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Abstract 
 

 

The work is on convergence of numerical solution for heat equation. In this 

problem, we consider a suitable difference scheme whose dependent variable u is the 

control which depends on multiplicity of space variables x1,x2,x3…,xn and time variable 

t. Here, u is defined on suitable subspaces of the space of definition. This type of 

function u, is said to be admissible and also, satisfies the Taylor series expansions. 

Also, the difference scheme in question satisfy the numerical properties such as 

consistency, stability and convergent. Numerical solution obtained were found to be 

constant, stable and convergent. 
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1.0 Introduction 
Consider the heat equation  
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where t and x are the time and distance coordinates respectively, in the region   = [0 ≤ x ≤ 1] x [t ≥ 0],   

with appropriate initial and boundary conditions. The region   is replaced by a set of points  i which are the vertices of 

grid points (m,n)where x = a + mb,  

t = nk with Mh = b – a, M being integer. The quantities k and h are mesh sizes in the time and space direction respectively.  

In equation (1.1) u is taken as the control, a quantity that adds heat per unit time of the system, c is the wave speed 

(see [1] and [2])    

We write the finite difference scheme for equation (1.1) as 
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where n is the subscript of space at time level [3]. This is the explicit form of the finite difference equation.  

In equation (1.2) the control term u depends on multiplicity of space variables x1, x2, x3…, xn and time t in the space of 

definition. This type of function u is set to be  admissible [4] and hence, it admit the Taylor series expansion [5] which 

satisfies equation (1.1) as expected.   

We then write equation (1.2) as    
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ninininini uuuuu ,1,,1,1, 2          (1.5) 

ui,n+1 = ui+1,n + (1-2) ui,n + ui-1,n       (1.6) 

A practical result for convergence of the numerical scheme for the solution of the parabolic equation is given in the 

equivalent theorem of Lax. 
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Equivalent Theorem of Lax [6]: For a well posed linear, initial value problem with a consistent discretization stability is 

the necessary and sufficient condition for convergence of the numerical scheme. 

 

2.0  Main Results  
2.1 Consistency  

 We consider the numerical scheme  
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for the solution of the heat equation of (1.1) 
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   (2.7) 

Since the total energy will approach zero as t0 and x0, we say that the scheme is consistent for the parabolic 

equation it is supposed to solve.      

2.2 Stability  

We consider the numerical scheme  
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Put 
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iαx

 = (t)e
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+(1-2)(t) e
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= (t)[e
iαx

 e
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iαx

 + e
iαx

 e
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= (t) [(1-2) +e
iαx

 +e
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)]       (2.12) 

= (t) [(1-2) +  (cosαx + isinα x +cosαx – isinα x]    (2.13) 
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where s = sin α 
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For stability we must have 

,1
)(

)(




t

tt




 

that is, 141
)(

))( 2 


s
t

tt





       (2.16) 

which implies that 

that is,  

1411 2  s  

that is, -2 < -4s
2
 and -4s

2
 < 0 

that is, 4s
2
 < 2, 4 s

2
 > 0 

s
2
 ≤ ½  

Since 
2s 2

 = 1, we have that  

  ≤ ½  and  > 0  

= 0    ½          (2.17) 

Since the numerical scheme is consistent and stable it implies that, the scheme converges.  

Following the result in equation (2.17), we give a concrete application for convergence.  

Consider the heat flow problem 
2

2

4
x

u

t

u









 with boundary conditions  

u(0,t) = 0 = u(8,t) and u(x,0) = 4x-  
2

22

1
x at the points x = 1, t = 0,  

 i =  1,2,3,…,7 and t = 
8

1
 j: j = 0,1,2,…,5. Find the value of u(x,t). 

Solution  
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Then the equation is  

ui, j+1 = 
2

1
(ui – 1,j + ui +1,j)        (2.18) 

Given u(0,t) = u(8,t) = 0 

or u(0,j) = 0 = u(8,j)  j = 1,2,3,4,5 

and u(x,0) = 4x - 
2

2

1
x  = ui, 0 = 4i - 

2

1
i
2 

u0,0 = 0, u1,0 = 4(1) - 
2

1
(1)

2
 = 3.5, u2,0 = 4(2) - 

2

1
 (2)

2
 = 6 

u3,0 = 7.5, u4,0 = 8, u5, 0 = 7.5, u6,0 = 6, u7, 0 = 3.5 

Putting j = 0 in (2.18) we get 
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u1,1 = 
2

1
(u0,0+u2,0) = 

2

1
(0+6) =3, u2,1 = 

2

1
(u1,0+u3,0) 

2

1
(3.5+7.5) = 5.5 

u3,1 = 
2

1
(u2,0 +u4,0) = 

2

1
(6+8) 7, u4,1 = 

2

1
(u3,0) + u5,0) = 

2

1
(7.5 + 7.5) = 7.5 

u5,1 = 
2

1
(u4,0) + u6,0) = 

2

1
(8+6) = 7, u6,1 = 

2

1
(u5,0 +u7,0) = 

2

1
(7.5+3.5)=5.5 

u7,1 = 
2

1
(u6,0+u8,0) = 

2

1
(6+0) =3 

Putting j = 1 in (2.18) we have  

ui,2 = ½ (ui-1,1+ui+1,1) 

u1,2 = 
2

1
(u0,1 +u2,0) = 

2

1
(0+5.5) = 2.75, u2,2 = 

2

1
(u1,1+u3,1) =

2

1
 (3+7) = 5 

u3,2 = 6.5, u4,2 = 7, u5, = 6.5, u6,2 = 5, u7,2 = 2.75 

Putting j = 2 in (2.18) we have  

ui,3 = ½ (ui-1,2+ui+1,2) 

u1,3 = 
2

1
(u0,2+u2,2) = 

2

1
 (0.5) = 2.5, u2,3 = 

2

1
(u1,2+u3,2 = 

2

1
(2.75+6.5) = 4.625 

u3,3 =6,u4,3 = 6.5, u5,3 = 6, u6,3 = 4.625, u7,3 =2.5 

putting j = 3 in (2.18) we have 

ui,4 = ½ (ui-1,3+ui+1,3) 

u1,4 =
2

1
(u0,3+u2,3) =

2

1
(0+4.625) = 2.3125, u2,4 = 

2

1
(u1,3+ u3,3+) = 

2

1
(2.5+6) = 4.25 

u3,4 = 0.3625, u4,4 = 6, u5,4 =5.5625, u6,4 =4.25, u7,4 = 2.3125 

Putting j = 4 in (2.18) we have  

ui,5 = 
2

1
(ui-1,4 + ui+1,4) 

u1,5 = 
2

1
(u0,4+u2,4) = 

2

1
(0 + 4.25) = 2.125,  u2,5 = 

2

1
(u1,4 +u3,4) = 

2

1
(2.125 + 5.5625) 5.9375  

Table (2.1)   Convergence of numerical solution for heat equation    

 0 1 2 3 4 5 6 7 8 

0 0 3.5 0 7.5 8 7.5 6 3.5 0 

1 0 3 5.5 7 7.5 7 5.5 3 0 

2 0 2.75 5 6.5 7 6.5 5 2.75 0 

3 0 2.5 4.626 6 6.5 6 4.625 2.5 0 

4 0 2.3125 4.25 5.5625 6 5.5625 4.25 2.3125 0 

5 0 2.125 3.9375 5.125 5.5625 5.125 3.9375 2.125 0 

 

3.0 Conclusion:  
The numerical scheme is consistent, stable and convergent. Hence the numerical results obtained converge.   
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