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Abstract

The work is on convergence of numerical solution for heat equation. In this
problem, we consider a suitable difference scheme whose dependent variable u is the
control which depends on multiplicity of space variables x,X»,Xz...,x,, and time variable
t. Here, u is defined on suitable subspaces of the space of definition. This type of
function u, is said to be admissible and also, satisfies the Taylor series expansions.

Also, the difference scheme in question satisfy the numerical properties such as
consistency, stability and convergent. Numerical solution obtained were found to be
constant, stable and convergent.

Keywords: Convergence, humerical solution, numerical scheme, consistency, stability admissible function.

1.0  Introduction
Consider the heat equation

ou_ .,0%

ot Ox?
where t and x are the time and distance coordinates respectively, in the region R =[0<x < 1]x[t>0],
with appropriate initial and boundary conditions. The region ‘R is replaced by a set of points R ; which are the vertices of
grid points (m,n)where x = a + mb,
t = nk with Mh = b —a, M being integer. The quantities k and h are mesh sizes in the time and space direction respectively.

In equation (1.1) u is taken as the control, a quantity that adds heat per unit time of the system, c is the wave speed
(see [1] and [2])
We write the finite difference scheme for equation (1.1) as

P 2u; , +u

At (Ax)?

where n is the subscript of space at time level [3]. This is the explicit form of the finite difference equation.
In equation (1.2) the control term u depends on multiplicity of space variables x;, X, Xs..., X, and time t in the space of
definition. This type of function u is set to be admissible [4] and hence, it admit the Taylor series expansion [5] which

satisfies equation (1.1) as expected.
We then write equation (1.2) as

(1.1)

i+1,n (1.2)

At
Ui hi1 — Uin :w[um,n —2u;, +ui—l,n] (1.3)
At
Let > =A (1.4)
(AX)
ui,n+1 - ui,n = ﬂ’ui+l,n - 2ﬁ’ui,n + ﬂ’ui—l,n (1'5)
ui,n+1 = kui+1,n + (1'2}\4) ui,n + 7\fui-l,n (16)

A practical result for convergence of the numerical scheme for the solution of the parabolic equation is given in the
equivalent theorem of Lax.
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Equivalent Theorem of Lax [6]: For a well posed linear, initial value problem with a consistent discretization stability is
the necessary and sufficient condition for convergence of the numerical scheme.

2.0 Main Results
2.1 Consistency
We consider the numerical scheme

n+1 n
u"—u"ut —2u" +ul 2.1)
At (Ax)?
for the solution of the heat equation of (1.1)
u_n+1 _ u_n 1 (At)z
LT == [u(x.t) + At u; (x,t) + +Ug (X,0)... - U(X;t 2.2
At At[( ) ¢ (X,1) it (X,1) (x.9] (2.2)
At
:Ut+ 7Un R (23)
u"t —u’ At
Tt—ut =?utt +...=0, (A= 0 (2.4)
AX)?
U, =u(xt) + Axu; (x,t) + ( 2) Uy, (X t)+( 3) Uy, (D) +... (2.5)
3
u', =u(x,t) — Axu; (x,t) +%uxx(x,t) - (A;) Uy, (X,1) +.. (2.6)
=0 (Ax)? ' '
u™ —u® ul, —-2u” +u )
! Ui U, —U, ) =O(At) + O(AX 2.7

Since the total energy will approach zero as At—0 and Ax—>0, we say that the scheme is consistent for the parabolic
equation it is supposed to solve.
2.2 Stability

We consider the numerical scheme

n+1 n
U _ui _ |+1 2U +U| -1 (2.8)
At (Ax)2
LetA = At
(AX)2
uM™ —ul = AU, —2u! +u’,))
ut /1qu +@-2)u] + Au, (2.9)
Put u" = g(t)e'”
uM™t = g(t + At)e'”
P(t+AL)E™ = Lo()e™ " +(1-21)d(t) €™ +Ap(t) ™) (2.10)
- d)(t)[}neiuAX eiax +(1_27\‘)eiax + keiax e—iw(] (211)
= o(t) [(1-20) +he"™™ +e7*)] (2.12)
= ¢(t) [(1-21) + A (cosaAx + isina Ax +cosaAX — isina AX] (2.13)

AX | AX
= ¢(t) [(1-21) +2 (cos® o > sin®a > )]

., AX
= ¢(t) [(1-2A) + 21(1-2 sin oc? )
., AX
= O(t)[1-2A+21-4Asin” o 7]
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= §(t) [1-42sin’ a %] (2.14)
PA+AY _y e (2.15)
#(t)

where s =sin 0. —

For stability we must have
ot + At)

¢(t)

that is,

<1

=1 4257<1 (2.16)

#(t) + At)
(1)

which implies that
that is,

1<d-42s* <1

that is, -2 < -4As? and -4As? < 0
that is, 4As> < 2, 41 s> 0

A2 <Y

Since ‘82‘2 =1, we have that

A <Y andA>0
=0<ALYs (2.17)
Since the numerical scheme is consistent and stable it implies that, the scheme converges.
Following the result in equation (2.17), we give a concrete application for convergence.
2
Consider the heat flow problem (lu = 4873 with boundary conditions
ot OX

1
u(0,t) = 0 = u(8,t) and u(x,0) = 4x- > X2 at the points x = 1, t =0,

i= 123, 7andt= % §1§=0.1,2,...5. Find the value of u(x.0).

Solution
¢?=4,h=1k=*
8
1
c’k 4'§ 1
a:—:_:_
h? 1 2

Then the equation is
1
Uiy j+1 = E (Ui — 1+ Uj 41,) (2.18)

Given u(0,t) =u(8,t) =0
or U(O,j) =0= U(8,j) VJ =1,2,3,45

1., 1,
and u(x,0) =4x- —X° = U, o=4;- —i
2 2

Uoio = 0, Uyo =4(1) - % (1)2 =3.5u0=4(2) - % (2)2 =6

Us,o = 7.5, Uso =8, Us, 0 = 7.5, Ug,0 = 6, U7, 0 = 3.5
Putting j = 0 in (2.18) we get

Ui =35 (ui—1,0 + ui+1,0)
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1 1 1 1

Ug,g = E (Uo,otuz,0) = E (0+6) =3, U1 = E (U1,0+Us3,0) E (3.5+7.5) =55
1 1 1 1

U3, = E (U2,0 +Ua,0) = E (6+8) 7, Ugy = E (Uz\0) + Usy0) = E (15+75)=75
1 1 1 1

Us,3 = E (Usy0) + Ugy0) = E (8+6) =7, U1 = E (Us,o +Uz,0) = E (7.5+3.5)=5.5

1
Uz, = i (Us,0tUsg,0) = = (6+0) =3
2 2

Putting j = 1 in (2.18) we have
Ui2 = %2 (Ui 1H+Uie1,1)

1 1 1 1
Up,p = E (Ui *U2,0) = E (0+5.5) =2.75, up,, = E (Ug1tuzy) = E (3+7)=5
Usz,2 = 6.5, Usp = 7, Us, = 6.5, Ug,o = 5, Uz,0 = 2.75
Putting j = 2 in (2.18) we have
Uiz = %2 (Ui1,2%Uis1,2)
1 1 1 1
U1'3 = — (U0'2+U2'2) = — (05) = 25, U213 = — (U112+U3'2 = — (275+65) =4.625
2 2 2 2
U33 :6,U4v3 =6.5, Us3 = 6, Ug3 = 4,625, Uz3 =25
putting j = 3 in (2.18) we have
Uig = % (Ui1,3%Uis13)

U4 :% (U0,3+U2,3) :% (0+4625) =2.3125, Ups = % (U1V3+ U3’3+) = % (25+6) =4.25

U3 = 0.3625, Uga = 6, Us 4 =5.5625, Us 4 =4.25, Uz4= 2.3125
Putting j = 4 in (2.18) we have

1
Uis = E (Ui-1,a + Uis10)

U5 = %(Uo,4+uz,4) = %(0 + 425) =2.125, Ups = %(UIA +U3'4) = %(2125 + 55625) 5.9375

Table (2.1) Convergence of numerical solution for heat equation

j i |0 1 2 3 4 5 6 7 8

0 0 3.5 0 7.5 8 7.5 6 3.5 0

1 0 3 55 7 7.5 7 55 3 0

2 0 2.75 5 6.5 7 6.5 5 2.75 0

3 0 25 4.626 6 6.5 6 4.625 2.5 0

4 0 2.3125 4.25 5.5625 6 5.5625 4.25 2.3125 0

5 0 2.125 3.9375 5.125 5.5625 5.125 3.9375 2.125 0

3.0 Conclusion:

The numerical scheme is consistent, stable and convergent. Hence the numerical results obtained converge.
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