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Abstract

In this paper, we applied the semi-analytic Variational Iteration method (VIM) and the
Reduced Differential Transform method (RDTM) to the nonlinear fifth order Kawahara
equation to test the efficacy of the methods. The study shows that these semi-analytic methods
are efficient tools for obtaining approximate solutions to nonlinear equations with wide
applications in physics and engineering. Conclusively, VIM was found in the example
discussed to be better than RDTM due to its faster convergence rate and because it does not
require calculating the cumbersome Adomian polynomials
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1.0 Introduction

Most physical phenomena are best described byapdaiifferential equations that are nonlinear inunat These nonlinear
partial differential equations appear in many fieklich as Hydrodynamics, Engineering, Quantum fiedbry, Optics,
Plasma physics etc. They mostly do not have exdgtians and are therefore approximated using nisaeschemes [1].
Semi-analytic methods which do not involve rounfiefors and discretization of the variables asged with numerical
schemes and are also relatively easier to implef@niThey also converge to the exact solutiontaf honlinear partial
differential equation if an exact solution existhese semi-analytic methods include the Adomiaroagosition method
[3], Differential transform method [4], Homotopy nberbation method [5], Variational iteration meth¢@], Reduced
differential transform method [7] etc.

The Variational iteration method has been appled tvide range of nonlinear problems, [8-11]. Trezléted differential
transform method has been applied to various neatipartial differential equations. [7, 12-14].

In this paper we applied the VIM and RDTM to thenlwear fifth order Kawahara equation given by:

ou ou , a%u  d%u
. E‘F u-a.-l' ﬁ—”a?—o (1)
Subject to the initial condition:
u(x, 0) = 2 sech (L) 2
! 169 2V13

This equation occurs in the theory of magneto-aitaigvaves in plasma [15] and in the theory of Islvalwater waves with
surface tension [16].

2.0 Methodology

2.1  Variational Iteration Method
To explain the basic concept of variational itematinethod [6], let's consider a differential eqaatin the form:
L(u(x, t)) + N(u(x, t)) =g(x,t) 3)
WherelL is a linear operatoty is a nonlinear operator arg{x, t) is an inhomogeneous term. We construct a corrmectio
functional as follows:

Uerr (0, 8) = weCe, ) + fy ML(ue (6, 0)) + N(i1 (x, ) — g, O} ¢ (4)
A is a general Lagrange multiplier [6][17] which caa identified optimally via variational theory. &lsecond term on the
right is the correction ani, is a restricted variation i.61i, = 0 [6].
So we first determine the Lagrange multipliethat will be identified optimally via integratidsy parts. The
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determination of the approximationg(x,t) (k = 0) follows immediately. The solution to the differetequation is given
by

u(x, t) = limg_q uy(x, t) (%)
2.2 REDUCED DIFFERENTIAL TRANSFORM METHOD
The basic definitions of the Reduced Differentighisform Method (RDTM) are introduced as follow} (7
If the functionu(x, t) is analytic and differentiable continuously widspect to time and space in the domain of interest,
then we introduc#,, (x) such that,
1 aku(x,t)

U@ = g1 _, (6)

Where thet-dimensional spectrum functidh, (x) is the transformed function af(x, t). The inverse differential transform
of U, (x) is defined as follows;

u(x,t) = Xio Uy (x) t* (7)
Combining equation (6) and (7) we can write
k
uCet) = o= || e (8)

t=0
From the above definitions, it can be seen thatdhwecept of the RDTM is derived from the power egrexpansion.
According to the Reduced Differential Transform ked and Table 1 from [7], [12], [13] we can constran iteration
formula to obtain values @f;, U,, U, U,, Us, etc.
The first term of the transformed solutidg(x) is just the initial condition at the timte= 0. Also, for second order partial
differential equations, the derivative of the ialtcondition with respect to time giv¥s(x).The inverse transformation of
the set of valueflU, (x)}-, gives approximate solution as

T, 8) = Xhioo U (1) tF ©9)
wheren is the order of the approximation. Therefore,gkact solution of the equation is given by;

u(x, t) = lim, o U, (x, t) (20)

Table 1: Reduced Differential Transform Table

FUNCTIONAL FORM

TRANSFORMED FORM

u(x,t)

1 [0%u(x,t)
Up(x) = il —
t=

0

u(x, t) + v(x,t)

U (x) £ Vi (x)

au(x,t) aU (x)(a is a constant)
xMgn x™5(k —n)
x™t"u(x, t) x™U(k —n)

u(x, t) v(x,t)

k
> U@ Ve @
r=0

i (k+ )
aer e Ve @)
ax u(x’ ) ax k(x)
Nonlinear Function 1ok
N(u(x, 1)) = F(u(x, 1)) Nie = p[m F(Uo)]t=0
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3.0 APPLICATION
3.1 VARIATIONAL ITERATION METHOD
Consider the Kawahara equation (1):

Subject to the initial condition:
105
u(x,0) = ——sech* (—)

The equation can be rewritten for convenience as:

U + ufo + Usexx = Uggaxx = 0 ) ) (11)
According to VIM, we can construct the correctiamdtional as:

t ~ o~ ~ ~
uk+1(x' t) = Ug (x: t) + fO l{ukt + UgUgkx + Ugxxx — ukxxxxx}dq (12)

Wherefii, is considered as a restricted variation, §&, = 0 and A is the general Lagrange multiplier. Making the \abo
correction functional stationary, we yield the istaary conditions:
1+41=0 A=0

A= -1
Substituting this value of the Lagrange multipii@io the correction functional gives the iteratfonmula
t
uk+1(xﬁ t) = Ug (x: t) - fo {ukt + Uplpx + Upexx — ukxxxxx}d ( (13)

We begin with the initial condition as the initegproximationu,

_105 h4( x )
u0—1695ec N3

Using the iteration formula and the initial approgitions, we obtain successive approximationst,, us, u,, ... with the aid
of computer algebraic system MATHEMATICA. The fifstv solutions are presented below.
105 ( x ) 7560t

2

x x
u; = ——sech? + sech* (—) tanh (—)
te V13 28561v13 2v13 2v13

169
3.2 REDUCED DIFFERENTIAL TRANSFORM METHOD
Recall the nonlinear Kawahara equation given by:(11
U + Uy + Unxx — uxxxxx = 03 s
(11) can be written in standard operator form &3,(WhereL. = —, R = :?— :—5 and N = u:—x is the non-linear term.
L(u(x, t)) + R(u(x, t)) + N(u(x, t)) =0 (14)
with initial condition

105
u(x,0) = ——sech*

X
169 (2@)
Using Table 1, we can transform each term of equdti4) as follows;
L(u(x, ) = £y, (15)

k!

a3 a5
R(u(x, t)) = ?U:—?Usk (16)
The first few non-linear terms are the Adomian Polyials [3] and are given as:

au,
No=U
0 Oax

d d
N1= UO U1+U1 aUO

au; au,

0x
Nz = UO + Ul + UZ_
au3 au2 au1

6U2
Ny = UpZ2+ Uy 22+ U, 22 4 Uy 20
Subsututmg equation (15) and (16) into equatibf) (we get the transformed form of the Kawaharaagqno.

(k+1)! asuk 33Uy
— = - 17
k! kt1 = s ax3 k a7

From the initial condition we can write

U = 105 h‘*( x
0= ESGC —Zm)
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Subsequent,, values are obtained using the iteration formuld) @nd the initial condition (2) with the first fewalues
presented below.

U 7560 h4< X )t h( X )

= ——SecC — ) an E—

1 2856113 2413 2413
68040

_ 6 X X
U2 = G27ag517 S°h (zm) [2 cosh (zm) N 3]
The solution is given by the inverse differentransform in equation (9):
ulx, t) = Yoo Upth = Uy + Uyt + Uyt? + Ust® + Uyt + Ust® + Ugt® ... (18)
The implementation of the RDTM is done with the aldMATHEMATICA to obtain theU, values and plug them into
equation (18) to get the approximate solution.

4.0 RESULTS AND DISCUSSION

The variational iteration method and the reducé@mintial transform method have been applied ¢éortbnlinear Kawahara
equation with results obtained for the VIM for= 4 while RDTM results are obtained fbr= 6. The absolute differences
between the VIM and RDTM solutions at selected siraee presented in Table 2. From Table 2, we obshiat the VIM
and RDTM gave comparable results with a maximunolaits difference of order 1E-09 at= 0.2 which implies that the
VIM and RDTM results agree to at least 8 decimalcpk. Figure 1 shows the 3-D surface plot of thigl ¥hd RDTM
solutions of the nonlinear Kawahara equation. lidahplots are obtained from the VIM AND RDTM sdhus.

Conclusively, the VIM is simpler to implement andma efficient than the RDTM as it converges fasitan the RDTM and
it does not require the calculation of the cumbersand difficult Adomian Polynomials.

Table 2: Absolute differences between VIM and RDTMor the Kawahara equation.

[VIM - RDTM]|

x t =0.05 t=0.1 t=0.2 x t =0.05 t=0.1 t=0.2
10 | 2.160E-14 6.890E-13 2.202E-11 1 8.936E-12 2.859E-10 9.147E-09
9 1.550E-14 4.936E-13 1.574E-11 2 2.394E-12 7.671E-11 2.461E-09
8 9.699E-14 3.115E-12 9.979E-11 3 4.504E-12 1.441E-10 4.607E-09
7 2.620E-13 1.066E-11 3.457E-10 4 1.215E-12 3.935E-11 1.263E-09
6 1.710E-13 2.621E-12 7.735E-11 5 1.473E-12 4.820E-11 1.544E-09
5 1.571E-12 4.843E-11 1.547E-09 6 7.702E-14 2.180E-12 7.990E-11
4 1.233E-12 3.922E-11 1.252E-09 7 4.850E-13 1.112E-11 3.472E-10
3 4.506E-12 1.442E-10 4.619E-09 8 9.916E-13 4.900E-12 1.030E-10
2 2.387E-12 7.630E-11 2.435E-09 9 6.690E-13 1.805E-12 5.745E-12
1 8.939E-12 2.861E-10 9.157E-09 10 3.612E-13 1.370E-12 2.347E-11
0 3.997E-15 2.920E-13 1.868E-11
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0.1 F
A0 o £

Figure 1: 3-D surface plot of solutionu(x, t) of the Kawahara equation with (a) VIM (k = 4) (b) RDTM (k = 6).

CONCLUSION

In this work, the variational iteration method atie reduced differential transform were succesgfapiplied to obtain
solutions to a nonlinear fifth order partial diéatial equation known as the Kawahara equation.ughovIM and the
RDTM gave comparable solution, the VIM is propo$edsolving other high order nonlinear partial difntial equations
due to its faster convergence rate and becauses bt require calculating the cumbersome Adoméaynomials.

REFERENCES

[1] El-Wakil S.A., Abdou M.A. (2007). New applicatis of Adomian decomposition method. Chaos solit&ns
Fractals, 33 513-522.

[2] Kolebaje O.T. and Oyewande E.O. (2012). Nup@riSolution of the Korteweg De Vries Equation binite
Difference and Adomian Decomposition Method. In&ional Journal of Basic and Applied Sciences,)13@-335.

[3] Adomian G. (1994). Solving Frontier Problemrs Physics: The Decomposition Method. Boston, MApWér
Academic Publishers.

[4] J.K. Zhou. (1986). Dferential Transformation and Its Applications fore&tical Circuits. Wuhan, China:
Huazhong University Press.

[5] J.H. He. (2003). Homotopy perturbation methadnew nonlinear analytical technique. Applied Mathécs and
Computation , 135 (1), 73-79.

[6] J.H. He. (1999). Variational iteration method kind of non-linear analytical technique: Somaragles. Internat. J.
Non-linear Mech. , 34, 699-708.

[7] Y. Keskin and G. Oturanc . (2009). Reducedfééntial Transform Method for Partial DifferentiBlquations.
International Journal of Nonlinear Sciences and Bitcal Simulation , 10 (6), 741-749.

[8] J.H. He, X.H. Wu. (2006). Construction of saliy solution and compacton-like solution by vadatl iteration
method. Chaos, Solitons and Fractals , 29 (1),1108-

[9] Ji-Huan He and Xu-Hong Wu. (2007). Variatioiteration method: New development and applicati@@@mputers
& Mathematics with applications , 54, 881-894.

[10] Ganiji D.D., Jannatabadi M. and Mohseni E. @0®pplication of He's variational iteration methdo nonlinear
Jaulent—Miodek equations and comparing it with AD8 Comput. Appl. Math.

[11] S. Momani and S. Abuasad. (2006). ApplicatidriHe’s variational iteration method to Helmhodtguation. Chaos,
Solitons and Fractals , 27 (5), 1119-1123.

[12] Y. Keskin and G. Oturanc. (2010). Reduced ®#htial Transform Method for Fractional PartialffBiential
Equations. Nonlinear Science Letters A, 1 (2),/@1-

Journal of the Nigerian Association of Mathematical Physics Volume 23 (March, 2013) 17 - 22

21



Solution of the Nonlinear Kawahara Equation Olusola, Obende and Lateef] of NAMP

[13] Y. Keskin, S. Servi and G. Oturanc. (2011).nMwical Solution of sine-Gordon Equation by Redubsfferential
Transform Method. Proceedings of the World CongogsEngineering, July6-8, 2011. 1. London: WCE 2011

[14] Kolebaje O.T. (2012). Analytic and Numericabl®ion of Deterministic and Stochastic Partial fBiéntial
equations in Hydrodynamics and Surface sciencecNit&sis, University of Ibadan: Department of Pbysi

[15] T.R. Akylas and T.S. Yang. (1995). On shomecoscillatory tails of long-wave disturbanceguds Appl. Math. ,
1-20.

[16] J.K. Hunter and J. Scheurle. (1988). Existeoteerturbed solitary wave solutions to a modelagmpn for water
waves. Phys. D, 32, 253-268.

[17] J.H. He. (2000). Variational iteration methfaat autonomous ordinary fierential systems. Appl. Math. Comput. ,
114 (2-3), 115-123.

[18] Y. Keskin, I. Caglar and A.B. Koc. (2011). Narital Solution of sine-Gordon Equation by Redubsfferential
Transform Method. Proceedings of the World CongogsEngineering, July6-8, 2011. 1. London: WCE 2011

Journal of the Nigerian Association of Mathematical Physics Volume 23 (March, 2013) 17 - 22

22



