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Abstract

This paper discusses the application of the New Variational Homotopy
Perturbation Method (NVHPM) for solving integro-differential equations. The
advantage of the new Scheme is that it does not require discretization, linearization or
any restrictive assumption of any form be fore it is applied. Several test problems are
considered and the results obtained are compared in terms of errors obtained with the
two convectional variational iteration and Homotopy Perturbation Methods. Also the
results obtained compared favourably with the exact solution. In all the examples
considered, the results reveal that the proposed method is very efficient, smple and is
more user friendly.
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1.0 Introduction

There has recently been much attention devotetidcse¢arch for reliable and more efficient solutinethods for
both linear and nonlinear differential equationsalhappear in diverse physical phenomena in varfi@lds of science
and engineering. Hence the method described invtbik is been proposed. This research work is desigo be a
reliable mixture of two powerful methods. Firstlye [1-5] developed the variational iteration meth@dIM) for solving
linear and nonlinear, initial and boundary valuelgpems. It is worth mentioning that the origin afriational iteration
method can be traced back to Inokuti et al [6],thatpotential of the technique was explored by248].

Moreover, He, realized the physical significancelaf variational iteration method, its compatililivith physical
problems and He applied this promising techniquae teide class of linear and nonlinear, ordinarytiphor stochastic
differential equations. Secondly, Homotopy perttidtamethod (HPM) was proposed by He [7]. This doesrequire a
small parameter in the equation contrary to thditicnal perturbation methods. In He’'s Homotopytpdyation with an

embedding parametep [ [O, 1] , homotopy is constructed. The Homotopy perturlpatieethod gets to the solution with

much less computational work. It is based on Taykaries with respect to an embedding parametethévtatically
speaking, Homotopy perturbation method itself &k kind of generalized Taylor technique. It care@ very good
approximation by means of a few terms, if the &hijuess and the auxiliary linear operator are gemaligh. In later
work, Ghorbani [8-9] splits the nonlinear term irs@ries of polynomials calling them He’s polynorsidRecently, Noor
and MohyudDim [10] used homotopy perturbation, a@oinal iteration and the iterative methods fovsa Boundary
Value Problems (BVP).

It is well known that many mathematical formulasoof physical phenomena contain integro-differé@guations.
These equations arise in many fields like fluid aiyics, biological models and chemical kineticsed¢mo-differential
equations are usually difficult to solve analytigado it is required to obtain an efficient approgite solution. The first
order integro-differential equation is given by

du/dx=f(x)+ [W(tu(t) u'(t)) ot (1.00)
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were f(x) is the source term and u(x) is the unkmeviich is to be determined.

The proposed algorithm is expected to provide 8miun a rapid convergent series which may lead solution in a
closed form. In this technique, the correction tiowal is developed [3 — 6, 11 — 15] and the Lageamultipliers are
calculated optimally via variational theory. Theeusf Lagrange multipliers reduces the successiplicgtion of integral
operator and the huge computational work, whilél stiaintaining a very high level of accuracy. FigalHe's
polynomials are introduced in the correction fumetl and the comparison of the like powers of pegigolution of
various order.

2.0 Methodology

Basically, we review the conventional variatiorteration and the homotopy perturbation methodsHersolution of
general differential equations.
() Basic Idea of Homotopy Perturbation Method

Linear and Non-linear Phenomena are of fundamémiabrtance in various fields of science and enginge Most
models of real-life problems are still very diffituo solve. Therefore, an approximate analyticaluson such as
Homotopy Perturbation Method was introduced. Tolarpthis method, we consider the following genarah-linear
differential equation:

Alu)- f(r)=0,roQ (2.00)
with the boundary condition
B(u,du/dn)=0,rar (2.01)

where A, B, f (r) andl are a general differential operator, a boundasgraior, a known analytical function and the

boundary of the domaif , respectively.
The operator A can, generally speaking, be dividesl parts L and N (say), where L is the lineartpahile N is the
non-linear part. Equation (2.00) therefore candweritten as follows:

L(u)+ N (u)- f(r)=0 (2.02)
By the Homotopy techniques, we constructed a Homoto
Vv (r, p): Qx [O, 1] — R which satisfies:

H (v, p)= - p)[L (v) - L(u)] + p[A(v)- f(r)] =0, (2.03)
pD[O,]], rgQ
M (vp) =)L () + pL (u)+ pIN (v)- F()] =0 200

where pU [O, 1], is an embedding parameter, whilg is an initial approximation of equation (2.00) wihi
satisfies the boundary condition. Obviously, frogquation (2.03) and (2.04) we will have:
H (v,O) = L(v)— L(uo) =0 (2.05)
H (v,1)= Alv)-f(r)=0, (2.06)
The process of changinmfrom zero to unity is just that of changing
H (V, p) from L(V) -L (uo)to A(V) - f (r) In topology, this is called deformation, Whil.e(V)— L(Uo) and

A(V) - f (I’) are called homotopic. According to the Homotopytibation method, we can first use the embedding
parametep as a small parameter, and assume that the sohftieeuation (2.03) and (2.04) can be written pswer
series inp:
V =v, + pv, + p°v, + pPv, + ... (2.07)
V=lim, , vy +v, +v;+... (2.08)
The combination of the perturbation method andtbeotopy method is called the Homotopy Perturbakitmthod,
which eliminates the drawbacks of the traditionattprbation methods while keeping all its advgeta
The series (2.08) is convergent for most cases.edewy the convergent rate depends on the non-logenator. He
[7], made the following suggestions:
The second derivative of N(v) with respect to v thessmall because the parameter may be relafizegg, i.e. p—
1. The norm ofL™" d\l/d/ must be smaller than one so that the series coeser

The introduction of equation (2.07) into equati@r0@) and (2.04) and comparison of like powerp gives solution
of various orders.
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(1)) Basic Idea of Variational Iteration Method
To illustrate the basic ideas of variational itematmethod, we consider the following differenggjuation:
LU + NU = g(t) (2.09)
where
L is a linear operator
N is a nonlinear operator
g(t) is the homogenous term
According to variational iteration method, we camstruct a correction functional as follows:

Upr ()=, )+ [A LU, (7)+ NO,(r) - o(r)] a7 (2.10)
whereA is a general Lagrangian multiplier which can beniified optimally via the variational theory. Thabscript ‘n’
indicates the nth approximation ahﬁ1 is considered as a restricted variation daTn = 0. The solution of the linear
problems can be solved in a single iteration steptd the exact identification of the Lagrange ipliér.

The successive approximatiah,,, N = O of the solution U will be readily obtained uponngithe determined

Lagrange multiplier and any selective functldn Consequently, the solution is given by = Iimn - ooU_ .

2.1 Implementation of NVHPM to Integro-Differential Equations

In this section, we extend the new scheme to intéifferential equations. The first order integrdfatential
equation is given by

du/dx = f(x) + [ W(t,ut), v (t)) ot (2.11)

wheref(x) is the source term andx) is the unknown which is to be determined via tbes wariational Homotopy
perturbation method (NVHPM).

The correction functional according to variatioitatation method can be constructed as follows:
U, (x)=u, (x)+ IOXA (s)[(un)S - f(s)- J'OSHJ (t.u(t), U’(t))dt} ds (2.12)

where U, is considered as restricted variations, which raeéan= 0. To find the optimalA (S), we proceed as
follows:
su,.,(x)=d, (x)+ o IOXA (s)[(un)S - f(s)- EW (t,aft), U’(t))dt} ds (2.13)
And consequently,

OUp.y (x) = A, () + 0 [T A(S)(u,), ds (2.14)
which results in,

&,y ()=, (x) + A (s) u, () = [, (x) A (s) s (2.15)
The stationary conditions can be obtained as falow

A'(s)=0and 1+ A(s)|,, =0 (2.16)
The lagrange multipliers, therefore, can be idadifis

Als)=-1

And the iteration formula is given as

Ua (9= 0, () - [ [(un ), - () - ["w (ule), u'(t))dt} ds (2.17)

Now, we implement the New Variational Homotopy Besation Method on eqn. (2.17) to obtain

> PV, =Uq(x)- b [ZLO JUSSIORIN (Z:’:O p”Wn)dt}ds (2.18)

The expansion of egn. (2.18), gives:
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Uy + P, + P, =g - p [ 0y + pu+ iy, + ) - £(9)

- E (W +p¥,+..) dt} ds (2.19)
The comparison of the coefficients of like powetp gives solutions of various orders of the form:
P’ Uy = uo(x)
a s
1. - _ o _ _
p':u = IOT = f(s) J'OLPO dt}ds
A s
2. - _ o
P’ u, = IOT = jowl dt} ds (2.10)

p": u =- IOT% -~ j:wn_l dt} ds

3.0 Numerical Examples

Example 3.1:
We first consider the nonlinear integro-differehéguation given by Batiha et al [16]:
X
u (x) = -1+ [ u?(t)ct (3.01)

for XU [O, 1] with the boundary conditiobl (O) =0.
We construct a correction functional accordingh ¥ariational iteration method as follows:

u,., (x)=u,(x)- j;[(un)s(s) +1- josuz(t)dt} ds (3.02)

Now, we implement the New Variational Homotopy Beration Method on eqn. (3.02), to obtain
2 X S 2
Uy + pu, + pu, +...=uy(X) - p jo [(uO + pu, + ...)S+1—j0(uO +pu, +...) dt}ds (3.03)

The comparison of the coefficient of like powergdafives solution of various orders as follows:

P°: Uy = UO(X) ==X
p': U :—IX%+1—jsu2(t)dt ds (3.04)
VA o\ & o Uo .
4
=— X+ —
Example 3.2:
Now we find the approximate solu(ti)on of the integiiffierential equation given by Batiha et al [16]:
x ¢ydult
u(x)=+1+| ult)—=dt (3.05)
()=+1+ [u) %

for x [O, 1] with the boundary condition(0) = 0.
We construct a correction functional according® variational iteration method as follows:

dult
0 (X) = () - jo"[(un)s(s) _1- j;u(t)%dt}ds @.068)
Now, we implement the new variational Homotopy pdyation method on eqgn. (3.06), to obtain

U, + pu, + p°u, +... :uo(x)— pjox [(u0+ pu, +...)S—1

S
—J'O(u0 +pu, +...) (U, + pu, +...).dt]ds (307)
The comparison of the coefficient of like powergdafives solution of various orders as follows:
0. — _
P’ 1 Uy = Ug(X) = X
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priu =- IOX[—l— j: uou{)dt} ds

=x+ 2 (3.08)a
5 .

p>:u, = —IX [—1— J.; (uo Uy + U ul)dt} ds

0
(3.08)b
= x + X +x

Example 3.3:
We consider the second order non-linear integriadihtial equation given by Ivaz et al [12]:

u"(x)+xu' (x) = xu(x) - Jj sinx¢~"u?(t)dt = & —sinx (3.09)

X

for x [O, 1] with the boundary conditiobl (0) =1 u'(O) =1 with the exact solutions (x) = €*.
We construct a correction functional according® variational iteration method as follows:

un+1(x)=un(x)+j:(s—t){(;u A _ () & + sinx - ['sinxe ™ 2()dt}ds

hence

xi‘ —u(x)-e +sinx - jsmxe u 2()dt}d (3.10)

t? ox | Ou
)= u )5 | 2

Now, we implement the new variational Homopoty pasation method on eqn. (3.10), to obtain:

pt* x| o A .
U, + puU, + p°U, +... = Uy(x) - "+ x—"—u(x)-e
o + U+ P, W= | e vk
+sinx — fsmxe 202t dt]ds (311
The comparison of the coefficients of like powehpqwes solution of various orders as follows:
0. —
p: uo—uo(x)
x | d°U A
1. —__- 0 0 _ — X i
pTiu = > ) {&2 +X_ds U, (x) — € +sinx
1
- Iosinxe 2l dt]ds (312
t? x | o°U a :
2. — 1 1 X
U, ==— +X——U,(X)—€e" +SInX
== [ S e

—.[ sinxe ™ u?( dt]ds

which implies,
U = 1+X
2
u, = %{xz (1 -sinxe? + sinx) + x3(1— %sinx.e‘2 + % sinxj

(X 1. 1. _zj
+ X | € = =sinx — =sinxe
2 2
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Since the solution can be ascertaineds after thiitration, hence
2

U=1+x+ %[x (ex - %sinx - %sinx.e‘zj + xz(l— sinxe™” + sinx)

X [1— %sinx.e‘2 + %sinxﬂ (313

Example 3.4:
We again consider the second order nonlinear iatdgferential equation given by lvaz et al [12]:

u” (x) + u(x) j xcostu()dtz—g (3.14)
u)=o,u(0) = 1

with the exact solutioru (X) = sinx.
We construct a correction functional according® variational iteration method as follows:

u.,(x)=u (x)+‘fX (s-t) Su, L, _'[g xcogtu?(t)dt + = |ds
n+1 ~— Yn 0 &2 n 0 n 3

and
t> x| 0%u z X
u,.,(x)=u,(x)- 5 jo [ = u,(x) - '[0 xcostu?(t)dt + 5} ds (3.15)
Now, we implement the new variational Homotopy peasation method on eqn. (3.15), to obtain:
B pt® x| o%u X
U+ pu, +...=u (x) _T.[o [ &Zn +u,(x) + 3" L xcostu?(t)dt |ds (3.16)

The comparison of the coefficient of like powergafives solution of various orders as follows:

p°: Uy = UO(X)

t2 X 52 ,E,
p’:u, (X):_E ) { dslio + uo(x)+§ —'[O xcostug(t)dt} ds (3.17)
X 2
p2:u, —j [ H +u1(x)+§ _L xcostuf(t)dt}ds
Which implies,
Uy = X

ul———J‘ [ ——x smxj (3.18)
Since the solution can be ascertained after teeifaration, hence

t? X
U=x-—|x*+—=—-x"sinx (3.19)
2 3
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4.0 Results
In the section we present our results in tabulenffor easy comparison.
Table 4.1: Comparison between HPM/VIM and NVHPM results fomBple 3.1

X VIM/HPM NVHPM ERROR
0.000 0.000 0.000 0.000
0.094 -0.094 -0.094 3.220 x 10
0.219 -0.219 -0.218 9.550 x40
0.313 -0.312 -0.308 3.975 x 10
0.406 -0.404 -0.393 1.114 x10
0.500 -0.495 -0.469 2.607 x 10

Table 4.2: Comparison between HPM/VIM and NVHPM results fomaBple 3.2

X VIM/HPM NVHPM ERROR
0.000 0.000 0.000 0.000
0.094 0.094 0.094 4.061 x ¢
0.219 0.219 0.228 5.046 x 10
0.313 0.312 0.328 1.446 x1q
0.406 0.408 0.440 3.122 x 1
0.500 0.505, 0.563 5.720 x1q

Table 4.3: Comparison between EXACT and NVHPM results for gt 3.3

X EXACT NVHPM ERROR
0.100 1.105 1.100 4.586 x 10
0.200 1.221 1.217 4.705 x 10°
0.300 1.350 1.328 2.199 x 10
0.400 1.492 1.441 5.044 x10?
0.500 1.649 1.558 9.110 x 1C0°
0.600 1.822 1.677 1.451 x 10
0.700 2.014 1.800 2.136 x 10"
0.800 2.226 1.927 2.982 x 1
0.900 2.460 2.0560 4.001 x 10

Table 4.4:Comparison between EXACT and NVHPM results for figée 3.4

X EXACT NVHPM ERROR
0.100 0.100 0.100 1.000 x 10
0.200 0.199 0.200 1.060 x 1C0°
0.300 0.296 0.300 3.880 x 10°
0.400 0.389 0.399 9.510 x 1C0°
0.500 0.480 0.498 1.890 x 10°
0.600 0.565 0.598 3.296 x 10
0.700 0.644 0.697 5.251 x 1C0°
0.800 0.717 0.796 7.837 x 1C0°
0.900 0.783 0.895 1.113x 10

5.0 Conclusion

In this paper, a New Variational Homotopy PertuidraMethod has been successfully applied to firdsthiution of
Integro.-differential equations and the resultsaot#d compared favourably with the two convectioralational
iteration and Homotopy Perturbation Method andetkect solution. It can be concluded that the NVHBM very
powerful and efficient technique for finding appimate solutions for wide classes of problems. Wasth mentioning
that the Method is computational cost friendly.
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