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Behavioural Pattern of Causality Parameter of Autoregressive Moving Average Model

'Olusoga Akin FASORANBAKU and “?Olusola Samuel MAKINDE

L2Department of Mathematical Sciences,
Federal University of Technology, P.M.B. 704, Akure, Nigeria.

Abstract

In this paper, a causal form of Autoregressive Moving Average process, ARMA (p, q) of
various orders and behaviour of the causality parameter of ARMA model is investigated. It is
deduced that the behaviour of causality parameter 1; depends on positive and negative values
of autoregressive parameter ¢ and moving average parameter 8. The causality parameter is
skewed to the right for positive values of ¢ and sinusoidal for negative values of ¢ while
invertibility parameter is sinusoidal for positive values of 6.
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1.0  Introduction

When fitting ARMA model, we must check whether stationarity, causality and invertibility conditions are satisfied. If the
pure AR form of time series is of finite order, the pure MA form will be of infinite order; if the pure MA form is of finite
order the pure AR is of infinite order. If both the AR and MA parts of an ARMA are of finite order, both the pure AR and the
pure MA are of infinite order. Therefore while a model has various representations it makes sense to look for the simplest
representations to estimate.

Over the last years there has been growing interest in graphical models and in particular in those based on directed
acyclic graphs as a general framework to describe and infer causal relations [1]. This new graphical approach is related to
other approaches to formalize the concept of causality such as Neyman and Rubin's potential-response model [2] and path
analysis or structural equation models [3]. The latter concept has been applied in particular by economists to describe the
equilibrium distributions of systems which typically evolve over time.

Anderson [4] deduced conditions for the general Moving Average process, of order g, to be invertible or borderline non-
invertible. He termed the conditions as acceptability conditions. It turned out that they depended on the magnitude of the final
moving average parameter, 6. If |9q| > 1, the process is not acceptable. Should |9q| = 1, the conditions, for any particular g,

follow simply if use is made of the remainder theorem. When |9q| < 1, an appeal was made to ROUCH* E'S theorem, to
establish the conditions. Analogous stationarity results immediately follow for autoregressive processes.

Mikosch et al [5] considered ARMA process of the form ¢(L)X, = 6(L)Z,, where the innovations Z, belong to the
domain of attraction of a stable law, so that neither the X, have a finite variance. They estimated the coefficients of ¢ and 6
using Whittle estimator based on sample periodogram of X sequence. They showed that their estimators were consistent,
obtained their asymptotic distributions and showed that they converged to the true values faster than in the usual 22 case.

In this paper, ARIMA model of various orders are presented in causal and inverted form, behaviour of causality and
invertibility parameters are investigated and the parameters of ARIMA were evaluated for various values of pand cat g = 0
using ordinary least squares method and Crammer’s rule.

2. Autoregressive Moving Average Process

The need for estimating the parameters of an ARMA (p, q) process arises in many applications both in signal processing
and in automatic control. One subset of ARMA models are the so-called autoregressive, or AR models while the other is
moving average or MA models. The notation ARMA (p, q) refers to the model with p autoregressive terms and g moving
average terms. This model contains the AR (p) and MA (g) models,

Ve =P1Ve1 T PoVeot ot Py p t e+ 0161+ O+ i q (D)
The terms ¢,y,_, through ¢,y,_, are the autoregressive portion of the filter. The terms &, through 6,¢,_, are a moving

average of the white noise input process. Autoregressive integrated moving average model (ARIMA) is a generalisation of
ARMA model. It consists of Autoregressive model (AR), Integrated part (I; which is differencing term) and moving average
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model (MA). It is employed when time series is non stationary. p is the order of AR, d is the number of times a series is
differenced to assume stationarity and q is the order of MA.

Specification of ARMA models in terms of lag operator

When the models are specified in terms of the lag operator L, the AR (p) model is given by &, = (1 - Zf=1¢iLi)yt =
d(L)y,, where ¢p(L) =1 -3, ¢;L and MA (q) model is given by y, = (1 + XF_, 6;L)e, = 8(L)e,, where (L) = 1 +
¥P_,6;L'. ARMA (p, q) is given as

(1 - Z?=1 ¢iLi)yt = (1 + Z?:1 giLi)gt (2)
or more concisely,¢(L)y; = 6(L)e, which implies y, = ¥ (L)e;, where

O 1401L+6,L%+ .. +6pLP
¢(L) 1=¢1L—po L2~ ..—ppLP

Y(L)

®)

The ARMA process is stationary if

[ee]
Dl <o
j=1

This happens if the series y¥(Z) converges for every Z with |Z| < 1. Since ¥(Z) is a rational function, the series converges
for every Z with |Z| < 1 if the complex zeros of ¢(Z) lie outside the unit circle. If we have a stationary process, then since
v, = P (L)e;, and the expected values of ¢, are all 0, the expected value of y, is also 0.
An ARMA process y; is invertible (strictly, an invertible function of ¢,) if there is a

n(l) =my + ;L + m,L% + ___
with

Dl <
j=0
and ; = w(L)y;.
An ARMA process y; is causal if [7] there is a
Y(L) =1y + P1L + ¢2L2 + ___
with $7_0[;| < o and y, = p(L)e,.
3. Causality of ARMA processes

An ARMA (p, q) process is causal if the absolute value of the parameters of ARMA (p, q) model satisfy |¢;| < 1 for

i=1,...,p. If an ARMA process is causal, it is stationary. If ¢ and 6 have no common factors, a (unique) stationary

solution to ¢(L)y, = 6(L)e, exists if and only if |Z| = 1 implies ¢(Z) =1 — X_, ¢;Z" #+ 0. The ARMA (p, q) process is

causal if and only if |Z| < 1 implies ¢(2) =1 —X7_, ¢;Z" = 0. It is invertible if and only if |Z| < 1 implies 6(Z) = 1 +
L,6:Z8#0.

Presentation of some ARMA processes in causal form
Here we present some ARMA process of various orders in causal form of the process in order to provide a useful way of
generating a random sequence. That is, we show a linear process y, as a linear combination of white noise variates ¢;.

ARMA (1, 1)
Ye=C+ ¢yt e +0e4 (4)
C
Ve = (1 _ ¢) + &t + (¢ + e)gt—l + (¢2 + 9¢)€t—2 + (¢3 + 9¢2)€t—3 + ...
Ve =gy et B0+ 0 e, i=1,2,. 5)
Ve =gyt S i (O)(6)

where

= {¢>" +09', ifi=1,23.. ™
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ARMA (1, 2)

Ye=c+ ¢y +e+ 0184 ‘tongt—z (8)
c ) ) .
Ve = (1— ) tet+(@+6)e, + Z(d’l + 0107+ 0,0 D)e 9
i=2
= ¢ + i 10
Ye = (1 _ (p) A ¢i5t—i ( )
i=0
where
1, ifi=0
Y = . ¢‘+ 0, . ifi=1 an
'+ 6,07+ 6,072, ifi=23,4,...
ARMA (1, 3)
Ve =C+ PYeq + & + 0161 + 0,65 + 0365 (12)
c
Ve = m +e+ (P + 0 + (P2 + PO, + 0y,
£ @+ 00+ 0,017 + 050z (13)
i=3
C 00
yt‘ = (1 _ ¢) + Z wigt—i (14)
=0
where
( 1, i=0
{ ¢o+0, i=
i = ¢ + PO, + 0,, i=2 (15)
Ul + 0,01 + 0,62 + 6,012, i=34,.
ARMA (1, 4)
Ve=c+ oy te+ 0164+ 06 5+ 038 5+ 0,64 (16)
c
Ve = m +e+ (P + 01+ (P2 + POy + 0,)e 5 + (93 + 0,0 + 0, + 03)e, 3
+ Z(W + 0,07+ 0,0+ 0:0"73 + 0,07 e, 17
i=4
— i ¥ (18)
yt (1 _¢) i=0 1ct—-i
1, i=0
¢+0, i=
‘(l}l. = ¢)2 + ¢91 + 92, i=2 (19)
L ¢° +6,0% + 0,0 + 65, i=3
'+ 0,0 + 0,077+ 0:073 + 60,0, i=4,5,
ARMA (1, q)

Ve=C+ Py 1t & +016 4 +0,6 5+ 038 3+ 046 4+ ... +0554 (20)
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C
Vo= = te+(@+0)e 1+ (P> + PO, + 0)e, + (@7 + 0,07 + 0,0 + 03)e,_3

1-4¢)
+ (Pp*+ 0,03+ 0,02 + 03¢ + 054 + ...

+ Z(qbi + 0,07+ 0,072 + 0303 + 0,0+ L+ 0,0 De,; (21)
i=q

C o0
Ve = a=e + Z Y& (22)
i=0
where
( 1, i=0
¢+, i=1
~ %+ ¢, + 65, i=2
b= B3 + 0,07 + 0,0 + 05, P=3 (23)
| D+ 0,03 + 0,02 + 02 + 6,, i=5

\p! + 0171 + 0,072 + 0,3 + 0,67 + .+ 0,07 i=qq+1,..
This establish linear process y, as a linear combination of white noise variates ;. Equation (22) holds if ¢ = 1 for all
positive values of g for the case where constant value , c exists.

Invertibility of ARIMA model of various orders
ARIMA (p, 0, 1)

Ve =C+d1Ye1 +PYe2+ P3Yez+ o + ¢pyt—p +e& +0e 4 (24)
c
& = _m +y:— @+ Py + 6% + $10 — D)y — (GRS ¢192 — 20 + P3)ye_3

+ (0% + $16° — 920 + 36 — Pa)ye—a— ---+Z(—1)i[9i + 107 — 9207 + 93073 — 0"
i=p

+ o+ (—DP P, 0Py, (25)
c
gt = - (1 + 9) + lZO ni}’t—i (26)
where B
1, i=0
_(Q + ¢1)1 i=1
92+¢19_¢2, l=2
m =4 —(0° + 3107 + $20 + ¢3), =3 (@27
0%+ ¢10° — ¢,0% + $30 — s, =4
(DO + $160"" — 0772 + 36073 — 0" +
wH(=DP 1,07, i=pp+1,..
ARIMA (p, 1, 1)
. Ay, = ¢+ p1Ayi 1 + P28y + G3AY 3+ o + PpAy, tE + 084 (28)
& = _m+ Ye— (04 ¢+ Dyeq +[62+ 01+ ¢1) + b1 — 2]y
— [0+ 621+ 1) + 0(Pp1 — ¢2) — P2 + P3lye—3
+ (0% +6°(1+ 1) + 6%(d1 — $2) = (b2 = P3) + P = Palyes + -
+ Z(—l)"[ﬁi + Hi_l(l + ¢1) + 9i_2(¢1 - (bz) - 9i_3(¢)2 - 4’3) + 9i_4(¢’3 - ¢4) + -
i=p
- 9i_p¢p])’t—i o (29)
c
“="Ure + ; T Ye—i (30)
where B

586



(1, i=0

-6+ ¢+ 1), i=1

492+9(1+¢1)+¢1—¢2, i=2
i =) < [60% 4+ 02(1 + ¢y) + 0(y — b)) — b + b, i=3 (D

(DO + 6" (1 + 1) + 072 (h1 — ¢2) — 073 (2 — ¢3)
U 4014 (s — $)-075(ds — o) + -+ (—1)PHOP T i =p +1,..
The expression for ARIMA (p, d, 1) for various values of p = 1 holds if 8 # —1 for the case where constant term c exists but
holds for all values of 6 if the is no constant term.
Evaluation of parameters of ARIMA (p, d, q) giventhatq = 0
ARIMA (P, 0, 0)

Ye=Ct+P1Yeo1+ G2Ve 2 F P3Yes+ o+ Ppyip & (32)
Given that ¢ = 0, we have AW = B. That is

T T T T
/ Zyt—lz Z)’t—23’t—1 Z)’t—s)’t—l Z%—p%ﬂ\
| =1 t=1 t=1 t=1 | /¢

= 1 t=1

T T ' T ) T ¢.p e
Z)’t—ﬂ’t—p ZYr—z)"t—p Z)’t—s)’t—p Zyt—pz
t=1 t=1 t=1

t=1 t=1

Tt=1YeVe-1
where A is pxp matrix and ¥ is a column matrix, that is ¥ = (<;b1 b, O3 .. <;bp) . B is a column matrix, :

Z{=13’t)’t—p |
The expression for each parameter ¢;,i = 1, 2, ..., p can thus be determined using Crammer’s rule or Gauss-Schidel method.
But given that ¢ # 0, we have AY = B, where ¥ = (¢, ¢; ¢, @3 .. qbp)'.

T T T
n Z)’tq Z}’t—z Zyt—p c T -
t=1 2 t=1 t=1 2 o _ Z YeVeor
T T T T | t=1
2 | \P»
Ye-1Yt—p Ye-2Vt-p Ye-3YVt-p Ve-p T
t=1 t=1 t=1 t=1 Z YeVeo
t=1
ARIMA (P, 1, 0)
Ay, = c+ P18y 1 + P8y 5 + P3Ay 5+ .+ PpAy,_p + & (33)
When ¢ = 0, we have AW = B. That is
T T T
Z(yt—l - Yt—z)z Z(yt—l = Ye-2) V-2 — Ye-3) Z(yt—l - yt—Z)(yt—p - yt—p—l)
t=1 t=1 t=1 <¢1>
T T T ) by
Z(yt—l - yt—Z)(yt—p - yt—p—l) Z()’t—z - yt—3)(yt—p - yt—p—l) Z(yt—p - yt—p—l)
t=1 t=1 t=1

T
Z()’t —Vee) Vee1 — Ye—2)
t=1

r N
kZ(Yt - yt—l)(yt—p - yt—p—l))

When ¢ # 0, we have
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T
Z(}’t—1 - yt—Z)(yt—p - yt—p—l)

Z(}’t—l = Ye-2) Veep — Ye—p-1) ¢:1
t=1 . .

T T
Z(yt—l = Ve-2) Z(yt—l ~ Ve-2)?
t=1 t=1

T T
Z()’t—z = Vi-3) Z(yt—l = Ye-2) V2 — Ve-3)
t=1 t=1

T

Z (yt—p

t=1

T T
Z(yt—p = YVt-p-1) Z(Yt—1 = Ye-2)Veep = Veep-1) - }’t—p—1)2
t=1 t=1

T
Z()’t = YVee1) Vo1 — Ve-2)
t=1

T
= Z(Yt = Y1) Veez — Ye-3)
t=1 )

Z(Yt Ye-1)Ye—p — Ye-p-1)

For the estimate of parameters in ARIMA (p, 0, 0) and (p, 1, 0), it is deduced that every term y,_; in ARIMA (p, 0, 0) is
replaced by y._; — y;—j—1 in ARIMA (p, 1, 0). Also, ¥ is p column matrix for ¢ = 0 while ¥ is (p + 1) column matrix for
c#0.

Behavioural pattern of causality parameters of ARMA (1, gq) model

Given that 6y > 6y,q > Oy > -+ > O q > 0 for various values of q, the causality parameter y; of ARMA (1, q) is
skewed to right for positive values of ¢ and sinusoidal for negative values of ¢ as shown in Figures 1 — 3 below. The
absolute value of causality parameter |i; | rises as d increases for positive values of ¢ but smaller the value of d, the bigger
the absolute value of causality parameter i; for negative values of ¢. Also, ; increases as ¢ increases as shown in Figure 4
for positive values of ¢. Similarly, the invertibility parameter m; of ARIMA (p, d, 1) where d = 0 and 1 is sinosidal and that
|| g=1 > |7 4= TOr positive values of 6. Also, |m;|;—, converges faster to zero than |m;| 4=, for positive values of 6 as can
be seen in Figure 5 below. The parameters of ARIMA were evaluated for various values of p and ¢ at g = 0 using ordinary
least squares method and Crammer’s rule.
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Figure 1: Figure showing behaviour of causality parameter ; of ARMA (1, q) for some i given that ¢ = 0.6, 6, = 0.7,
6, =0.1,0; = 0.05 and 6, = 0.02.
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Figure 2: Figure showing behaviour of ¢; of ARMA (1, q) for some i given that ¢ = —0.6, 8, = 0.7, 8, = 0.1, 65 = 0.05
and 6, = 0.02.
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Figure 3: Figure showing behaviour of ¥; of ARMA (1, q) for some i given that ¢ = 0.2, 6, = 0.7, 6, = 0.1, 6; = 0.05 and
6, = 0.02.
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Figure 4: Figure showing behaviour of ¥; of ARMA (1, q) for some i given that 6, = 0.7, 8, = 0.1, 6; = 0.05 and 6, =
0.02 for some real values of ¢.
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-2.5 -

Invertibility parameter m;

Some i

Figure 5: Graph showing behaviour of invertibility parameter =; of ARIMA (p, d, 1) when d =0 and d = 1 given that
0 =06, ¢, =03, ¢, =02, ¢p5=0.1, ¢, =0.05 ¢s = 0.025, ¢ps = 0.0125, ¢, = 0.00625, ¢g = 0.003125, ¢y =
0.0015625 and ¢, = 0.00078125.

4. Conclusion

In this paper, ARMA model of various orders was presented in causal forms. The result in equation (26) confines [8]. It was
deduced that behaviour of causality parameter i; depends on positive and negative values of ¢ and 6. Causality parameter
Y; is skewed to the right and sinusoidal for positive and negative values of ¢ respectively. Absolute value of causality
parameter y; of ARIMA (1, 0, q) increases as the value of g increases for positive values of ¢. Similarly, the invertibility
parameter r; of ARIMA (p, d, 1) where d = 0 and 1 is sinosidal and that |r;|;=1 > |m;|4=¢ for positive values of 6. Also,
|;|4=0 converges faster to zero than |m;|,-, for positive values of 8 as can be seen in Figure 5 above. The parameters of
ARIMA were evaluated for various values of p and c at ¢ = 0 using ordinary least squares method and Crammer’s rule.
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