b = 2 + a givesa = 1 or 2, yielding| G| = 4 or & respectively.

In the former casel7 is abelian, givingt conjugacy classes a contradiction.

So|G| = &.

Of coursels must be nonabelian, which meais= 5.

A simple check confirms thdf, has three conjugacy classes as we have shown.above

Thus the finite groups with three conjugacy classesexactlyZ /3 ands ;.

Conclusion and Future Works
The above results have yielded concise and siaggeoach of classifying groups of lower ranks andwch have opened a
path for considering other groups with similar stues.
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