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Abstract

In this paper, power series solution method (PSSM) is applied to solve Riccati
equations. The equations under consideration are of variable coefficient
form.Comparisons with exact solutions show that (PSSM) is a powerful method for the
solution of nonlinear equations.The method gives realistic series of solutions that
converge rapidly.
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1.0 Introduction

A Riccati equation is an ordinary differential etjoa that is quadratic in the unknown function. TRiecati differential
equation is named after the Italian nobleman Cdanbpo Francesco Riccati (1676-1754). The bookedad R] contains the
fundamental theories of Riccati equation with aggiions to random processes,optimal control anfligidn problems.
Beside important engineering and science applicatithat today are known as classically proved, saghstochastic
realization theory, optimal control, robust statation, and network synthesis,the newer applicatiwhich include such
areas as financial mathematics [2, 3].

The importance of Riccati equations in many fieddisact the attention of many authors.The solutbthis equation
can be reached using classical numerical methodh as the forward Euler method and Runge-Kutta atethn
unconditionally stable scheme was presented by Buood Saidi [4]. Bahnasawi et al. [5] presenteslibage of Adomian
decomposition method (ADM) to solve the nonlinedeccti in an analytic form. Very recently, Tan aAtbasbandy [6]
employed the analytic technique called Homotopy Ipsia Method (HAM) to solve a quadratic Riccati
equation.Abbasbandy [7] presented a new applicatibiie’s variational method for a general Riccaguation using
Adomian polynomials.Batiha et al[8] presented aggilon variational iteration method to solve a gah®iccatic equation
.Disu et al[9] have presented application of Adamd@composition method (ADM) to a general Ricatticiation.Biazar and
Eslami [10] applied differntial transform methddT(M) for quadratic riccatic equation.

Power Series Solution (PSS) Method (PSSM) has fmemd as an effective method for solving Linearf&iéntial
Equations (LDE).The study of the PSSM was limitedLDE. Until recently,Nuran and Mustafa [11] pretseh PSS of
Nonlinear First Order Differential Equation Systérao and and Tan [12] proposed a general approaabbtain series
solutions of NonLinear Differential equations (NLBE Lopez-Sandoval and Mello [13] presented PSNarflinear Partial
Differential equations (NLPDES) from MathematicdiyBics.

In this paper, we present approximate solution&focati equations using Power Series Solutionhdet

dy

o = QUY*R® y* + p(t) ¥(0)=G()

where Q(t) , R(t) , P(t) , G(t) are known as scalar functions.
In particular, we give 3 examples of Riccati equadi which include variable coefficient forms. Nuial comparisons
between exact solutions on these equations are.give
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2.0 The Power Series Solution Method
The power series ( in powers bf-t;) is an infinite series of the form

ian(t—to)”:ao+a1(t—to) +a,(t—ty)? +aft-t)°+0I )
n=0

where a,,a,,a,,a,, are constants called the coefficients of the serlt, is a constant called the center of the series
andt is a variable.
If in particulart, = O ,we obtain a power series in powerstof

i@t” =g, +at+at’ +at’+0Fat" + I
n=0 (3)

a,

Series (3) is said to converge absoluteli/im

n- oo

<1,

+1

where R = ||m

n— oo

.Thus if the givert lies in this interval i.eix| < R, then the corresponding sum of the series is a

+1

function of t is given byy(t) =a, +at +at* +at’+Hat" +D]]E:iant” 4)

n=0

Also, y'(t) = a, +a,t +at? + I a,t"* + 0= > nat™™* (5)
n=1

2.0  Numerical Examples

Example 1 Consider the following equation [5]

dy _ >
— = t ; 0)=1 6
% YO y(0) (6)

The exact solution was found by [5] as

1
t) =— 7
YO =1 (7)

The series solutions are
y) = at"; y(t) =) nat"™ (@)
n=0 n=1

substituting (8) in (6),we obtain from the initedndition a, =0 = a, =1

[

o 2
D nat"t = [Zant“j (9)
n=0

n=1
Z(n+1)an+1tn _ztnzan—jaj =0 (10)
n=0 n=0 j=1
a+y (n+a, t"+af+>t"> a a =0 (11)
n=1 n=l j=0
pICSL!
= 2; . :J— 12
& =8y Gy — (12)
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from the initial condition,we obtaig, =1,= a, =1 (13)
-2
n=1 a, = 3031:1 (14)
_ 2
n= 2; a; = M =1 5f1
—(2 +2a,a
n=3; a, = (a0a34 6‘“):1 (16)
_ 2
n=4; a = (2a°a“+§a1a3+a2):1 a7
-(2 +2aa,+2a
nes: g = (% 2214 A3) _ (18
— 2
n=6;, a = (2a°a6+2a1a;+ 2A13; )y (19)
-(2a,a,+t2aa.+2aa.+ 22
P a168 As*t Ba,)_, 20
n:8; agz_(zaoa8+2a1a7+gaza6+ maas"'aj):l (1)
.. Etc
Therefore,the form of the solution can be written a
y() =D at" =1+t +t? +1° 10 +t° +t0+t7 +1° +¢° (22)
n=0
Example 2 Consider the following equation [10]
Y -y +1. y(0) =0 23
The exact solution was found by [10] as
e -1
t)=—— 24
y(t) 11 (24)

substituting (8) in (22),we obtain from the init@nditon a, =0,= a, =1

o o 2
D nat"t = —(Zant”j +1 (25)

n=1 n=0

Z(n+1)an+1n+ztnzan—jaj =1 (26)
n=0 =0 j=1

a1’*’2‘,("]4’:'-)31&1n-"aoz"'Z:tnz‘,an—jaj =1 (27)

n=1 =1 j=0
I
=1- 2' — J
al a0 an+1 n+l (28)
from the initial condition,we obtai@, =0,= a, =1 (29)
-2
n=1, a, :—Zoai =0 (30)
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~(2a3, +a) _ 1
n=2. = 0 - -~7=-_ 31
A 3 3 (31)
—_ 2 +
n=3; a, = ( a0a34 2a1a2):0 (32)
_ 2
n=4; a = (2a0a4+2a1a3+a2)=£ (33)
5 15
—(2 + +
nes, o =Pl 221a4 223) _ a4
—_ 2
ne6 oo (AA*23t2Aaral) 17 a5
7 315
- + + +
i 2aias8 24,+ 22,)_ o)
n=8 a, :_(2a0a8+2a1a7+232a6+ 23@5"'3-2): 62 (37)
9 2835
... Etc
Therefore,the form of the solution can be written as
© 2 2° 1n’ 62’

t) = t"=t-—t+ - + 38
ye) ;a’“ 3 15 315 283 8
Example 3 Consider the following equation[10]

d
4 =YY O+ (=0 (39)
The exact solution was found by [10] as

1, (J2-1

t)y=1++J/2tanh v 2+= lo (40
ye) ’{ 2 {\/E+:JJ

substituting (8) in (39),we obtain

0 00 2 00
D na "™t +(Zant”J -2) at"=1 (41)
n=1 n=0 n=0

a, +i(n +1)a,, t" +a; +it”Zn:an_jaj -2a, - Ziant” =1 (42)
n=1 n=1 j=0 n=1
—2.a,;a +2a,

—1+ .2 —_ 43
a 28, — &, ,an+1 N+l (43)
From the the initial conditiona, =0, = a =1 (44)
n=1, a2=—2aoa;+2a1_1 (45)

_ 2

=20, - JCRETA) 2, 1 .
n=3, a, :_(230334'231&2)4' b3:—% (47)
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— —(2a,a, + 283, + a22 )t 2a, - _1

n=5, &

n==6, .

5

15

— —(2a,8; + 28,8, + 22,8;)+ A - _l

6

45

a :—(2a0a6+2a1a5+2a2a4+a§ )+ %-6: 53

...Etc

7

Therefore, the form of the solution can be writhsn
@ t* t* 7> 53’

t) = "ottt —— ——— 4+ +...
yo nzz;‘a” 3 3 15 315

4.0 Numerical results and discussion

We now obtain numerical solutions of Riccati diffietial equations. Table 1 shows comparison betwsenPSSM and the
exact solution for example 1. Table 2 shows comsparbetween the PSSM and the exact solution fompka?2. Table 3

315

shows comparison between the PSSM and the exatiosofor example 3.
Table 1: Numerical comparisons for example 1

T Exact Solution PSSM Absolute Error

0.01 1.01 1.01010101 0.00010101

0.02 1.02 1.020408163 0.000408163

0.03 1.03 1.030927835 0.000927835

0.04 1.04 1.041666667 0.001666667

0.05 1.05 1.052631579 0.002631579

0.06 1.06 1.063829787 0.003829787

0.07 1.07 1.075268817 0.005268817

0.08 1.08 1.086956522 0.006956522

0.09 1.09 1.098901099 0.008901099

0.1 1.1 1111111111 0.011111111

Table 2 Numerical comparisons for example 2
T Exact solution PSSM Absolute Error

0.1 0.099667995 0.099799995 0.000132
0.2 0.197353203 0.19839932 0.001046117
0.3 0.291316124 0.294588628 0.003272504
0.4 0.379948962 0.387117311 0.007168349
0.5 0.462117157 0.474621087 0.01250393
0.6 0.537049567 0.555509628 0.018460061
0.7 0.604367777 0.627837995 0.023470218
0.8 0.66403677 0.68921731 0.02518054
0.9 0.71629787 0.736859839 0.020561969
1 0.761594156 0.767901235 0.006307079
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Table 3: Numerical comparisons for example 3

T Exact Solution PSSM Absolute Error
0.1 0.110295197 0.110295178 1.89222E-08
0.2 0.241976799 0.241974044 2.75476E-06
0.3 0.395104848 0.3950526 5.22481E-05
0.4 0.567812166 0.567384178 0.000427988
0.5 0.756014393 0.753819444 0.002194948
0.6 0.953566216 0.9452544 0.008311815
0.7 1.15294896 1.127566378 0.025382582
0.8 1.34636355 1.280438044 0.065925506
0.9 1.526911312 1.3760694 0.150841912
1 1.68949839 1.377777778 0.311720612

Conclusion

In this paper, power series solution method is iegdpto solve Riccati equations.The method is adpire a direct way
without using linearization, transformation,pertaiibn,discretisation or restrictive assumptionsifty be concluded that
power series solution method is very powerful afiitient in finding the approximate solution foretfclass of differential
equation. Therefore, it could be easily includetkitures on classical mechanics for undergracstatients.
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