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Abstract 
 

Let (   ) be any loop and   an automorphism of   into   such that        
  (    )  
          .Then, it is shown that   ( ) -holomorph (   ) of (   ) is an Osborn loop 

with inverse property where  ( ) is a group of all automorphisms of (   ). Moreover, it 

is established that (   ) is an Osborn loop whenever       is in the nucleus of (   ) 
and thus making each of the automorphisms of (   )  a nuclear automorphism. 
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1.0 Introduction 
 

A non-void set   on which is defined a binary operation ( ) such that   is closed under the binary operation ( ) is called 

a groupoid. Associative groupoids are known as semigroups. A semigroup, with two-sided identity such that         
  for all    , is known as a monoid. An invertible monoid is a group. On the other hand, a groupoid (   ) is a quasigroup if 

the equation      has a unique solution in   whenever two of the three elements         are specified. A loop   is a 

quasigroup with a two-sided identity ‘ ’ such that           for all    . All groups are loops but all loops are not 

groups. Those that are groups are called associative loops.  

A loop (   ) is called an Osborn loop if it obeys the identity: 

  (    )       (     )                                                                                              (1) 

for all         . The term Osborn loops first appeared in a work of Huthnance Jr [1] in 1968, on generalized Moufang 

loops. However, the equation (1) is according to Basarab and Belioglo [2]. For detail review of Osborn loops-see [3 - 11].  

Moreover, the most popularly known varieties of Osborn loops, are CC-loops, Moufang loops, VD-loops and universal 

WIPLs –see [5],[6]. 

However, Osborn loops are one of the least studied loops due to the nature of the loops, compare to most loops of Bol-

Moufang types- see [12 - 27]. Most varieties of Osborn loops are not inverse property loops. Thus, holomorphy (nuclear 

automorphism) of Osborn loops is quite challenging- see Isere et al [8] submitted in another Journal. 

Interestingly, Adeniran [23] and Robinson [26], Oyebo and Adeniran[27], and  Adeniran et al [24], Chiboka and Solarin 

[17], Bruck [19], Bruck and Paige [20], Robinson [25], Huthnance [1],  and Adeniran [22] have studied the holomorph of Bol 

loops; central loops; conjugacy closed loops; inverse property loops; A-loops; extra loops; weak inverse property loops and 

Osborn loops; and Bruck loops respectively. 

Bruck [19] has shown that the holomorph of a loop is also a loop. Consequently, the concept of holomorphy of loops 

became exciting to many researchers. However, this is more interesting when a loop satisfies inverse property. Generally, 

most of the varieties of Osborn loops are not inverse property loops. Therefore, our results herein are applicable only to a 

class of Osborn loops. That is, to Osborn loops which satisfy inverse property [16].  

Therefore, this paper is devoted to formulating a necessary and sufficient condition for a holomorph of an inverse 

property Osborn loop to be an Osborn loop. It also examines the condition for the automorphism of an Osborn loop to be 

nuclear. We wish to formally define these terms in section 2. 
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2.0  Preliminaries 

 
Definition 2.1 A loop (   ) is called a left inverse property loop (LIPL) if it has the left inverse property (LIP) i.e. if there 

exists a bijection:       
  on   such that         and a right inverse property loop (RIPL) if it has the right inverse 

property (RIP) i.e. if there exists a bijection:       
  on   such that         for all           . 

 A loop that satisfies, both right and left inverse properties is simply called an inverse property loop (IPL) [9], [21]. 

 

Theorem 2.1 Huthnance [1]. The holomorph of a quasigroup (loop) L is a AIPL (AIPL) or CIPQ (CIPL) if and  only if 

Aum(L) ={1} and L is a AIPLQ (AIPL) or CIPQ (CIPL). 

Theorem 2.2 [15] Let (   ) be an LC-loop (RC-loop). Then : 

1. (   ) is a left (right) alternative loop, 

2.  (   ) is a left (right) inverse property loop, 

3. (   ) is a left (right) nuclear square loop, 

4.  (   ) is a left (right) power alternative loop, 

5. (   ) is a middle square loop, 

6.  (   ) is power associative loop. 

Definition 2.2 A triple  (     ) of bijections is called an isotopism of loop  (   ) onto a loop  (   ) provided     
   (   )          (   ) is called an isotope of  (   ). The loops  (   ) and  (   ) are said to be isotopic to each other. 

– see [9] 

Definition 2.3 Let    and    be a permutation of    and let    denote identity map on   . Then  (     ) is a principal 

isotopism of a loop  (   ) onto a loop  (   ) which imply that  (     ) is an isotopism of  (   ) onto (   ). 
Definition 2.4 An isotopism of (   ) onto (   ) is called an autotopism of (   ). The group of autotopism of   is denoted 

by  ( )  
Remark 2.1 The components of isotopism are usually denoted by lower case Greek letters, thus if   (     ) is an 

autotopism of a loop (   ), then 

         (  )                              (2) 

The set of all autotopism of a loop is a group with the inverse of      (     )   (           )  The identity 

element of the group being (     ) where   is the identity map of  . If   (     )  then   is called the automorphism of 

(   ) [14]. 

Definition 2.5 Let (   ) be an inverse property loop with the nucleus denoted by N. Then an automorphism   of (   ) is 

left nuclear iff           o  a        
Definition 2.6 Let (   ) be a loop,  ( ) a group of automorphisms of loop (   ) and let     ( )    and define 

   (   )  (   )  (       )      (3)      

 (   ) (   )     Then the loop (   ) is called the  ( )            of (   ) or simply holomorph of (   )  
 

3.0  Holomorphy of Osborn loops 

 
Theorem 3.1 

Let (   ) be an inverse property loop and  ( ) be a group of automorphism of (   ). Then  ( ) -holomorph (   ) of 
(   ) is an Osborn loop if 

            (    )         (4) 

such that every    ( ) is an identity mapping. 

Proof: 

Suppose  ( )-holomorph (   ) of (   ) is an Osborn loop we have 
*(   )  (   )+  *(   )  (   )+  (   )  *,(   )  (   )-  (   )+    (5) 

(       )  (       )  (   )  *(       )  (   )+     (6) 
(      (    )       )  (   )  *     (    )   +    (7) 
*(      (    )       )+  * (    )  (    )  ,(    )   -+   (8) 

          an          ( ). Therefore,  

(    )          (    )  *(    )   +      (9) 
(    )              ,       -       (10) 

Put          ̅ such that      an       

         (    )           (    )  since    ,    (11) 

It is obvious that if    , we have        (    ) which is an Osborn identity. 

 

Journal of the Nigerian Association of Mathematical Physics Volume 22 (November, 2012), 5 – 8      



7 

 

Nuclear Automorphism of a class of Osborn Loops.   Adeniran and  Abednego     J of NAMP 
 

Corollary 3.1 

Let  (   ) be a loop, and  ( ) be the group of all automorphism of   whose elements are identity mapping, then   is an 

Osborn loop if and only if 

    〈             〉                                                                                              (12) 

is an autotopism of         an      ( ). 
Proof: 

This is a consequence of the above theorem. 

i.e. applying the autotopism to the product    we have 

                          (    )         (13) 

          (    )           (    ) since          (14) 

It is obvious that if    , we have 

        (    )         (15) 

The converse follows from theorem 3.1 

 

4.0 Nuclear Automorphism 

 
Theorem 4.1 

If (   ) is an Osborn loop with the inverse property and  ( )  a group of automorphism of (   ). Then the   ( ) -

holomorph (   ) of (   ) is an Osborn loop if (   ) is an Osborn and each    ( ) is a left nuclear automorphism of (   ). 
Proof: 

Suppose (   ) is an Osborn. Since  (   ) is isomorphic to a subloop of (   ), it follows that  (   ) must be an Osborn 

loop. From equation (1) we have that 

  ( )  〈   
          〉               (16) 

and 

  ( )  〈          〉               (17) 

  
  ( )  〈  

     
     

    
  〉         is also an autotopism of   . 

Recall  

         (    )                   ( ). 
 〈            〉    ( ) is an autotopism 

 

    
   〈            〉〈  

     
     

    
  〉        (18) 

              〈                
    

  〉          (19)                                                 

as an autotopism of         an      ( ) 
then applying (19) to     we have 

          (   )       
    

                                                                 (20) 

(     )          
    

          (21) 

  (     )          
    

          (22) 

Therefore, 

   (     )         
    

                                            (23) 

      an      ( ). If we put equation (23) into (19), we have 

  ( )  
  ( )  〈  (     )     (     )〉                                                                         (24) 

         an      ( ). Consequently (     )    ( ) and hence    ( ), is left nuclear. 

 

Conclusion 
Since (   ) is an Osborn loop which satisfies inverse property, then the nuclei are equal. Thus  (     )   ( ), 

consequently,    ( ) is a left nuclear automorphism. Also by using this definition of Osborn loops:     (    )  
(    )  and following the same procedure one can show that (     )    ( )    an  h nc     (     )   ( )    and   

 ( ) is right nuclear automorphism.  
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