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Abstract

An EOQ model for delayed deteriorating items with linear time dependent holding
cost is considered in this paper. This is a little deviation from most inventory models
that consider the holding cost to be constant. In this paper, permissible delay in
payment is not considered rather the payment is made immediately the replenishment
of the inventory is made. The optimal cycle length that gives the minimum total
inventory cost was at the end determined and seven numerical examples are given.

1.0 Introduction

The optimal replenishment policy for an InventorgoBomic Order Quantity (EOQ) model depends on séwarsts
such as the ordering cost, inventory holding coss$t of deteriorated items and so on. A lot of wavds carried out over
the years on the inventory of decaying or detetiogaitems. The decaying inventory model was firehsidered by
Ghare and Shrader [1] who developed a model fooremptial decaying inventory. Many inventory decgymodels
were developed based on this maiden research. Madh has also been carried out to extend the EOQetadn order
to accommodate time-varying demand, linear trerttbadand, stock dependent demand and so on.

The first work to solve analytically the EOQ modéth linear increasing demand was carried out bpdddson [2].
Murdeshwar [3] developed an inventory replenishmgalicy model for linearly increasing demand withogages.
Goyal [4] developed a model on the heuristic fgleaishment of trended inventories considering tslyas. Goswami
and Chaudhuri [5] constructed an EOQ model for imary items with a linear trend in demand and &niéplenishment
considering shortages. Datta and Pal [6] reconsidéhe model developed by Goswami and Chaudhurividj the
restriction that replenishment intervals follow thdthmetic progression pattern. Goh [7] developedhodel on the
generalized EOQ model for deteriorating items witheedemand rate, deteriorating rate, holding eost ordering cost
are all assumed to be continuous functions of ti@id.et.al [8] constructed an EOQ model for deteating items with
time varying demand and costs. Musa and Sani [9¢ldped an EOQ model of delayed deteriorating itevith no
constraint in retailers’ capital. This is a sitoatiwhere items that are stocked do not start aesdiing until after some
time. Musa and Sani [10] extended the model deealap [9] to allow for shortages. Musa and Sani| [ddnstructed a
model of delayed deteriorating items under permigsilelay in payments. All the above listed modsisept Goh [7]
and Giri et.al [8] considered the inventory holdtast per item per unit time to be a known constérgreas in the case
of Goh [7] and Giri et.al [8], the holding costdsnsidered to be a linear function of time.

In this paper an attempt is made to develop anniovg model for delayed deteriorating items withireear time
dependent holding cost. The Paper is an extendidviusa and Sani [9]. The work considers the sitrativhere the
retailer does not allow for permissible delay irtlegy the replenishment account as in the cassoofie inventory
deteriorating models. The customer is expectedofpr the items as soon as they are receiveceiintfentory. The use
of linear time dependent holding cost is justifedthe fact that price indices are not in all cas@sstant but they rather
increase with the passage of time.

2.0 Assumptions and Notations
In formulating the mathematical model, the folloginotations and assumptions are employed:
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2.1 Assumptions

0] Inventory replenishment is instantaneous i) Uficonstrained suppliers capital
(i)  There are no shortages (iv) Lead time is negligible
NOTATIONS

,81 The demand rate during the period before #tertbration sets in
,32 The demand rate after the deteriorationisets
|0 The initial level of inventory

The inventory cycle length

The time the deterioration sets in

The unit cost of the item
The ordering cost per order

T

L

T2 The difference between the cycle Ien&-hand the time the deterioration sets in

C

A
I The inventory carrying charge per unit peit time

6

The rate of deterioration

Id The inventory level at the time the deterioratietssn

h({t) The inventory holding cosft) =@, +aLt

I 0 CH The total inventory holding cost in a cycle
| (t) The level of inventory at any timk before deterioration sets in

|d (t) The level of inventory at any tim after deterioration sets in

N(dt) The number of items that deteriorate in the irab[u_l,T]
3.0 The Mathematical Model

1(t)

g l4(®)

0 T, T,=T-T, T

Figure I: Inventory depletion in a delayed deteriorationaitn
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Before deterioration sets in, the depletion of imteey occurs only due to demand. This is represkebiethe differential
equation

di (t
d(t ) - -B.. O<t<T, (1)
Separating the variables and solving equation i¢ljly:
I(t) =-Bt+A, (2)
Where/]1 is an arbitrary constant. Now, ta0, | () =1, equation (2) becomdg = /11 , so that from (2), we get
(1) =-4t+l, €)
Moreover at="T, , 1 (t) =, , we obtain from (3)
=l + BT, “)
Substituting equation (4) into equation (3), weda
1B =1, +(T -1, (5)

After deterioration sets in, the inventory depletigill depend on both demand and deteriorations Thirepresented by
the differential equation

dldt(t) +A,()=-5,, T,<t<T (6)
The solution of equation (6) is given by :
a(®)= -% + A, )
Where A, is an arbitrary constant, applying the conditiotisa T, 1,(t) = I, yields from

equation (7).l 4 = —% + /]Ze—er

0 A =(|d +&jef’ﬁ (8)
o
Substituting equation (8) into (7) yields,

I (t) =~ B +(|deerl+&eanje—a :_&Jr(l ﬁzje(Tl—t)g
g )

0 14®= %(e‘““’g —D)+1,e0 ©)
Now, att=T, | 4(t) = O, equation (9) becomes

0= &(eﬁl—ne ~1)+ |de(T1—T)€ = I, = _&(e(Tl—T)e—(Tl—T)e _ e(T—Tl)H)
7 7
O I,= %52 1-el" %) (10)
Substituting equation (10) into (9) yields
NOE %(e(n—t)e -1 _% (1- e(T—Tl)H)e(Tl—t)H — %(e(T—t)H -1 (11)
Now, substituting equation (10) into (5) yield
1) =-22 a-e7) + 1, -0, 12

4.0 Computation of the Total Inventory Costs
The total inventory is made up of the sum of theeirtory ordering cost, cost due to deterioratiomeéntory items and

the total inventory holding cost. The costs are potad individually before they are summed together.
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(a) The inventory ordering cost is given As
(b) To compute the cost due to deterioration oéirtery, we note that:

The total demand betweely andT = the demand rate at the beginning of deterioratite time
period during which the item deteriorates.
O  Total demang B,T, = 5,(T -T,)

The number of items that deteriorate during titerival, [T, T]is given as:

Nd)=1,-8T,=1,-6,(T-T) (13)
Substituting equation (Liito (13) to have
N@) =22 =€) - g, T = ~L2 - eV 10T T (a)
and the total cost due to deterioration of inventtems is given as:
CN(d,) = _Csz @™+ (T -T))) (15)

(c) The total holding cost is given as:
T, T
C, =i j h(t)! (t)dt +i j h(t)! , (t)dt
0 T,

Inventory Carrying Cost (or Holding Cost)
The inventory carrying cost or holding cost in atleyisCH . This is the cost associated with the storagdefiiventory
until it is sold or used. It is given as:

=i j h(t)I (t)dt +i j h(t)!, (t)dt
|I(a + azt)(—% @-e"™%) +(T, —t)ﬁljdt + i]'(cr1 + azt)(% (el™™e —1)jdt

e(T T)8 T,

(T-T,)6 T T i T i
"Bzaljdt I’@Ljdtﬂﬁlaﬁljdt—iﬁlaljtdt—I’Bz%jtdt+l’82azTJtdt+lﬁlazT jtdt
0 0 0

—iﬁlajtzdt "82 je(””dt "32 jdt+ 5,4, jte(””dt "82 jtdt

Tl
B B gt B B —ﬁg ok
N |,310'2T1 [tz]gl _ i8a, [t3]gl _Iﬁg%‘l[eﬁ—t)e] |,82 [ ] iB,a, { 1 [te(T—t)H]Il [ (T t)a]Tl}

[ ,8 a
150, [ ]T1
_ _iﬁZal 1, iB,a.T, 1e(T_T1)€ + iga, T _ i,a,T I,BZO’2 T2e(T e iﬁla’sz B iBa,T?
o 7 2 26 26 2 3
3 iﬁzale(T—T)e N iﬁzale(T—Tl)H _ i6,a,T N iB,a.T, N iB,a, —Te™me . Tle(T—Tl)H ) o116 . o118
6? G? Je] g ) 0 0 92 92
_ iB,a,T* + i8,a,T)
20 20
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; (T-T)8 2 2(T-T)8 (T-T)8 3 3
:|/82a1Tle ' +|ﬁ1a1T1 +|/82a2T1e ' +|182a2Tle ' +Iﬁla2Tl _Iﬁlale _'/Bzal

e 2 20 6? 2 3 6°
+ iﬁzale(T_Tl)g + iﬁzaze(T_Tl)g _ iﬁ2a1T _ iazﬁzT _ iazﬁz _ iazﬁsz
62 6° 7 62 6° 26

BT, a e a e pT6a, BT6a, 1 TV TV,
25, 2a, Ba, 25,4, 3Ba, 6O, T,6 a.T,6°
_T — a2T _ 0’2 _ aZTZ iﬁzalTl
T, 6o, &aT, 2a1T1} 6
4.1 Computation of the total Inventory Costs
The Total Inventory cost per unit time is given as

(16)

1
TC(T)= ? (Inventory ordering cost + Cost due to deterioratf inventory items
+ Total inventory holding cost)

(TC(T) = (A+ON() +C,)

-ACh @-e" M+ 9T -T,)) +.eT ™ + ALO a,T,e + ae” ™" AN
T 6r 20, 2a, Oa, 28,a,
_BT6a, 1 . eT- e . " Va, T aT  a, _a,T?|iBa] a7
3B,a, 6T, T,6 aT6*> T, 6aT 6°aT 2aT| 65

To determine the value oF which minimizes the total inventory costs per uirite, we differentiate equation (17) with
respect tal and equate to zero to have

dTC(T) _-A_CB, {_ 1 (T1-1)e" ™"

Lo, | @e-9e™ BT | a,T,(Te-1e"™’
dT LI

T2 T2 T? T2 23,T? 2a,T?

L OT0-De" BaT’0 Badr’, 1 (T6-De" a,T6-1e”

a,or*? 2B,aT? 3B,aT? OIT? orT? a,T,0°T?
[ T,
+ . a, - a, I:320'1 1 =0 (18)
@ aT T 2aT, e
Multiplying equation (18) through by T? yields
—\a(T-Te —\a(T-Te

~ AP (ro-1em v s ar )+ | Ta-per e - ALG  L(TO-DE T | a,(T6-De

g 20, 20, a0
_Ba 1’0, fad | 1 (T6-0De"Y a,(T6-De"  a, a,T?liBaT _ 0

25,4, 3B,a, 6T, T.0 a,T,6° ’aT, 2aT,| 6

(19)
So that given other parameters we can use equdt®rio determine the bestwhich minimizes the total inventory cost.

5.0 Computation of the Economic Order Quantity (EOQ)
The EOQ of the corresponding best cycle lefigtan be routinely obtained from:

EOQ = AT, +B,T, +N(d,) = BT, + B,(T = T,) + N(d,)
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BT+ BT =T) L2 a7+ (T-T)0) @0)

6.0 Numerical examples
Table 1 gives the solutions of seven different nucaé examples having different parameters.

Table 1: Parameter values and the optimal cycle Igth, T for the inventory model with linear time dependent
holding cost

SIN| A C i T EO
(N) B _ B, _ T ¢ a as e (Un(igts)
(Units) | (Units)
1 100 | 30 | 500 200 0.04 0.0384(14 days) 0460 0.02 0 8.0 0.2328 (85days) 734.08 99
2 150 | 60 | 600 300 0.06 0.0575(21days) 0/50 1.00 0 6.0 0.1918 (70days) 1217.12 116
3 200 | 100| 500 300 0.07 0.0767(28 days) 0/30 -0{5000 5 | 0.2219 (81 days] 1334.76 126
4 300 | 80 | 700 400 0.08 0.0959(35days) 040 0.03 0 9.0 0.2356 (86 days) 1816.49 181
5 500 | 150| 1000 600 0.09 0.1151(42 days) 0j20 -0,041.00 | 0.2521 (92) days 2856.62 285
6 700 | 250| 1500 1000 0.11 0.1343(49 days) 025 -0.0000 0.2027 (74 days) 4182.87 339
7 1000| 200| 3000 1500 0.1 0 6

=

0.1534(56 ddys) 626

.35 0/00.07 0.2082 (76 days) 5567.(

7.0 Conclusion

In this paper, we present a mathematical modéhe inventory of deteriorating items which du start deteriorating

until after some time. The model is built on thewsption that the holding cost for the inventognitis a linear time
dependent function.

The model considers a situation where theocoet is expected to pay for the items as soonegsdte received in the
inventory, meaning that the retailer’s capital @ oconstraint in this model.

The optimal cycle length that gives the minimum total inventory cost watedmined in each of the seven examples
given in Table 1.
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