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Abstract 
 

 
In this paper, some common fixed point theorems are proved for a pair of weakly 

compatible mapping satisfying a general contractive condition of integral type in a 
metric space.  Our theorem has significant improvement on Jungck’s fixed point 
theorem by employing weakly compatible maps which is more general than 
commutativity of maps. These results are extensions and generalizations of multitude of 
results in the literature, including the results of Branciari [1] and Rhoades [2]. 
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1.0 Introduction 
The study of metric fixed point theory has been researched extensively in the past decades, since fixed point theory plays a 
vital role in Mathematics and applied sciences, such as Optimization, Mathematical models and Economic theories. The 
concept of fixed point has been generalized by different authors from single map to pairs of maps, for example see ([3], [4], 
[5], [6]). However, the concept has also been considered in different spaces like Metric, Normed linear, Partial metric and 
Cone metric spaces.  
The first important result on fixed points for contractive type mapping was given by Banach [7] in 1922 as stated in the 
following theorem: Theorem 1.1 (Banach’s Contraction Principle): Let ),( dX  be a metric space, 

)1,0(∈δ and XXf →: be a mapping such that for each ,, Xyx ∈  

                    ),(),( yxdfyfxd δ≤                           (1.1)               

then f has a unique fixed point ,Xp ∈ such that for each ,Xx ∈  .lim pxf n

n
=

∞→  
In 2002, Branciari [1] analyzed the existence of fixed point for mapping f defined on a complete metric space ),( dX
satisfying a general contractive condition of integral type. 
Theorem 1.2 (Branciari [1]): Let ),( dX  be a complete metric space, )1,0(∈c and XXf →: be a mapping 

such that for each ,, Xyx ∈  

                    ∫ ∫≤
),(

0

),(

0
)()(

fyfxd yxd
dttcdtt ϕϕ                                                         (1.2)         

where ),0[),0[: +∞→+∞ϕ is a Lebesgue integrable mapping which is summable (i.e with finite integral) on each 

compact subset of ),,0[ +∞ nonnegative , and such that for each ,0>ε ,0)(
0∫ >
ε
ϕ dtt then f has a unique fixed point 

,Xp ∈ such that for each ,Xx ∈  .lim pxf n

n
=

∞→  
After the fine work done by Branciari [1], several research have been carried out by different authors, generalizing various 
contractive conditions of integral type for different contractive properties. A beautiful work has been done by Rhoades [2]  

extending the results of Branciari [1] by replacing condition (1.2) by the following: 

                    ∫ ∫
+

≤
),(

0

]),,(),,(),,(max[

0

2

),(),(

)()(
fyfxd fyydfxxdyxd

fxydfyxd

dttcdtt ϕϕ  …                                        (1.3) 
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The main aim of this paper is to generalize the fine work of Branciari [1] and Rhoades [2] by using a pair of weakly 
compatible maps satisfying a general contractive condition of integral type in a metric space. 
We shall need the following definition to prove our results: 
Definition 1.3 [6]: A point Xp ∈ is called a coincident point of a pair of self maps S,T if there exists a point q (called a 

point of coincidence) in X such that TpSpq == . Self maps S and T are said to be weakly compatible if they commute at 

their coincidence points, that is if TpSp =  for some ,Xp ∈      then .TSpSTp =  

2.0      Main Results 
 

Theorem 2.1. Let ),( dX be a metric space and XXTS →:,  two self mappings ofX  such that )()( XSXT ⊆   

satisfying 

            ∫∫ ≤
),(

0

),(

0

),()()()(
SySxdTyTxd

tdtktdt ϕϕ                                                             ………………………….………           (2.1) 

for all ,, Xyx ∈ where )1,0[∈k and ++ → RR:ϕ is a Lebesgue integrable mapping, which is summable, nonnegative 

and such that for each  ,0>ε  ∫ >
ε

ϕ
0

.0)()( tdt  Suppose )(XS is complete and S andT are weakly compatible. Then S

andT have a unique common fixed point p in .X   

Proof: 

Let ,0 Xx ∈ choose Xx ∈1 and define 01 TxSx = since ).()( XSXT ⊆                                                                          

We define a sequence }{ ny in X such that 

                ,1 nnn TxSxy == + for ,...2,1,0=n  

From 2.1, for each ,1≥n we  have  

  
∫ ∫

+ +=
),(

0

),(

0

1 1

)()(
nn nnyyd TxTxd

dttdtt ϕϕ                                               

                      ∫
+≤

),(

0

1

,)(
nn SxSxd

dttk ϕ  

                      ∫
−≤

),(

0

2 1

,)(
nn SxSxd

dttk ϕ  

                      ∫≤
),(

0

21

,)(
SxSxdn dttk ϕ                                                                                                                                                                                                          

                        ∫≤
),(

0

10

.)(
yydn dttk ϕ                                                                                         ……………. ………    (2.2)    

  Since ),1,0[∈k  

Then    ∫
+ →≤

),(

0

1

0)(
nn yyd

dttϕ  as ,∞→n                          

Therefore, by the condition in theorem 2.1, we have 0),( 1 →+nn yyd  as .∞→n  

Next, we show that }{ ny is a Cauchy sequence, that is, we show that .),( 1)(1)( ε≤−− qnqm yyd We prove this by 

contradiction, that is, assume it is not, then for ,0>ε there exist subsequences })({ vqm and })({ vqn such that for any 

positive integer ,v vqn )( is very small, that is 

,),( )()( ε≥vqnvqm yyd .),( 1)()( ε<−vqnvqm yyd  

Hence, ∫ ∫ ∫
−−≤≤

ε
ϕϕϕ

0

),(

0

),(

0

)()( 1)(1)(

)()()(
vqnvqm vqnvqmyyd yyd

dttkdttdtt  
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As ,∞→v we obtain ,)()(
0 0∫ ∫≤
ε ε

ϕϕ dttkdtt which is a contradiction. 

      Hence .),( 1)(1)( ε≤−− vqnvqm yyd  This shows that }{ ny is a Cauchy sequence in .X   

The sequence )(}{}{ 1 XSSxy nn ⊂= + is a Cauchy sequence in ).(XS  

Since )(XS is complete, it converges to a point Sup = for some .Xu ∈  

Hence the subsequence 1+nTx also converges to ,Tup = for some .Xu ∈  

Using (2.1), we have ∫ ∫
+ +≤

),(

0

),(

0

1 1

.)()(
n nTxTud SxSud

dttkdtt ϕϕ  

Taking limit as ,∞→n with ,10 <≤ k we have  

                        ∫ =
),(

0
.0)(

pTud
dttϕ                …………………………………(2.3) 

By the condition in theorem 2.1, we have from (2.3), that 
        0),( =pTud  or ,pTu = hence .pSuTu ==  

Since S and T are weakly compatible, we have 
              ,TSuSTu =  that is .TpSp =  

If ,pTp ≠ using (2.1), we have 

∫∫ ∫ ∫ =≤= + + ),(

0

),(

0

),(

0

),(

0
)()()()(

1 1 pSpdpTpd TxTpd SxSpd
dttkdttkdttdtt

n n ϕϕϕϕ which is a contradiction. 

     Hence .pTp =  

         Therefore .pSpTp ==  

To prove uniqueness, suppose ,pz ≠ is also a common fixed point of T and ,S then 

∫∫∫ ∫ =≤=
),(

0

),(

0

),(

0

),(

0
)()()()(

zpdSzSpdzpd TzTpd
dttkdttkdttdtt ϕϕϕϕ  

     That is 0)()1(
),(

0
=− ∫

zpd
dttk ϕ  

⇒    .0)(
),(

0
=∫

zpd
dttϕ  

By the condition in theorem (2.1), we have  .0),( =zpd  

Therefore ,zp = and the common fixed point is unique. This ends the proof. 

Theorem 2.1 leads to the following corollary, if xSx =  and ySy = (i.e S is an identity mapping): 

Corollary 2.2 (Branciari [1]): Let ),( dX  be a complete metric space, )1,0(∈c and XXf →: be a mapping such that 

for each ,, Xyx ∈  

                    ∫ ∫≤
),(

0

),(

0
)()(

fyfxd yxd
dttcdtt ϕϕ  ,  where ),0[),0[: +∞→+∞ϕ is a Lebesgue integrable mapping which is 

summable (i.e with finite integral) on each compact subset of ),,0[ +∞ nonnegative , and such that for each ,0>ε

,0)(
0∫ >
ε
ϕ dtt then f has a unique fixed point ,Xp ∈ such that for each ,Xx ∈  .lim pxf n

n
=

∞→
 

Theorem 2.3: Let ),( dX  be a complete metric space, )1,0(∈c and XXf →: be a mapping such that for each 

,, Xyx ∈  ∫ ∫≤
),(

0

),(

0
)()(

fyfxd yxd
dttcdtt ϕϕ  ,        (2.4) 

 where ),0[),0[: +∞→+∞ϕ is a Lebesgue integrable mapping  

which is summable (i.e with finite integral) on each compact subset of ),,0[ +∞ nonnegative , and such that for each ,0>ε

,0)(
0∫ >
ε
ϕ dtt then f has a unique fixed point ,Xp ∈ such that for each ,Xx ∈  .lim pxf n

n
=

∞→
 

Proof: 
Let ,0 Xx ∈ choose Xx ∈1 and define 01 TxSx = since ).()( XSXT ⊆                                                               

Journal of the Nigerian Association of Mathematical Physics Volume 23 (March, 2013) 1 - 6     



4 

 

Some Common Fixed Point Theorems For Weakly Compatible...  Akewe and Okodugha J of NAMP 
 

We define a sequence }{ ny in X such that 

                ,1 nnn TxSxy == + for ,...2,1,0=n  

From 2.4, for each ,1≥n we  have  

  
,)()()(

),(

0

),(

0

),(

0

11 1

∫∫ ∫
++ + ≤= nnnn nn SxSxeyyd TxTxd

dttkdttdtt ϕϕϕ       ………………………..   (2.5) 

where   }),,(),,(),,(max{),( 2
)],(),([

1111
11 nnnn TxSxdTxSxd

nnnnnnnn TxSxdTxSxdSxSxdSxSxe ++ +
++++ =     

that is  }.),,(),,(max{),( 2
)],(),([

111
11 nnnn yydyyd

nnnnnn yydyydyye +
+−−

+−=      ………….(2.6)         

Note that      .2
)],(),,([

2
),( 111 +−− ≤ nnnnnn yydyydyyd              …………………………… ……(2.7)       

  Hence   )}.,(),,(max{),( 111 +−− = nnnnnn yydyydyye      ………………………  ….(2.8) 

Substituting (2.8) into (2.5), we have   

   
,)()(

),(

0

)},(),(max{

0

1 11

∫ ∫
+ +− +

≤nn nnnnyyd yydyyd
dttdtt ϕϕ            

                            ∫
−≤

),(

0

1

,)(
nn yyd

dttk ϕ  

                            ∫
−−≤

),(

0

2 12

,)(
nn yyd

dttk ϕ  

                            ∫
−−≤

),(

0

3 23

,)(
nn yyd

dttk ϕ                                                                                                                              

                            ∫≤
),(

0

10

.)(
yydn dttk ϕ                                        ……………. ………    (2.9)    

Taking the limit of (2.9) as ,∞→n with ,10 <≤ k we have 

         ∫
+ =

∞→

),(

0

1

.0)(lim
nn yyd

n
dttϕ

    
……………………………………………………(2.10) 

By the condition in theorem 2.3, we have .0),(lim 1 =+∞→ nn
n

yyd  

Next, we show that }{ ny is a Cauchy sequence in .X  

The sequence )(}{}{ 1 XSSxy nn ⊂= + is a Cauchy sequence in ).(XS  

Since )(XS is complete, it converges to a point Sup = for some .Xu ∈  Hence the subsequence 1+nTx also converges to 

,Tup = for some .Xu ∈  

In view of (2.4) and (2.10), we have  

           ∫ ∫
+ +≤

),(

0

),(

0

1 1

.)()(
n nTxTud SxSud

dttkdtt ϕϕ
   

………………………………………..(2.11) 

Taking limit of (2.11) as ,∞→n with ,10 <≤ k we have  

                        ∫ =
),(

0
.0)(

pTud
dttϕ               ………………………………………….(2.12) 

By the condition in theorem 2.3, we have from (2.12), that 
        ,0),( =pTud  hence .pSuTu ==  

Since S and T are weakly compatible, we have 
              ,TSuSTu =  that is .TpSp =  
If ,pTp ≠  then we have 

∫∫ ∫ ∫ =≤= + + ),(

0

),(

0

),(

0

),(

0
)()()()(

1 1 pSpdpTpd TxTpd SxSpd
dttkdttkdttdtt

n n ϕϕϕϕ  
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  But ,TpSp =  

  Hence    ∫ ∫=
),(

0

),(

0
)()(

pTpd pTpd
dttkdtt ϕϕ which is a contradiction,  

Thus ,pTp = therefore .pSpTp ==             …………………………………….(2.13) 

To prove uniqueness, suppose ,pz ≠ is also a common fixed point of T and ,S then 

∫ ∫=
),(

0

),(

0
)()(

zpd TzTpd
dttkdtt ϕϕ  

                       ∫ ∫=≤
),(

0

),(

0
.)()(

SzSpd zpd
dttkdttk ϕϕ       …………………………..(2.14) 

Then zp = and the common fixed point is unique. 

If we replace equation (2.4) with the following contraction map 
)},,(),,(),,(),,(),,(max{),( TxSydTySxdTySydTxSxdSySxdSySxm = for all ,, Xyx ∈ where .10 <≤ k  

Let ,1 nnn TxSxy == + then 

     ,)()(
),(

0

),(

0

11

∫∫
−+ ≤ nnnn yymyyd

dttkdtt ϕϕ where               ………………………………..(2.15) 

)}.,(),,(),,(),,(max{),( 11111 nnnnnnnnnn yydyydyydyydyym +−+−− =  

By triangular inequality, 

)}.,(),({),( 111 +−− += nnnnnn yydyydyyd
    

…………………………………….(2.16) 

Substituting (2.15) into (2.16), we have  

        ∫∫
+−+ +

≤
)],(),([

0

),(

0

111

.)()(
nnnnnn yydyydyyd

dttkdtt ϕϕ  

                                
.)(.)(

),(

0

),(

0

11

∫∫
=− +≤ nnnn yydyyd

dttkdttk ϕϕ
 

⇒           ∫∫
−+ ≤−

),(

0

),(

0

11

.)()()1(
nnnn yydyyd

dttkdttk ϕϕ
 

or    ∫∫
−+

−≤
),(

01

),(

0

11

.)()(
nnnn yyd

k
k

yyd
dttdtt ϕϕ

  

Let ,
1 k

k
c

−
= then we have 

  ∫∫
−+ ≤

),(

0

),(

0

11

.)()(
nnnn yydyyd

dttcdtt ϕϕ
 

)17.2.(...................................................)()(
),(

0

),(

0

11

∫∫
++ ≤ nn SxSudTxTud

dttcdtt ϕϕ
 

Taking limit ,∞→n with ),,0[ 2
1∈c then 

          
.0)(

),(

0
=∫

pTud
dttϕ

 
Hence by the condition in theorem 2.3, we have 
          .0),( =pTud  

Therefore    .pSuTu ==  
If ,pTp ≠ using (2.17), we have 

.)()()()(
),(

0

),(

0

),(

0

),(

0

1 !

∫ ∫ ∫∫
+ + =≤= n nTxTpd SxSpd pSpdpTpd

dttcdttcdttdtt ϕϕϕϕ
 

But ,TpSp = hence .)()(
),(

0

),(

0 ∫∫ =
pTpdpTpd

dttdtt ϕϕ  

This is a contradiction, hence .pTp =  

Therefore .pSpTp ==  
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The uniqueness follows from equation (2.13) and (2.14). This ends the proof. 
Theorem 2.3 leads to the following corollary if xSx =  and ySy = (i.e S is an identity mapping): 

Corollary 2.4 (Rhoades [2]): Let ),( dX be a metric space, )1,0[∈k  and XXT →:  a self mapping ofX  such that for 

all ,, Xyx ∈  satisfying 

            
∫∫ ≤

),(

0

),(

0

),()()()(
yxmTyTxd

tdtktdt ϕϕ                

where },),,(),,(),,(max{),( 2
)],(),([ TxydTyxdTyydTxxdyxdyxm +=  where ++ → RR:ϕ is a Lebesgue integrable 

mapping which is summable, nonnegative and such that for each  ,0>ε  ∫ >
ε

ϕ
0

.0)()( tdt   Then T has a unique fixed point 

p in X  such that, for each ,Xx ∈ .lim pxT n

n
=

∞→
 

Remark 2.5: (i). If 1)( =dttϕ , in (2.1), we have ),,(),( SySxkdTyTxd ≤ for ,10 <≤ k which is the Jungck 

contraction map. 

(ii).  If 1)( =dttϕ , in (2.4), we have ),,()(),()(
),(

0

),(

0
SySxkedttkTyTxddtt

SySxeTyTxd

∫∫ =≤= ϕϕ for all Xyx ∈, and 

).1,0[∈k  

(iii). If 1)( =dttϕ in (2.4), we have  

),,()(),()(
),(

0

),(

0
SySxkmdttkTyTxddtt

SySxmTyTxd

∫∫ =≤= ϕϕ for all Xyx ∈, and ).1,0[∈k  

Therefore every contractive condition of integral type also include a corresponding contractive condition not involving 

integrals by setting 1)( =tϕ over +R . 

Conclusion  Theorem 2.1 has significantly improved the Jungck’s fixed point theorem by employing weakly compatible 
maps instead of commutativity of maps. This research paper has  also  extended and generalized the theorem of Branciari [1] 
and Rhoades [2] to a pair of weakly compatible mappings in a metric space. 
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