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Abstract 

A general theoretical background for second derivative multi–block methods and off-node form 

of block method developed in a previous study are presented herein. The proposed off-node 

block methods are L-stable for .7k  Numerical results are included to justify their application 

on stiff IVPs in ODEs.    
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1. INTRODUCTION 

Numerical methods for integrating stiff initial value problems (IVPs) in ordinary differential 

equations (ODEs) of the form 

00

n )y(x,R:f ,f(y(x))y yRn              (1) 

on parallel computers are currently receiving huge research interest. Among these methods are 

the parallel block methods developed in [1-7]. Chu and Hamilton [1] defined r-block k-point 

block methods as: 
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where riBi ,,1,0,,A i   are k x k matrices, mm F,Y  are vectors of the solution and its 

derivatives respectively (see [1]). If k =1, then (2) is the classical linear multi-step method 

(LMM) of r-step method. 

Sommeijer et al [6] developed methods of the form (2) for r=1, such methods are called One-

block k-point methods. Classical r-step methods for integrating stiff IVP (1) are necessarily 

implicit. However, Dahlquist order barrier places severe restriction on the order an A-stable 

LMM can attain (see [8-11]). In [12], Dahlquist order barrier is circumvented by developing 

LMMs that incorporate the second derivative component (
2

2

dx

yd
y  ) directly into their formulas. 

Methods whose formulas contain second derivative components are called second derivative 

LMM ([2], [3], [9], [10], [11], [12]). In [12], the second derivative LMM is thus given as: 
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In this paper a straight forward generalization of (3) to multi-block methods is given. This paper 

is organized as follows: section 2 is on the theory of second derivative multi–block methods for 

the IVP (1); Off-node second derivative parallel block backward differentiation type formulas 

are developed in Section 3. Section 4, is on the stability of off-node second derivative parallel 

block backward differentiation type formulas. Numerical experiment is performed in section 5, 

in section 6, is the conclusion. 

2. Theory of Second Derivative Multi-Block Methods. 

Let iny   denote the numerical approximate to the solution value )( inxy   of (1). By introducing 

the k-vectors 
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.,,2,1,0 ri   The (3) can be generalized into the second derivative r-block k–point block. The 

block formalism of (3) is given by the finite difference equation   
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where riDandBA iii ,,1,0,,   are carefully chosen k-by-k matrices. 0A  is an k-by-k unit 

matrix and h the step-length. The second derivative r–block, k–point method (4b) is explicit; if 

the coefficient matrices ,00 DandB  are null or strictly lower triangular otherwise it is implicit.  

DEFINITION 1 

Method (4b) is said to be parallel if the matrices 00 DandB  are diagonal matrices. 

DEFINITION 2 

Let   rixyxyxyZ
T

iknikniknim ,,1,0,)()()( )1(21    , be the theoretical solution to 

(1). The local truncation error (l.t.e) of (4b) is given by the vector :mE  
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DEFINITION 3 

The second derivative block method (4b) has error order 1p  provided there exist a constant C 

such that the local truncation error mE  satisfies: 

 1

*2*)1(1 ),()(E 
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where .  may be the maximum norm, the C is called the error constant of (4b). 

 



DEFINITION 4 

The second derivative block method (4b) is zero stable if the roots rjR j ,,2,1,  of the first 

characteristics polynomial  

         0det)(
1
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satisfies 1jR , with 1jR  is simple. 

When (4b) is applied to the test equation  

    0)Re(,   withyy                                                            (8) 

yields the characteristic equation 
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where h  . By Setting 
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we rewrite (9a) as  

0))()()(det(),( 2  RRRR           (9b) 

The stability region associated with (4b) is the set 

}1)()9()1(1);(:{   jj RthatsucharebofkjRrootsallZ  

DEFINITION 5 

The second derivative block method (4b) is A–stable if the stability region Z contains the entire 

left half plane }0)Re(;{   CC . 

DEFINITION 6 

The second derivative block method (4b) is L–stable, if it is A–stable and in addition (9b) has 

vanishing roots as  . 



3. Off-node Block Method. 

In [2], second derivative parallel block backward differentiation type formulas (SDBBDF) which 

is given as:  

)()(Y 0

2

011m mmm YFDhYFhBYA   ,                      (10) 

where 00 , DandB are diagonal matrices and k-vectors as specified in (4a). The SDBBDF (10) is 

a generalization of one-step second derivative backward differentiation formulas (SDBDF) 

developed in [10]. In this paper, we present off-node SDBBDF a variant of SDBBDF (10).  The 

sci ' in (4a) for SDBBDF (10) are given as ;)1(1, kiici   by specifying the k-vectors as   
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an off-node variant of SDBBDF (10) is developed. Substituting (11) into (10) and using methods 

of undetermined coefficients and Taylor’s series expansion, elements of 001 ,, DandBA  are 

determined. In what follows, we present coefficient matrices 001 ,, DandBA  for proposed off-

node SDBBDF for block sizes .7k  
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Three Point Block Method  
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    Four Point Block Method  
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Five Point Block Method  
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Six Point Block Method  
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Seven Point Block Method  
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4. Stability Analysis of Proposed Off-node Block Methods. 

The roots R of characteristic polynomial equation   ,0det)( 1  RAIR are eigenvalues of 

matrix .1A  Eigenvalues of 1A for methods with coefficient matrices in (12)-(17) are 1R and 

eigenvalues with 1R  being simple. Thus proposed off-node SDBBDF with coefficient matrices 

in (12)-(17) are zero stable. An A-stable block method of the form (10) is L-stable, see [2]. 

Therefore, A-stable off-node SDBBDF implies L-stable method. Applying our proposed off-

node SDBBDF block methods (12)-(17) to the test equation (8) yield the characteristic 

polynomial defined by  

  .0)det()(R, 0

2

01  RDRBAIR 
                                                     (18)

 

The boundary locus of the characteristics roots for block sizes 7k  are shown in figures (1)-(6)        
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                  Fig. (1): Stability Region of Off-node SDBBDF (12) 



 14 

0 0.5 1 1.5 2 2.5 3 3.5
-3

-2

-1

0

1

2

3

Re(z)

Im
(z

)

 

                    Fig. (2): Stability Region of Off-node SDBBDF (13) 
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      Fig. (3): Stability Region of Off-node SDBBDF (14) 
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                       Fig. (4): Stability Region of Off-node SDBBDF (15) 
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                      Fig. (5): Stability Region of Off-node SDBBDF (16) 
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                 Fig. (6): Stability Region of Off-node SDBBDF (17) 

Observe from figures (1)–(6), that the regions of absolute stability for block sizes 7k include 

the entire left of the complex plane, thus our proposed off-node SDBBDF are A-stable and hence 

L-stable for block sizes .7k  In [4], construction and prove for L-stable off-node SDBBDF of 

block size k=8 is shown.   

5. Numerical Experiments 

In this section, we tested the proposed off-node block size k=2 on the stiff problem (see [13]) 
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Using a fixed step-size h=0.01 and inverse Euler’s method in [9] to generate starting values. The 

plots of numerical solution generated by proposed off-node SDBBDF compared with numerical 
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solutions generated by SDBBDF of block size k=2 and SDBDF of step-size k=2 are shown in 

figure 7.  
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 Fig. (7): y1 Component Generated by Off-node SDBBDF, SDBBDF and SDBDF  

From figure (7), the numerical solution of stiff problem generated by proposed off-node 

SDBBDF compares favourable with SDBBDF and SDBDF.  

6. Conclusion 

Theory on second derivative multi-block methods is developed, in addition off-node SDBBDF a 

variant of SDBBDF developed in [2] is proposed. The family of off-node SDBBDF has higher 

order L-stable methods compared to family of SDBBDF. The numerical result shows that the 

proposed off-node SDBBDF is suitable for integrating stiff IVPs in ODEs (1).  
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