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Abstract
This paper proposes a new method of bias reduction from order n™* to order n™* resulting in a new

approximately unbiased ratio estimator. The efficiency of this estimator for the ratio of population means of two
characters is compared with the existing six other Ratio estimators under a linear regression model.
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1.0 Introduction

Over the years survey samplers [1 -7] among many others have been interested in methods of improving the
precision of the estimates of population parameters both at the selection and estimation stages by making use of
auxiliary information. Ratio estimators are often employed by these samplers to estimating the population mean

of the characteristic of interest of the population ratio.

Let y and x be real variates taking y, and x, (1< i < N) for i™ unit of a population
of Size N with means ., and 1, respectively. Suppose that a simple random sample of size n

units is drawn without replacement from the population. A commonly employed estimator in

this context is traditional or classical ratio estimator rzl where 9 and x denote the sample

X
means of y and x values, respectively.

2.0 Approximately Unbiased Ratio Type Estimators



Generally, the classical ratio estimator(r) is biased; therefore, many authors [3-5, 8] and others have
attempted to reduce this biasness in a situation where freedom from bias is important. Many authors [3-5], had
also, worked on adjusting the classical ratio estimator by the term that is capable of reducing it from order n™* to
order n to attain small or moderate gain in efficiency. Several ratio type estimators which satisfy this criterion
are called approximately or almost unbiased ratio type estimators.

The following approximately unbiased ratio estimators in the literature [2 - 5] and others are considered for
comparison.

Pascual [1] came up with the approximately unbiased ratio estimator:

=, (N=D(y—rx) 2.1)
(n=1)N

?p =
This estimator has been shown to be efficient as that of combined bias ratio estimator in stratified sampling.
Beale [2] proposed another approximately unbiased estimator of order 0(n ) as
A AN S 2 A
R ,=R1+02)/(1+ es_—g) =R@L+6C,)/I(L+ acy) (2.2)
Xy X
Tin [3] derived another approximately unbiased ratio estimator closely related to that of Beale [2] which was
called

Modified ratio estimator, defined as

A A Sxy Sf A )
R:=R1+0(=-=)|=R1+6(C,, -Cy) (2.3)
Xy X
, Where
1 n = _
SXy: o z (Xi_x)(yi_y)1 (2-4)
n-1 43
S% /X %= C% (2.5)
S% = iz (x; —x )? (2.6)
" n-1 i-1 | .

Syl(y X)=Cx (2.7)



And 0 = 1 —i (2.8)
n N

Rgand Rt have the same variance to order O(n ).

Sahoo [4] proposed another approximately unbiased ratio estimator termed almost unbiased ratio estimator,
defined as

Rs = R/[1 + 0 (Cx-Cy)l (2.9)

It is said to be more efficientthan Rgand R 1

Sahoo [5] further derived a class of almost unbiased ratio estimators, among which we have the following as

its members:
Ra= R (1+6C, ) (1-6C2) (2.10)
A A —_ 2
R, = Rl 1= 2.11)
1-6C,,
A R

(2.12)

Rs3 =
la-ec )+ each))

3.0 THE PROPOSED METHOD OF BIAS REDUCTION: ALTERNATIVE TO APPROXIMATELY
UNBIASED RATIO (AAUR) ESTIMATORS
The proposal of this estimator was based on the following standard regularity conditions:
Let v :(ny,CZX) assume values in a bounded, closed convex subset, S, of two dimensional real spaces
containing the point V = (Cyy, C2).
Let f (v) be a function of v (which in particular may be a polynomial in (Cyy, C?)) satisfying the following
conditions:
(a) The function f(v) is continuous and bounded in S

(b) The first and second order partial derivatives of f (v) exist and are continuous and bounded in S.
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(c) After expansion under the given conditions, we get
f(v) = 1+ (C-C*%) + 0(v- %)
Then, we have the following theorem:
Theorem: If f(v) is differentiable in Cyy and C? and fulfils the above regularity conditions then FAQ* = FAQf (v) is

an asymptotically unbiased ratio estimator.

The unbiased ratio estimator proposed is I§2 A= fi [1-6(Cy + C2)] (3.1)

where Syy, S’/ X 2 S% Sy/ ¥ X and 6 are as defined in equations (2.4) to (2.8)

Conventionally, R, = Yn js taken as a biased estimate of Ry= y_l since both y | and X, are unbiased
X, Xy

estimates of y , and X , respectively.

Proof:

LetR, = 2o (3.2)

Xn

: y n = Rn )_( n ('3'3)
. E(Y, )

Ry= = —— (34)
XN E(Xn)

Substituting (3.3) in (3.4 ), we have

. E(RX,) -

" ER) 9

Now

BiasinR, = E(R,)—R, (3.6)

BRR,)= E(R E(R.X,) 3.7

That is



BR,)={ERnE(Xn)-R, X, YE(X,) (3.8)

since the negative covariance between R Xn=ERnE(Xn)-R, X, ad E(X,)=Xy then

n and
Cov(R,,X
BRn)=- X Reks) (39)
XN

Obtaining an upper bound to (3.8), we have

On O— —
Biasin R| < ——*= = o, N-=n C, (3.10)

X, "V Nn
S

Where C, = —* is the coefficient of variation of X and o, and o are the standard errors of R, and X,

N

><||

respectively.

From (3.10) above, we can see that if n is sufficiently large, the bias in the ratio estimate R n is negligible as

compared to its standard deviation.

Lety, =y, *+ 4 (3.11)
So that
Vo=V +A, (3.12)
Where

- = S’y
E(A,)=0andE ( A%)=(1-) (3.13)

n

Similarly,
Let  X,= X, + A, (3.14)
Sothat X, =X + Ani’ (3.15)
where

_ _ 32
E(A, *)=0and E (A, *?)= (1-f) = (3.16)

n

To obtain the expected value of R , it is convenient to express it in terms of Aand A,* we have
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— A
Yy @+=5)
Yx

Xy (L+ 2)

N

Itisassumedthatx_n;to, K =0, K;thnd ‘

el

(3.17)

< 1 so that we may expand (

Xn

Using Taylor’s series expansion in powers Of A, and expanding and multiplying out, we have

n

0. 14 N D ongThn -
3

—2
Yn XN X2N Yn Xy Yn Xy XN

A *2 * *2 A *2,
R:R{lAA A A A* AL A

Now taking the expectation of (3.18) term by term we obtain,

A *
+

X4N

Yn

A* . A A* A AR A*3n+A*4

A, AR,

-=_n+= -

—2 3

E(R) =R, +Ry.E{

X2N Yn Xy Y Xy X'N X4N

neglecting terms in A, and A, * higher than the second termi.e. A, A, **, A*

This approximation gives

E(R)=RN+RN{E(F) £ (4.4 )}

x? N Yn Xy

_ 2 S
:RN{1+ N n(? 2 péi}
Nn { xu Yn Xy

_ N-n,
= N{1+ v (C,” - pCxCy)}

S
Wherecxzi and C ==

Xn Yn

~E[R,]=R, [1+6(C°x.C,)]

yN

XN

Xy

A AR,
_on — }

+...

(3.18)

e

(3.19)

(3.20)

(3.21)

(3.22)

NN

*

_]



Now, following the approach of Tin [3] in equation (2.3), by adjusting equation (3.22) for bias and by
subtracting an estimate of the bias fromE [R ] ,

we obtain the estimator:
Ra-E [R 4] -2Rn 6C% (3.23)

Ra=R[1+6(C*« .C,,)]-2Ry0C%

“ Ra=R [1-0 (Cxy +C3] (3.24)

40 DERIVATIONS OF THE MEAN SQUARE ERROR FOR THE ALTERNATIVE UNBIASED

RATIO TYPE ESTIMATOR UNDER THE REGRESSION MODEL:

Vi ZBXi+ei i=1,2,.. N, (4.1)

where P is unknown real constant and e;’s are random variables with the following conditional expectations:

E (ei/xi) =0 (4.2)
E@2/x,)=d6x!, (4.3)
With
d >0,
0 <t <2 (4.4)

and E (eigj /Xixj)=0,i#].
It is also assumed that x has gamma distribution with parameter k as often encountered in real life survey
situations.
Now, assuming (4.1), we have
w,o=k; w,=Pk; R=p; y =B x +e and Sy-Bs’+s, (4.5)

Where



o= &5, DI Tl (4.6)
n-1

Let E (./x) and Ex (.) denote respectively the expectation operators for given x and with respect to the
distribution of x, so that E (.) = Ex (E (. /x)) denoting the mean square error for R; as MSE (R;) under this
model , we have

MSE (R) =E (Ri- B)* =E{[E (Ri- B)* Xi] i-12 .8 (4.7)

Let Z; =x; so that we have

_I'(k+t)
E(z)= Z =——= 4.8
(2) = r (4.8)
é‘ —
EE/x ) = =12 (4.9)
n
- o
E( e Sex/X)= —S x (4.10)
n
and
E(SZ Ix)= — (4.12)
Where
_ Z.(x; N> Z.(x —X)?
Z:Z Sy = Z ( and q= 2 '('2 ) . (4.12)
n (n-2)
Considering (1.13) and the regression model
y=px-+e (4.13)
We have
p= =® (4.14)
X
and
SXY = B Si + Sex



S =[5+, (4.15)
X

Now, substituting directly into the regression model and expanding under the assumptions and approximations

Tin [3], we obtain,

MSE (R) =E (Ri- B) > =EX[E (Ri- B) 2 /X] (4.16)

For Ri =R A, we have,

(Ra-p)* = {RA-06(C,, ~C2))- B’ = {ya o2 es—> [——]}

_ a2 _ _32 a2 _32
=Yg eys—-l+2 02 _gy>x i & (4.17)
X X X X X X3 X

Substituting for Sy, , we obtain,

(Ra— )’ {3
X

nx nx nx e
) 2 2 272 2
e? — s -5 —'s = (s -, s -s. -, s s,
=—+ e X -e-% +e’ X +e2(;_ -es? % - e % . eg? 2%+ "% 4 terms involving y’s.
x? nx*  nx® nx n“x®° n’x> nx® n’x> n?x*
") 2 272 2
e =S -5 — - .
=—+2e° X -2e-& +¢° (5,)° 2es’ —% + + terms involving y’s
x? nx* nx® n“x® n’x®> n2x*



2 2 B
[e = -e28=x] + iz S o2 (8 ] + terms involving y’s (4.19)
x* x*ont oy x5 X

2
n

1
><N|| CDNl

Substituting the (4.9), (4.10) and (4.11) in (4.19) we obtain,

Y _ (e2)2
52 2_5{ sx}+£{i_2§sz+z(sx3

X3 x*

E((Re-p)2IXT = % |9 2y } (4.20)

e n"[x* x° X
Applying the well known Taylor’s series expansion method, we have,

2

Z)=2 (1+i_ﬁ+ L BtZJ+o(n‘3) (4.21)

E . (=)=%
X(XZ) k? nk nk n%k? n’%k*® nk
s, =S Z( 1 t 2 6t 4t
E (22 -72x)y=2 |24 + - +o(n 2 4.22
X(Xs X kz[ k k nk® nk? nkzj (™) (4.22)
E (Ly=Z (k+t+t)+on? (4.23)
X F k4 !
_(e2)2
E X(Z(SX_) ):54+0(n’1) (4.24)
x° k
and
s (4.25)

Z
X o2\= < -1
E, ?sx)—k4t+o(n )

Now, the Mean Squared Error is given by:

51 26 x S
E[(RA ﬂ) /X] 7 F|:?—Z=4:| + o

VY4 3 2t 7 ot 3t? 267 1 t 2 6t 4t?
— |t 2 " a2 T2z |” oty to T2
k nk nk n%k?® n’k® n’k nk® nk

&z 267t &Z _ &
o (k+t+t?) St = [n?Kk? + Bk — 4nkt +12 — 22t +12t2 + k| (4.26)

Thus,

MSE (R a) :% {k(nk +1) + 4nk (1 —t) +12(1+2) — 22t + k| (4.27)
n
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Similarly, the mean square errors of all the estimators are shown below:

MSE (R g) :% fk(nk +1) + k + 4(1+12) + 2} (4.28)
MSE (R 1) = nfi Ik (nk +1) + k + 4(1+t?) + 2t} (4.29)
MSE (R's) = nfé Ik (nk +1) + k + 4(L+t?) + 2t} (4.30)
MSE (R s1) = nfiA fnk(nk +1) + k + 41 +12)} (4.31)
MSE (R ) :% Ik(nk +1) + k + 4(1L+1%) + 2(2t -1)} (4.32)
MSE (R s3) = nfi“ Ink(nk +1) + K + 4(1+t?) + 2(2t +1) (4.33)

5.0 CONDITION UNDER WHICH I?QA ISBETTER THAN THE EXISTING ESTIMATORS
We intend to establish the conditions under which our proposed estimator is better than the existing

estimators [2-5]. In comparison of two estimators e; and e, when V (e;) <V (e) or MSE (e;) < MSE (e),

then, e is better than e,. Hence, in order to establish the conditions when R 4 is better than other existing

estimators [1-5], we compared the mean square errors of our alternative estimator with the existing ones.
Past researchers [9-11] have shown that R g; is better than others; therefore we compared the mean square
errorsof Raand R

In our comparison it was discovered that MSE (ﬁA) < MSE (Iisl) whenever, 1<t < 2.0andnk>8

6.0 EMPIRICAL INVESTIGATIONS

In this section, an empirical study is carried out using a Monte Carlo technique to compare the performance of
our alternative unbiased ratio estimator along side with the classical one. We shall be considering the usual

model for ratio estimator y; =px; + €, i=1,2,3,...,N.
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This work shall be viewed from the angle of real life situation which is always encountered in sampling
practice by assuming that the auxiliary variable x follows a gamma (i.e. skewed population).

The approximately unbiased ratio estimators shall be compared under the following assumed model:

the regression of y on x is linear i.e, y = a + Bx + e with x having a gamma distribution with parameter(2, 1)
that is, Xj - G(2, 1)and e having a gamma distribution with parameter (0.25, 1), that is, €j ~ G(o.25Xi . 1.0 )
Under varying values of intercept (o) = 0, 0.5, 1.2.
We considered the simulation of Variance, Bias, mean square error (MSE) and efficiency of the proposed
alternative approximately unbiased ratio estimator ( fz a) along side with that of (Iéi s1) Which has been
established to be the best in previous studies [9-11]
We shall consider the valuest - 1, 1.5. 2.0 For n = 20, 40, 100, 200 and k = 2 under the regression model.
(i) For t = 1, we have,
Yi = 025Xi + €i; € ~ G(o25Xi ,10); Xi - G(2,1).

(if) For t = 1.5, we have,

Yi=o25%i + €. Xi;€~Glozs. Xi 10) Xi-G2,1).
(iii) For t = 2.0, we have,

Yi = 025Xi + €i Xi; € ~Gl(o25 ,10); Xi - G(2,1).

Table 4.1: Simulations fort=1

EST | N | Variance Bias MSE

Rs; | 20 |0.02229141 | 0.4957136 | 0.26802338225

Ra |20 |0.02035064 | 0.4512071 | 0.2239384870904
Rs1 | 40 | 0.01163586 | 0.4911259 | 0.25284050965081
Ra |40 |0.1121222 0.4682516 | 0.33138176090256
Rs; | 100 | 0.00477786 | 0.5061191 | 0.2609344033848
Ra | 100 | 0.00471523 | 0.4985879 | 0.25330512402641
Rs: | 200 | 0.001758906 | 0.5378979 | 0.2910930568244
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Ra | 200 | 0.001743158 | 0.534885 | 0.287845121225
Table 4.2: Simulations for t = 1.5

EST | N | Variance Bias MSE

Rs: | 20 | 0.05887116 | 0.5420939 | 0.35273695641721
Ra |20 |0.04969045 | 0.4892565 | 0.289070690225
Rs: |40 |0.01163586 | 0.4911259 | 0.25284050965081
Ra |40 |0.01121222 | 0.4682516 | 0.2304717809026
Rs; | 100 | 0.00477786 | 0.5061191 | 0.26093432938481
Ra | 100 | 0.00471523 | 0.4985879 | 0.2533051240264
Rs: | 200 | 0.003271526 | 0.80595569 | 0.6528361002433761
Ra | 200 | 0.003247954 | 0.8021401 | 0.646676694028
Table 4.3: Simulations for t = 2.0

EST | N | Variance Bias MSE

Rs; | 20 | 0.01470531 0.3578919 | 0.14279192208561
Ra |20 |0.0151919 0.3350565 | 0.1274547581923
Rs1 | 40 | 0.00531964 | 0.3857655 | 0.15413466099025
Ra |40 |0.005348987 | 0.3753843 | 0.1462623596865
Rs: | 100 | 0.002499927 | 0.3738429 | 0.14225844088041
Ra | 100 | 0.002493612 | 0.3699303 | 0.1393420388581
Rs; | 200 | 0.0006446923 | 0.364413 | 0.133441526869
Ra | 200 | 0.0006427695 | 0.3626546 | 0.1321611284012
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CONCLUSION: The simulations results in this study have confirmed that f& A estimator is better than the
existing ones [6-8] in terms of the bias and MSE whenever 1 <t < 2.0and nk > 8.
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