
 1 

Lax convergence principle of a linear multi-step scheme for solving 

parabolic equation  

 

Odio Augustine Onyejuwa  

Department of Mathematics, 

University of Nigeria,  

Nsukka, Nigeria  

augustine.odio@yahoo.com. 

08062976038 

 

Abstract 

 A linear multi-step scheme is considered for the solution of a 

parabolic equation. The function u, takes values in suitable subspaces of the 

space of definition of the system under study. Such a function u is said to be 

admissible and so, it therefore admit the Taylor series expansion. A practical 

result for convergence was obtained on the application of the equivalent 

theorem of Lax. Based on this theorem, we establish that the scheme is 

consistent and stable which implied that the scheme converge.   
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Introduction  

 We consider the heat flow equation  

ut = uxx         (1.1) 

where t and x are the time and space coordinates respectively in the region 

=   a ≤ x ≤b    x [t ≥ 0] 

with appropriate initial and boundary conditions  

u(0,t) = u(1,t) = 0 and u(x,0) = 0     (1.1a) 

The region  is replaced by set a of points i which are the vertices of a 

grid of points (m,n) where x = a+mh, t = nk with Mh = b-a, M being integer. 

The quantities k and h are mesh sizes in the time and space directions 

respectively (see Jain [1] and Tejumola [2]).  

We write the finite difference scheme for equation (1.1) as  
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 where n is the subscript of space at time level [3]. Equation (1.2) is in 

the explicit form and satisfies the Bendre Schmidt recurrence relation [4]. 

The function u takes values in suitable subspaces of the space of definition 

of the system  under study. Such a function is said to be admissible [5]. 

Because of the admissibility of the function u, it therefore admit the Taylor 

series expansion [6].       
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We now write equation (1.2) as    
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ninininini uuuuu ,1,,1,1, 2           (1.5) 

 ui,n+1 = ui+1,n + (1-2) ui,n + ui-1,n     (1.6) 

where  lies in the range 0 <  < 1, where  is a numerical parameter [7] 

A practical result for convergence of the linear multi-step scheme for the 

solution of the parabolic equation is given in the equivalent theorem of Lax. 

Equivalent Theorem of Lax [8]: For a properly well possed initial value 

problem and a finite difference equation to it that satisfies the consistency 

condition the stability is the necessary and sufficient condition for 

convergence  

 We therefore study the following properties one by one. 

2  Main Results  

2.1 Consistency  

 We consider the finite difference scheme  
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for the solution of the parabolic equation  



 4 

ut = uxx 

tt

uu n

i

n

i







1

1

[u(x,t) + t ut (x,t) + 
2

)( 2t
+utt (x,t)… - u(x,t)]  (2.2) 

= ut + 
2

t
utt ….+         (2.3) 










ttt

n

i

n

i u
t

u
t

uu

2

1

….. = o (t)           0     (2.4) 

 ),(),(1 txxutxuu n

xi  





),(
!3

)(
),(

2

)( 32

txu
x

txu
x

xxx

n

xx …   (2.5) 

...),(
!3

)(
),(

!2

)(
),(),(

3

1 





 txu
x

txu
x

txxutxuu n

xxxxx

n

x

n

i    (2.6) 

= 0 (x)
2 

)(
(

2
2

11

1

xxt

n

i

n

i

n

i

n

i

n

i uu
x

uuu

t

uu









 



 = O(t) + O(x)
2
   (2.7) 

Since the total energy will approach zero as t          0 and x         0, we say 

that the scheme is consistent for the parabolic equation it is supposed to 

solve.      

2.2 Stability  

We consider the finite difference scheme  
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that is,  

1411 2  s  

that is, -2 < -4s
2
 and -4s

2
 < 0 

that is, 4s
2
 < 2, 4 s

2
 > 0 

s
2
 ≤ ½  

Since /s
2
/ = 1, we have that  

  ≤ ½  and  > 0  

= 0    ½  

Of course consistency plus stability implies convergence 

3. Conclusion 

 The linear multi-step scheme as seen in the work is consistent, stable and 

convergent. 



 7 

REFERENCES  

1. Jaim, M.K, Numerical Solution of Differential Equations, Willey Eastern 

Limited, New Delhi, Bangalore, Bombay. pp. 213, 1978. 

 

2.  Tejumola, H.O; Periodic Boundary Value problems for some fifth, fourth 

and third order ordinary differential equations, J. Nigerian math, 

Soc, Volume 25, pp. 37-46, 2006  

 

3. K.W. Morton, and David Mayers; Numerical Solution of Partial   

Differential Equations, Cambridge University Press. Pp.14, 2005. 

 

4 H.K Dass, Advanced Engineering Mathematics, Schand Company Ltd 

7361, Ram Nagar, New Delhi-110055, pp 1037, 2009 

 

5. Augustine O. Odio, Computational result of integral quadratic objective 

functional with wave-diffusion effect; Journal of the Nigerian 

Association of Mathematical Physics, Volume.14 (May, 2009), pp 

367-376 

 

6. SAEID ABASBANDY, TOFIGH. A. VIRANLOO, Qazvin Iran; 

Numerical Solutions of Fuzzy Differential Equations By Taylor 

Method; Computational Methods in Applied Mathematics, Vol.2 

(2002), No. 2, pp 113-124  

 

7 I.S. Sokolnikoff, Numerical Solution  of Differential Equations, New York, 

John Wiley and Sons INC, London, pp 31, 1960 

 

8. Jain, M.K, Numerical Solution of Differential Equations, Willey Eastern 

Limited, New Delhi, Bangalore, Bombay, pp212. 1978 


