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Abstract

r

We consider certain properties of 1 _ { 7 9 EZ;] as a sufficient condition for
f'(z

afunction f (Z) to be a close-to-convex function.
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1.0 Introduction

Let A denote the class of functionsf (Z) which are analytic in the unit disdJ = {Z : | Z| < 1} with
f(0)= £'(0) —1=0. For a functionf (z) 0 A, we say that it is starlike [1] in the unit disdf and only if
zf'(z
Re J >0
f2)
for all Zz[JU . We denote b the class of all such functions.

We denote by K the class of convex functions [1{he unit disdJ, i.e. the class of univalent function&(z) L1 A for
which

zf"(z
Resl+ J >0
t'(2)

forall zOU .
A function f(z) regular in the unit disl{{Z| <1 is said to be close-to-convex function [1] if thés a convex function
0(2) such that

f'(z
R{ 1 )} >0

g(2)

It is clearly known [2] that ifRe{

t'(2)

J(2)

} >0 for | Z| <1, then f (Z) is close-to-convex. Denote the class of close-

to-convex functions by C*.
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The above mentioned classes are subclasses ofentifanctions inJ and moreK [ S* [J C*.

Let f (Z) and ,U(Z) be analytic in the unit disc. Then we say thﬁl(z) is subordinate tg/ (Z) and we write
f(2) < u(2),it (2) is univatentinu, 10) = 2(0) and f(U) O 1(U).
In this paper, we use the method of differentiabadinations. The general theory of differentiabardinations
introduced by Miller and Mocanu is given in [3]. idaly, if @: C’-.C (whereC is the complex plane) is analytic in
domain D, and h(Z) is univalent inU, and if p(Z) is analytic inU with (p(Z), Zp'(Z)) 0D when zOU |, then
we say thatp(z) satisfies a first — order differential subordioatif

¢(p2) #(z) < () @D
We say that the univalent functiop (Z) is dominant of the differential subordination (Lifl p(Z) < q(z) for all
p(Z) satisfying (1.1). Ifa(z) is a dominant of (1.1) aniflT (Z) =< q(z) for all dominants of (1.1), then we say that

a(z) is the best dominant of the differential subordom(1.1).
In the following section, we need the following lema of Miller and Mocanu [4].

1.1 Lemma [4]

Let q(z) be univalent in the unit disd, and IetH(W) and @ (w) be analytic in a domaib containing q(U), with
¢ (w) #Z 0 whenw(J q(U ) SetQ(z) zq’(z) ¢(q(z)), h(z) =6 (q(z)) + Q(z), and suppose that

a. Q (Z) is starlike in the unit diso,

2@ g [0M@), R,
> R {Q(Z)} i {w(q(Z)) Q(Z)} oz
If p(Z) is analytic inU, with p(O) = q(O), p(U) 0D and

6(p(2) + 20 (2) ¢(p(2) < 6(a(2) + = (2) ¢ (a(2))) = h(2) (1.2)

then p(Z) < q(z) and p(Z) is the best dominant of (1.2). Even more we néedfdllowing lemma, which in more
general form is due to Hallenbeck and Ruschewelh [5

1.2 lemma [5]
Let G(Z) be a convex univalent it G(O) =1 LetF (Z) be analytic inU, F(O) =1 and letF (Z) < G(Z) in
U. Then for alln [ N,

(n+ 1)z [*tF ()t < (0 + 1)z [T 1°6()t (1.3)

2.0  Main Result and Consequences

"z
We shall make use of lemma 1.1 and 1.2 to obtaimesconditions forl — (Z MJ which leads to close-to-convex

t'(2)

function.
2.1 Theorem
If f,g0A and
g(2) 2 _
1-|z=—=% 2- =h .
=) 2 g @
then f OCP.
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Proof.
We choose p(Z) = ;:—(3; q(z) = ::'tzz qa(w) = %; H(W) =1- Vlv Then q(z) is univalent in
U; H(W) and ¢(W) are  analytc ~ with  domain D = C\ {0}  which  contains
qU)={z:Rez) > 0} and ¢(w) % 0 whenw q(U). Further

2z

Q(Z) =zq (Z)(p(Z) = (1+ 2)2
is starlike inU and for the function

h(z) = 6(q(2)) + Q(2) = 22(z+2) _ 2

aref  C @eoy

Re{g'—((zz))} = Re{rzz} >0,z0U

Also p is analytic inU, p(O) = q(O) =1 and p(U) U D because 0 is not irp(U). Therefore the conditions
of lemma 1.1 are satisfied and we obtain the resattif

we have

I

6(pl2) + (z)co(p(z»:l—[z‘-;",—((jj <22 o=l

+2)

we have ( )
f'lz) _ _1+z
WZ) = p(z) < Q(Z)‘l_z
thatis f O C"
2.2 Example
Let f(Z): Ioge@, g(z) :g where k(z): (1 —ZZ)Z, the functionf(z) belongs to the class A and
1-|z g'(z) = 2(2_42) is subordinated t@ — 2 5 - So from Theorem (2.1f OcC”.
fl2) (-2 1+2)

2.3 Theorem

I

Let f,gOAIfLl — (Z?:—((Zgj < h(Z), h(O) = 0 and h(Z) is a convex function in
VA

U then

Proof.

th@):[gg%gjzzl- %f(z%%gj}mmcﬂﬂ —1-h(z), 20U Then G(2) is a convex

univalent inU, G(O) =1 G(Z) is analytic inU, F(O) =1. Further we have that

&?8}zﬂﬂ<dﬂzrm®
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Therefore the condition of lemma 1.2 are satiséind for n = 0 we obtain

%EF@&<%ﬂG®m

If we apply the definitions ofF (Z) and G(Z) in the result above and use the following factclhis true because
F(Z) is analytic

. g'(2) | , = z9'(2)
Cetg) e -
we obtain that
g (2) <EIOZ 1-h(t)dt =1 - % IOZ h(t) dt

f'(z) z

2.4 Corollary

If f,g0A andif

gz, , _1 - g
<1 = Ioh(t)dt = 1-z

SHARE
thatis f OJC".

25 Example

that is

I
Because of that,

k(z), g (z) _ 1+

z 1-z

The same functions as in the example aboﬁ/éz) = log, can be used to illustrate corollary

2.4

andf(2) is close-to-convex
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2.6 Corollary
Let f,gOA,

1. if1 - (Z g'(z)j < 2 - h(z)0 < a < 1(1—In 2) thenf is close-to-convex
) 1+z 2

2. If Re — {1— (Z ?,—(Zgj < % (1-1n2)=1.62944520U thent is close-to-convex
z

Proof.
1. Fromh(0) = 0 and h(2) is a convex function in the unit distand by Theorem 2.3 we get that

Now from

Re{q(z)}=1-2a

11+ 2| + yarg (1+2)]

Im{q(2)}= %[xarg (L+2)-yin|1+ 2| ]

wherez= x + iy, it follows thatq(U) is symmetric with respect to theaxis and so

Re{q(z} > min{q(1) q(-1} =q(1)=1-2a + 2aIn2> 0, zOU

Thus from ?1 53 < q(z) we get thatRe{ g’(z)} >0, zOU and Re{ f'(z) } >0, z0OU,

t'(2) g(2)

that isf is close-to-convex function.

(,90) . - R
2. 1 Z is analytic in the unit disd, h(z) is univalent inJ and

f'(2) |

Therefore the condition from (1) of corollary 2.6

1- zﬂ < 2alz:h(z)

f'(z) 1+z

is equivalent to

1- g%) Dh(),zDU

Now from Re{h( '9)} a and h =0<a, we get thah(z) maps the unit dist into the half plane with real part
less than¥ . So the condition from (1) is equivalent to

Re{l —(z%}l} <a,z[0U

1
If we puta = E(l -1In 2) here, using (1) we obtain the statement of (2).
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2.7 Example

2 2
For f(Z) = @ and g(2 = logz, then f(Z) = (9(22)) and we have thatf,gOA, and
1- [Z ?:Egj = 1- 7% (log, z +1). Further, for z=¢"? we get

Re{l -7 (Ioge zZ+ 1)} =1- (CO§ 6 - sin’ 9). So from corollary 2.6 (2) we obtain thir) is close-to-convex

function.
In conclusion therefore, we can say that from Teep 2.1, corollary 2.4, and corollary 2.6, we hamed certain

9(2)

properties ofl — (Z ,( )j to establish the sufficient condition fi§e) to be close-to-convex function.
VA
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