Journal of the Nigerian Association of Mathematical Physics
Volume 22 (November, 2012), pp 307 — 318
© J. of NAMP

An EOQ Model for Items That Exhibit Delay in Deterioration With
Weibull Distribution Deterioration

Yusuf A and ?Sani B

!Department of Mathematics,
Kano University of Science and Technology, Wudil, Nigeria
“Department of Mathematics,
Ahmadu Bello University, Zaria, Nigeria

Abstract

This paper presents an EOQ inventory model for items that exhibit delay in
deterioration with constant demand. A three parameter Weibull distribution is
assumed as the distribution for deterioration. Numerical examples are given to
illustrate the application of the model.
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1.0 Introduction

Generally, inventory depletion is considered to be as a result of demand. However, the effect of deterioration of physical
goods cannot be disregarded in many inventory systems. Deterioration is defined as decay, damage, spoilage or obsolescence.
Food items, drugs, chemicals, electronic components and radioactive substances are some of the items in which sufficient
deterioration may occur during the normal storage period. Some technical equipment such as in the manufacturing industries
may suffer deterioration due to obsolescence while fashion goods may also suffer deterioration by being out of use.

The decaying inventory system was first analyzed by Ghare and Shrader [1] who developed an EOQ model with constant
rate of deterioration. Covert and Philip [2] extended Ghare and Shrader’s model and obtained an EOQ model for a variable
rate of decay by assuming a 2-parameter Weibull distribution deterioration. Mishra [3] developed a deterioration model with
finite replenishment rate. Shah and Jaiswal[4] generalized the work of Ghare and Shrader [1] to allow for backordering.
Goyal [5] developed mathematical models for obtaining the economic order quantity under conditions of permissible delay in
payments. Aggarwal and Jaggi [6] constructed an inventory model to determine the optimum order quantity for deteriorating
items under permissible delay in payments. Jalanet al. [7] developed an inventory model for deteriorating items with stock-
dependent demand rate. Datta and Pal [8] constructed a model on the order level inventory system with power demand
pattern for items with variable rate of deterioration. Hollier and Mark [9] developed a model for inventory replenishment
policies for deteriorating items in a declining market. The outline of literature on deterioration inventory can also be found in
review articles by Nahmias [10], Raafat [11] and Goyal and Giri [12].

The non-instantaneous deterioration (delay in deterioration) is a situation where items do not start deteriorating
immediately they are stocked. During this period, before deterioration sets in, depletion of inventory is dependent on demand
only. As deterioration sets-in depletion is then dependent on both demand and deterioration. The items that exhibit delay in
deterioration include farm produce such as fruits, potatoes etc. or even fashion goods such as cars, fabrics etc. Ouyanget al.
[13] developed a model for non-instantaneous deteriorating items under permissible delay in payment. Chung [14] developed
a complete proof on the solution procedure for non-instantaneous deteriorating items with permissible delay in payments.
Musa and Sani [15] developed an EOQ model for items that exhibit delay in deterioration. Musa and Sani [16] also
developed an EOQ model for items that exhibit delay in deterioration under permissible delay in payment. Their model is a
generalization of Ouyanget al. [13].
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Berrotoni [17] observed, while discussing the difficulties of fitting empirical data to mathematical distributions, that both
leakage failure of dry batteries and life expectancy of ethical drugs could be expressed in terms of Weibull distribution. In
both cases, the rate of deterioration increased with age, i.e. the longer the items remained unused, the higher the rate at which
they failed. At some point of time, all units that had not been used would have failed. Perhaps the work of Berrotoni [17]
prompted Covert and Philip[2] to develop an inventory model for deteriorating items with variable rate of deterioration where
they used the 2-parameter Weibull distribution to represent the distribution of deterioration.

Chakrabartyet al. [18] developed an EOQ model for items with Weibull distribution deterioration, shortages and trended
demand. Giriet al. [19] developed an EOQ model with Weibull deterioration distribution, shortages and ramp-type demand.

In this paper we present an EOQ model for items that exhibit delay in deterioration while considering the deterioration
rate to be a 3-parameter Weibull distribution and a constant demand rate.

2.0  The Weibull Distribution

In probability theory, the Weibull distribution is a continuous probability distribution which is named after Waloddi
Weibull, who described it in detail in 1951, although it was first identified by Frechet in 1927, and first applied by Rosin and
Rammler in 1933 to describe the size distribution of particles and first applied by Covert and Philip in 1973 to the inventory
management.

The probability density function of the general Weibull distribution (the 3-parameter Weibull distribution) is given by;

f(t) =aB(t— )P Ve *t" 0]

Where >0 is the shape parameter (which affect the shape of the distribution), 0>0 is the scale parameter (which
determines the statistical dispersion of the probability distribution), and p>0 is the location parameter (which determines the
shift of the distribution, i.e. it determines where the origin will be located). The case where pu=0 is called the 2-parameter
Weibull distribution which is given by;

f(t) = o’ e (ii)
The cumulative distribution function for the 3-parameter Weibull distribution is given by;

F(t)=1-e " (iii)
The cumulative distribution function of the 2-parameter Weibull distribution is given by;

Fit)=1-e (iv)

3.0  Justification for Using the Weibull Distribution to Represent The Time To Deteriorate
The instantaneous rate of deterioration of the non-deteriorated inventory ¢(t) , at time t, can be obtained from;

f(t)
o(t) =
Where f(t) is the probability density function of the Weibull distribution and F(t) is the cumulative distribution function.

Substituting f(t) and F(t) from (ii) and (iv) into (v) and simplifying we obtain the rate of deterioration for the 2-parameter
Weibull distribution as follows;

o(t) = o™ (vi)
Also, substituting f(t) and F(t) from (i) and (iii) into (v) and simplifying we obtain the rate of deterioration for the 3-
parameter Weibull distribution as follows;
-1
o(t) = af(t— n)” (vii)

The rate of deterioration-time relationship for the 2-parameter Weibull distribution is as shown in Fig.1 and it can be seen
from Fig.1 that the 2-parameter Weibull distribution is appropriate for items with increasing rate of deterioration only if the
initial rate is approximately zero or decreasing rate of deterioration only if the initial rate of deterioration is extremely high,
(Chakrabartyet al. [18]).
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Fig. 1 Rate of deterioration-time relationship for a 2-parameter Weibull distribution

To remove these limitations, Philip [20] developed a generalized EOQ model with the 3-parameter Weibull distribution
to represent the time of deterioration. The rate of deterioration-time relationship for the 3-parameter Weibull distribution is

depicted in Fig. 2.

It is clear from Fig. 2 that the 3-parameter Weibull distribution is suitable for items with any initial value of the rate of
deterioration and also for items which start deteriorating only after a certain period of time, (Chakrabartyet al. [18]).

increasing rate
(B>1)

decreasing rate
(B<1)

deterioration rate ———

Time ———

Fig. 2 Rate of deterioration-time relationship for a 3-parameter Weibull distribution
Notation and Assumptions

Notation
D,
D,

Assumptions
(i)
(i)
(iii)
(iv)
v)

Demand rate (units per unit time) during the period before deterioration sets in
Demand rate (units per unit time) after deterioration sets in

Order quantity (units per order)

Inventory cycle length (time units)

Unit cost of the item (in Naira)

Ordering cost per order (Naira per Order)

Inventory carrying charge (excluding interest charges, Naira per unit time)
Rate of deterioration

Initial Inventory level

inventory level at the time deterioration sets in

Inventory level at any time t when deterioration sets in

Time deterioration sets in

Difference between the cycle length and time deterioration sets in
Number of items that deteriorate within the time period [T, T]

Instantaneous replenishment

Unconstrained suppliers capital

Shortages not allowed

Negligible lead time

Three-parameter Weibull distribution deterioration given by

o(t) =af(t—w)’™; >0and u
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Where o>0, >0 and p>0 are the scale parameter, shape parameter and location parameter respectively. Note
that if #< y, then for some values of 5, ¢(t) <O0.
4.0  The Mathematical Model
Let I(t) be the inventory level at any time t, in the region [0,T;]. Depletion of inventory from the beginning of the cycle

up to the time deterioration sets in will occur only due to demand. Within the region [T, T]depletion of the inventory will
depend on both demand and deterioration. Fig. 3 gives a graphical representation of the situation.

I(t)

la(t)

»
»

A
v
A

T, T,=T-T, T
Fig. 3 Inventory movement in a delayed deterioration situation

The differential equation that describes the state of the inventory level, I(t), in the interval [0,T,] is given by;

di (t)
- __p, 1
it X 1
The solution of (1) is given by;
I(t) =—Dt+k, )

Where k; is an arbitrary constant
Applying the boundary condition 1(0)=lI, to (2) we have k;=I,

L 1({t)=-Dt+1, 3)
Also, applying the boundary condition 1(T,)=I4 to (2) we have

[(t)=-Dt+DT, +1,

= I(t):|d+(|—1_t)Dl 4
The differential equation that describes the inventory level within the region [T, T] is given by;
di () ,

dt
dI ( )

+o®)l,(t)=-D,; T, <t<T where @(t) is as defined in (vii)

+apft— w7 1,({t)=-D,; (5)
Solvmg (5) using integrating factor method, we have;

dl d (t) ea(tfy)ﬁ + O!,B(t _ ,u),B—l Id (t)ea(t—u)ﬁ — _Dzea(tf,u)ﬁ

dt
a(l— s
d(1, (et ):_D ot
dt ?
= 1,®e " =D, [e=” (6)

To find J.e“(t*’" dt let y=a(t—u)’ = dy=af(t—u)’ dt
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1 y 1/ 8
= dt=——F——dy where t=| & +
iy e (]
1
]
:>dt=;ﬁ_ld7 =dt= l/lﬁ ]/['8] dy
VB B a’’p
a’’ By

Ie“(t‘”)ﬂ dt = ﬁ I y[;jle7 dy, where y =alt—u)

Expanding € using Maclaurine series we have;
2 3 4

y_o.r Y

e’ =l+y+—+"—+"—+———
20 3 4
1
= J'ea(t_mﬂdt = al}ﬂﬁjy[ﬂ]_l{l*-]/-l-%j+%j+%+———:|d7/
w,ooy Gk Gl Gl G
= Iea(t_mﬂdt:al’lﬂﬂj 7[ﬂj1+7[ﬂ] R R I
GGk Gl Gl [
N P P S Ay 4 4 4 L7 R
S T (I A A M
Where ks is an arbitrary constant
I U | U A 4 Y 7
= .[e dt = oY? s 7 {14_ 148 ' 2(1+2p) + 3I(1+35) + 2(1+48) +___}+ k2
jjea(t—ﬂ)ﬂ dt = f‘/ﬂ 7% N {n'(%nnﬂ)} +K,, Wherenis an integer (7
a | n!
| ,H |n
= [ dt - o7 T Lt~ Tzi n!(L+ nﬂ) }Lkz
o g | )
:>J'e t y)ﬁdt_nzzs;{ n!(1+n,B) :|+k2 o
Substituting (8) into (6) we have;
=1, (e = 22{ 4”7 } K,
= nld+np)
0 n(y 1+np
= 1, (t)=-D,e nzia n—!(zl +!:1)ﬂ) } +k e’ ©)

Substituting boundary condition 1(Ty)=I4 we have;

0 n 1+I"Iﬁ
-D ~a(T-p)’ - (Tl —/l) k ~a(T-p)f _ |
2 Zi n(1+np) e ‘
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1 ae(mu) & a1 - )™
=k, =1, +D2§_ (L ng) (10)

Substituting (10) into (9) we have;

w [ _n 1+ng © n 1+nf3
| (t)=-D —a(t-p)” o (t — /u) I a(T-u)’ D a (Tl - /") —a(t-u)?
= LO £ nz_(;_ n!(1+np) i " znz:(; n!(1+np) °

Id (t) _ Idea(Trﬂ)ﬁe—a(t—,u)ﬂ _ Dze—a(t—ﬂ)ﬂ nz_(;|:n|(1(i nﬂ) [(t — ‘Ll)lmﬂ - (Tl — ,U)lH]ﬂ ]:| (11)

Substituting the boundary condition 14(T)=0 we have;

| e?(-w) g=a(T-p)' _ g-a(T-w)’ N a’ T ™ (T — | =
q€ e 2€ ; n!(1+n,8)[( ,U) (1 ,U) ] 0

R e | AU @
n=0 -

Substituting (12) into (11) we have;

=D S -1 e e

n=0 n!(1+ nﬂ)
_ —a(t-p)’? ~ a" ERPAYESV B
D,e nz_in!(l—i- n,B) [(t /U) (Tl /J) ]}
= Id (t) = Dze’a(t’/‘)ﬁ i|:n|(10j_ nﬁ) [(T — ﬂ)1+nﬂ _ (Tl — ,Ll)l+nﬁ ]:|
_ —a(t-p)”? c a” PRV B
R e e
= 1,(t) = Dzefa(tfﬂ)ﬂ i|:n!(10j_ n’B) [(T B ﬂ)l+nﬁ _ (Tl B ﬂ)l+nﬁ B (t _ ﬂ)1+n,6 4 (Tl _ lu)1+nﬂ ]}
o 14 () = D g{n!(ﬁ 7 [(T ) e () ﬂ (13)
Substituting (12) into (4) we have;
I(t) = D,e (' g{n! (f_i . (7 = g (1, = g ﬂ +(T, ~t)D, (14)

Total demand within the region T, <t <T is given by D,T,
Therefore, the number of items that deteriorate within T, <t <T is given by;

dT =1y —D,T, =1 _Dz(T _Tl)

= d, =D z{— Ty A U ﬂ ~D,(T-T)) @9
We let the holding cost be Cy,, where;

R T, T
C, - |c[ [rode [, (t)dt} (16)
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Ion'(t)dt I(D e ”VZ[ « (T~ @, ““ﬂﬂ T, -t)D, ]dt

n(l+np)

“ DT
I (t)dt = D,T,e =’ et | ) ) | P L
= [0 e ;{n.(“nﬁ)[( uf =1 - p) } 5 (a7)

n

and J:lld(t)dt j (D et Wz{nl (10; nﬂ)[(T p) " (t— ) Ddt

~a(t-u)’ a’ s —a(t-u)” a” g
['De nz;[m(mﬂ)a ) }dt ['De §[nl(1+nﬁ)(t ) Jdt

. T —a(t-u)? an A _ = T —a(t-u)”? (Zn g
Z{ o gt M ZU R P H

_ B [T aatt-n)” N oalt-u) 1+nf
zz{nlhnﬁ #) ITle dt} 2Z[n|1+nﬂ j (t—u) dt}

(18)
To find IT e @ gt tet y=—alt—u) = dy=—-aft—u) dt
1 y 1/ 8
= dt=——————dy where t:(——) + 1
aplt—p) a
1
1 1 ik
e ey
() pr

o T et 1 [1] o7 s
..Le dt:—l/ﬂ }/ e”dy where }/:—a(t—,u)

! (_ ) B (19)
Using Maclaurine series expansion of €”in (19) and simplifying as was done in deriving equation (7) we have;

T
T e
T
o0 ﬁ m

T 7a(tf,u)'/3dt — 1 _ t— B ; _a( _ﬂ)
=e (_a)“ﬂ[ alt=) Tmzo mi(L+mp)

T o m
= [ e dt- Z{ .(1“) [ — gy — = o ]}

1 mi{ (20)

T Y
To find '[Te“(t‘”)ﬁ(t—y)“nﬂ)dt,we use the Maclaurine series of €““*" which is given by
1

ea(t—y)ﬂ :1+a(t_ﬂ)ﬂ ) az(t_lu)Zﬂ .\ OCB(t—,u)Sﬁ .\ a4(t—/1)4ﬂ
2! 3 4!

2 1+ 4 (n+2) 3 1+ 3(n+3)
— :ea(t—#)ﬁ (t B /J)Hnﬁ)dt _ J‘TT[(t _ lu)1+nﬁ n a(t _ lu)l+ﬂ(n+1) L & (t - /21|) L2 (t - /;I) o —jdt
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_ 2+/n _ 2+3(n+1) 2 _ 2+p3(n+2) 2+ﬁ'(n+3)
— J‘TTea(t—u)ﬁ (t _ ,u)“"ﬂ)dt - [(T ﬂ) e (T ,u) a (T ) ) _J

N (T -
2+ /n 2+ p(n+1) 2'(2+,B(n+2)) A2+ (n+3))

_((Tl _ ,u)2+ﬁn s (T1 _ lu)2+ﬁ(n+1) N az(Tl _ )2+ﬂ(n+2) ( ) +B(n+3) i _]
2+ fn 2+ p(n+1) 2'(2+ﬂ(n+2)) 32+ A(n+3))

= j;e“(‘*”)ﬁ (t— g™ )t = Z{m,( « ) (7 = gy (1, = gy }

= m(2+p(n+m

(21)
Substituting (21) and (20) into (18) we have

1, ®dt=D ZZ{ (_La) )((T ) IR (Tl—ﬂ)“mﬂ)ﬂ

o mool N! 1+nﬂ Lml 1+mpg

L & a™ L \2+B(n+m) _,\2+B(n+m)
Z;{nl 1+np) (m! (2+ B(n+m)) ((T ) (7. ~4) )ﬂ )

Substituting (22) and (17) into (16) we have;
—a(T-u) a" Leng 1+np iCD1T12
C,, =icD,Tye ™ 3| & [ _ v (1, - )[4 2

n=0 nl(l+ nﬂ) 2
(_ a)m _ 2+p4(n+m) _ 1+np3 _ 1+mp
b nz(;mz;,{nlunﬂ (m!(1+m,8)((T “) (7w (1, = ™)
am _ 2+p(n+m) _ 2+B(n+m)

~ieb nz(;mzo{nl (1+np) (m! (2+ A(n+m)) ((T “ (. ~4) )ﬂ )
The total variable cost is given by;
T, =A+cd; +C, (24)

—a(T,-p)? a—n _ L+ng _ wng || .

=A+cD,e nz(;{n'(1+ nﬂ) [(T ,u) (Tl ,U) ﬂ CDz(T Tl)

+icD,T,e i{n,(—) (T = g™ — (1, = ) ]} L JoD.T,

=| N(l+ng 2

+icD ey o (—a)m CNA(EM) (NS (- \Lemp
Zmz_n!(u nﬁ)(m!(lJr mp) ((T ) (T =u)™ =) )ﬂ
—icD, Z(; mz=0 _n!(1+ nﬂ)(m! 25 ) ((T _ lu)2+ﬂ(n+m) _ (Tl _ Iu)2+ﬁ(n+m) )]} (25)

Since p>0 is the location parameter (which determines the shift of the distribution, i.e. it determines where the origin will be
located) then letting p=T, we have;

Tye =CD,([L+iT, )Z[%W(T Mﬁ} b ig{ 11+ np) (m!((_lf)f:ﬂ)(T A H

Clm _ 2+B(n+m) _ _ iCDlle
—icD Zz{nl e nd) (m!(2+ﬂ(n ) (T-T) H+ A—cD,(T T1)+—2 (26)

n=0 m=0

The total variable cost per unit time is then given by;
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Te(T)=cD,([1+iT, i

{ nl(i+np) ! _PW} iwzii{n'(ﬁnnﬂ)(mf(}f zzﬂ) : _T{*ﬁ(mm’ ﬂ

iD ZZ a” (T -1, )77 LA cD,(T-T,) . icD,T,?
= n'1+n,6’ mi(2 + S(n+m)) T T T 2T @

Differentiating (27) with respect to T and equating to zero gives the value of T which minimizes the total variable cost per

2
unit time, provided LC(T) > 0. This is given as follows;
T 2
dT,c (T) D, (L T )Z a"  TA+np)T-T,)Y - (T -T,)""
dT = ni(l+np) T?
LD, 35 @' (o) T+ AEm)T T, (T T,
PE S nl(l+ng) m(1+ mp) T?
I O (29 ) e Y
i ez L+ nB) m(2+ B(n+m)) T?
A cD,Ty |chTl
T2 T2 AL
=cD, 1+ iTl)Z[n'(%nm (T =T, (T, + ngT )}
n=0 .

+icD

NAY @ (_ a)m ST (T LT 4 B m
Z?,;)_n!(l+ ng) m(L+ mﬂ)(T ™) (T+7, + A ﬁ)}
>y

a" a™

| n!(1+nB) m(2+ B(n+m))

Approximating this value by considering only the first two terms of the series, gives;

Ty )

icD,T,” 0

D2

o

=0 m=

>

(T-T,)"" ™™ (T +T,+ B+ m)l’)} —A-cD,T, -

~cD,(1+iT, ){T1 +1

+icD, (T Tl)E(T +T,) -2 (T -T,) (T +T, +m)—§(

1+

+ﬂ) T-T,)”(T+T, +2m)]

icD, T,
—(A+CD2T1+ él J=0 (28)

Equation (28) can be used to determine the best time period T which minimizes the total variable cost, and this can be
reduced from (27) to;
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) (04
TVC(T)z 2 (1+'T1)(T —T1{1+1+ﬂ(T _Tl)ﬁ:|
- 2 i 2
R T R R R e
+ +

(29)
The EOQ of the corresponding time period T will be determined from:

Q=DT, +D,T, +d; =DT, +D2(T—T1)+dT

=Q=DT,+D nZ;[n'(l+nﬂ

(24 _ 1+
o aony]

After considering only the first two terms of the series, which is particularly true for T [0, 1]

)( -T )“"ﬂ} after putting =T, as explained earlier

=Q~DT, + DZ{(T ~T,)+
(30)

Numerical Examples
Examples are given to determine the best cycle length. Table 1 below gives details of the examples. In all the examples,

2

d-l(-jv—_(li(-l-) is found to be greater than zero showing that the cost function is convex in all the examples.

Table 1: Numerical Examples

SIN AN) | C(N) | D1(units) | D2(units) | T1(days) | i o B | T(days) | TVC(N) | EOQ(units)

1 230 60 800 300 7| 0.13 5 1 27 5021 34
2 200 50 500 250 14 | 0.15 7.2 3 90 1215 71
3 250 70 1000 500 21| 0.14 1 1 47 3007 93
4 300 80 2000 500 28 | 0.12 8.5 2 58 2931 194
5 350 35 900 400 35| 011 2 8 223 1070 293

50  Sensitivity Analysis

Sensitivity analysis depicts the extent to which the output of a model is affected by changes or errors in its input
parameters. In this section, we examine the sensitivity of the scheduling period T, order quantity Q and the total variable cost
Tye(T) of the inventory model with respect to the input parameters A, ¢,Dy, D,, Ty, i, @ and S

Table 2 gives results of some sensitivity analysis carried out on the first example of table 1, which shows that the
model is highly sensitive to changes in the parameter S. It also shows that the model is moderately sensitive to
changes in the parameters A, ¢,D;, Dyand a(where D;andD,change concurrently), slightly sensitive to changes in T;and
almost insensitive to changes in the parameter %

The analysis also shows that increase in the value of Sresults in considerable increase in the value of the outputs
7, Qand Tvc(T). On the other hand increase in the value of aresults in considerable decrease in the values of 7, ¢ and
Tve(T).

Thus, sufficient care should be taken to estimate the parameters aand fin using the model.
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6.0

Table 2: Sensitivity Analysis

Parameter % change in the % change in the results
parameter values
T TVC EOQ

A -50 26 36 21
-20 7 13 6

20 11 12 9

50 22 28 21
C -50 41 24 35
-20 11 8 9

20 7 7 6

50 15 16 12

D, and D, -50 41 24 32
-20 11 8 12

20 7 7 12

50 14 16 32

T, -50 0 14 12
-20 0 5 9

20 4 5 9

50 4 11 15

i -50 0 1 0
-20 0 0 0

20 0 0 0

50 0 1 0

a -50 41 23 26
-20 11 8 9

20 7 7 6

50 15 15 9

V4 -50 56 99 41
-20 22 30 15

20 30 20 15

50 63 40 41

Conclusion

In this paper, we present a mathematical model on the inventory of deteriorating items which do not start deteriorating
immediately they are stocked. Items that have this property include farm produce, radioactive chemicals, fashion goods and
so on. A 3-parameter Weibull distribution is used as the distribution for deterioration as in Chakrabartyet al. [18]. Numerical
examples are given to determine the best cycle length and the corresponding total variable cost and order quantity. Further
research can be done to determine the applicability of the scale parameter «, and the shape parameter £.
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