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ABSTRACT

Finite deformation of the dynamic Reissner-Sagoci problem for a solid
cylinder of Ogden material deforming under torsion and extension is
analyzed for stresses and displacements. The boundary value problem
resulted into a non-linear second order partial differential equation for the
determination of displacements. An analytic solution of this is sought using
the method of simple waves reduction, which in turn gave rise to eigenvalue
— eigenvector problem. A closed form solution is provided for the

determination of stresses and displacements at any cross-section.
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1. INTRODUCTION

Reissner formulated the first problem of torsional vibration of the elastic half
space in 1937. Seven years later solution was provided for the problem by
Reissner and Sagoci [1]. Since then innvestigation has continued to centre
on the static version. Many authors [2-18] have presented several variations
of solutions of the Reissiner-Sagoci problem. However, not so much have
been done for the dynamic version. This is expected, since the resulting

equations are usually very highly non linear. The first attempt was made in



1944 [1] and the form of the solution was very unwieldy. Bycroft [19] in
1956 used Busbridge’s analysis to obtain approximate solutions of a number
of the dynamic variations of Reissner-Sagoci problem. Very recently
Erumaka [20] presented an analytical solution of the dynamic Reisnner-
Sagoci problem as an integral equation involving hypergeometric series at

intermediate level.

This paper considers one of such dynamic cases of the Reissner-Sagoci
problem for a cylindrical solid of an Ogden material which is forced to
vibrate as a result of torsion applied at the top surface and simple extension

on the longitudinal and lateral surfaces.

2. Field Equations

Let the cylindrical section of the half space be denoted by
Qo={(r,0,2):0<r<a,0<0<2x,0<z<h}

in the undeformed configuration. The deformation which takes the point (r,
0, z) of the undeformed configuration to the point (R, ¢, Z) of the deformed
configuration Q = {R, ¢, 2)} is given by

R=A", ¢=0+w(z,t),Z=1rz (2.1)
where A is a positive constant

The deformation gradient tensor F is given by

A0 0
F=| 0 A" w,n?? (2.2)
0 0 A



where w, = partial derivative of w(z, t) with respect to z
The left Cauchy-Green deformation tensor

B =FF
where F" = transpose of F, is given by

At 0 0
0 AYAP w, A" (2.3)
0 w,ra”? A\

where |A]” = 1 + w,°r?
The strain invariants are
=22+ A (1 +|AP)
I, = 2% + LY AP
I3=1 (2.4)

Let us consider the Ogden Solid which is characterized by the strain energy

density function of the form

W= Yo, (i-3)"(l,—3) (25)

where W = 0 for m # n and o, are constants. In this paper we consider the
case m = n = 1. For this case the stress tensor T for an incompressible solid

is given by

T=—Pl+2W,B-2W,B" (2.6)



where p is the hydrostatic pressure and | is the unit tensor. Using (2.4), (2.5)

in (2.6) we have the non-zero components of stress as
Tw=p+ 210" (I, — 3) - 2a(l; — 3)A

Too = -p =20 [APA (1L - 3) -2a (I, — 3)

o = 2020 (1, — 3)W,r - 24 %0 (1, — 3)w,r

T, = -p + 23%a (I, — 3) - 2472 (I, = 3)|A)

Where a4 is replaced by o for convinience

Using (2.7) the non trivial equation of motion is

oty _ U
oz ~Pat

which reduces to

(S+EUﬂuu=w

where 3 and & are constants

3. THE BOUNDARY VALUE PROBLEM

(2.7)

(2.8)

We consider a problem in which a cylindrical section of radius r is forced to

rotate about its central axis

With reference to Fig. 1 we need to solve equation (2.8) subject to the

boundary conditions



u(z, 0) =h(z) (3.1)
where we have assumed that u = 0 as (r* + z%)"* — «
We first re-write equation (2.8) as

Ug = (N + M?u)uy, (3.2)

_&

wheren= - and m=
p

Now by setting u; = u, and u, = u, equation (3.2) reduces to the system

8 u1 _ a ul
at(uj_A(u) oz (uj 53
here A(u) = 0 1 3.4
where A(u) = £n+m2uf OJ (3.4)

Now if we assume that there exists a scalar function 0 of z and t such that

u=1(6) (3.5)



Fig. 1: A cylindrical section forced to rotate about its central axis, z by a

twist w(z, t)



then equation (3.3) can be expressed as

flr et ~ flr
o -aene) o9

We see that equation (3.5) is an eigenvalue-eigenvector problem in which
r=+ (n + m*,%)" (3.6)
are the eigenvalues and (f'y , f',) the corresponding eigenvectors.
It is easy to see that this leads to the equation
f', = £ (n + m*f %)Y, (3.7)

as the relation between the two eigenvectors. Integrating equation (3.7) we

obtain
fo==2 (01 + ) (3.8)
2¢2 1/2
0 = */ﬁ{u m fl} (3.9)
2 n
Jn m#2\]"  mf
[, = —In|| 1+ ! + —= 3.10
> 7 2m n Jn (3.10)
Equation (3.8) is a first order non-linear partial differential equation of the
form
G(z,t,u,p,q)=0 (3.11)

where p = U, q = U;



We use the method of characteristics with the initial curve as

zZ,=5S
t =0 (3.12)
u, =h(s)

and the solution of the boundary value problem becomes

u(z,t) =

N[

mh'(2) nh'2)], (mh'(z)ﬂ“
l+(mh’(z))2 7 U
k Jn

nh'(z) + M ezt h(2) (3.13)

+ \/ﬁ{u(m%Z)ﬁz m

The corresponding stress components are got by using equation (3.13) in

equation (2.7)
4.  SUMMARY AND CONCLUSION

By employing method of reduction to simple wave forms we have succeeded
in presenting an analytic solution to the dynamic Reissner-Sagoci problem
for a typical incompressible solid as opposed to the parametric solution of
[1] and hypergeometric series presentation of [20]. A careful substitution
and simplification gives the stress components under the considered mode of
deformation in the radial direction as



_ 3
T, = K+ 2a (1?;)[]3

where K is a constant. We observe that the stress in the radial direction is a

constant if A = 1, which agrees with the result obtained in [20]

The hoop stress 149 gives on simplification

2

Too = 201 (x-%%) (L+u?)-p—4doX

where u is as derived in (3.13)

Also t,, Is given by

[1]

[2]

[3]

2
T, = 20 [%—1— 2% —i] (1+u?)+ 2002 + 41" —4ak —p

7\(3

REFERENCES

Reissner, E and Sagoci, H.F. (1944) “Forced Torsional Oscillations of
An Elastic Half-Space” Int. J. Appl. Phys. 15, 652-654.

Debra, A.P and Horgan C. (1991) “Pure Torsion of Compressible
Non-Linear Elastic Circular Cylinder” Quart App. Maths. 29, 591 —
607.

Dhaliwal, R.S, Singh, B.M. and Sneddon, I.N (1979) “Problem of
Reissner — Sagoci Type for An Elastic Cylinder Embedded in An
Elastic Half-Space” Int J. Engng Sci. 17, 139 144,



[4]

[5]

[6]

[7]

[8]

[9]

[10]

[11]

[12]

Erumaka E.N (2007) “Torsion of Bonded Ogden Material” J Math Sci
Vol 18, No 1, 33-39.

Gladwell, G.M.I and Lemezyk (1966) “The Static Reissner-Sagoci
Problem for A Finite Cylinder: Another Variation on A Theme of I.N.
Snedon” J. Solid Mech. 19,233-238

Rostovtsev, N.A, (1955) “On The Problem of Torsion of An Elastic
Half-Space” Soviet Appl. Mech 19, 55-60.

Selvadurai, A.P.S., Singh, B.M and Vrbik, J. (1986) “A Reissner-
Sagoci Problem For A Non — Homogeneous Elastic Solid”. J.
Elasticity 16, 383-391.

Yi Yuan Yu (1954) “Torsion of A Semi-Infinite Body And A Large
Thick Plate” Q. J. Mech. Appl. Math 7, 287-298.

Ufliad, J.S. (1963) “Torsion of An Elastic Layer” Dork, Akad. Nauk.
SSSR, 129, 997-999.

Collins, W.D (1962) “The Forced Torsional Oscillation of an Elastic
Half. Space and An Elastic Stratum” Proc. Lond. Math. Soc. 12, 224 —
226.

Freeman, N.J. and Keen, L.M. (1967) “Torsion of A Cylindrical Rod
Welded To An Elastic Half-Space” J. Appl. Mech 34, 687 — 692

Cooke, J.C (1963) “The Solution of Tripple Integral Equations” Proc.
Camb. Phil. Soc. Ser. 2 No 13, 303 — 316.

10



[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

Shibuya, T. (1996) “A Mixed Boundary Value Problem of An Elastic
Half-Space Under Torsion By A Flat Annular Stamp.” Bull J.S.M.E
19, 383-391.

Luco, J.E. (1976) “Torsion of A Rigid Cylinder Embedded in An
Elastic Half Space,” J. Appl. Mech. 43, 419-423.

Gladwell, G.M.I (1969) “The Forced Torsional Oscillation of An
Elastic Stratum” Int. J. Engng. Sci 7, 1011-1024

Luco, J.E. (1976) “Torsion of A Rigid Cylinder Embedded in An
Elastic Half Space,” J. Appl. Mech. 43, 419-423.

Kassir, M.K (1970) “Reissner-Sagoci Problem for A Non-
Homogeneous Solid” Int. J. Engng Sci 8, 875-885

Kolybikhin, K.D (1971) “The Contact Problem of The Torsion of A
Half — Space Due To An Elastic Disk” Soviet Appl. Mech 7, 1311-
1316.

Bycroft, G.N (1956) “Forced Vibration of A Rigid Circular Plate on A
Semi-Infinite Elastic Space and on An Elastic Stratum” Phil. Trans
207.

Erumaka, E.N (2007) “The Dynamic Reissner-Sagoci Problem for A
Non-Homogeneous Elastic Half Space” J. Math. Sci vol. 18, No 2, 69
—73.

11



