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Abstract 

 
In this paper, a Mie-based numerical computation and visualization program has 

been used to compute the phase functions of typical constituents of mineral dust 
aerosols of Saharan origin in the visible range of the electromagnetic spectrum of 
wavelength 550nm. Computations were done for scattering angles ranging from 0 to 
180 degrees and three radial sizes of 0.25, 0.5 and 1.0 microns. The results show that 
there is increasing asymmetry and complexity of the phase functions with increasing 
radial sizes for each of the selected constituents: Illite, Kaolinite, Montmorillonte, 
Hematite, Calcite and Quartz. The behaviour of these constituents as observed by 
their phase functions provide information on the optical properties and radiative 
effects of the mineral dust types and is therefore useful on regional and global scales 
in assessing radiative impacts of dust outbreak events. 

  
 
  
1.0    Introduction 

Generally, when light strikes a particle with an index of refraction different from the medium in which it is 
embedded, the light is refracted. The angle at which the light is bent is a function of the size and shape of the particle as 
well as the wavelength of the incident light and the incident angle. This results in each particle having a different 
scattering profile. The scattering profile is called the phase function [1]. The phase function is only a description of the 
distribution of the scattering by the particles. 
 
2.0 The Scattering Phase Functions 
 
The phase function is only a description of the distribution of the scattering by the particles [2]. The phase function 
satisfies the normalization condition 

    ( )
4

1 ˆ ˆ, 1
4

p d
π

′ ′Ω Ω Ω =∫     (1) 

A physical meaning to the scattering phase function is to regard ( )1 ˆ ˆ,
4

p ′Ω Ω  as a probability density. If we assume a 

photon arrives from a direction ̂′Ω and is scattered, then ( )ˆ ˆ,′Ω Ω , the probability of its new direction is guaranteed to 

fall within an available 4π  steradians of solid angle [3]. The scattering phase function then depends only on the angle θ  

between ̂Ω  and ˆ ′Ω , where 

    ˆ ˆcosθ ′≡ Ω Ω�      (2) 

One can therefore replace ( )ˆ ˆ,p ′Ω Ω  with 

    ( ) ( )ˆ ˆ cosp p θ′Ω Ω ≡�      (3) 

The normalization condition then becomes: 
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The simplified notation of (4) commonly used in literature [4-8] is 

  ( )
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−

=∫          (5) 

The simplest scattering phase function is for isotropic scattering [9] 

    ( )cos 1p θ =        (6) 

All directions in this case are equally likely for a scattered photon. The new direction of the photon cannot be predicted 
from the direction it was originally traveling before it was scattered. Van de Hulst [10] gives the scattering phase function 
as 
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where scaC  is the scattering cross-section. The phase function is an element of a matrix called the phase scattering 

matrix, which is a set of 4 x 4 matrix 
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The 11P  component of the Phase Scattering Matrix is the Scattering Phase Function [11]. In terms of the Scattering 

Functions 1 2S and S  the phase function is written as: 

   ( ) ( ) ( )2 2

11 1 22
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      (9) 

The scattering functions in equation (9), also known as the scattering amplitudes are given by 
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where n nandπ τ  are the angle dependent functions and the expansion of the incident plane wave in Legendre 

Polynomials yields the angle dependent functions. They describe the angular scattering patterns of the spherical 
harmonics used to describe scattering amplitudes. The angle dependent functions are given by 

   ( ) ( )1
cos cos

sin
l

n nPπ θ θ
θ

=      (12) 

   ( ) ( )cos cosl
n n

d
P

d
τ θ θ

θ
=      (13) 

where the l
nP  are the associated Legendre polynomials of the first kind. The angle dependent functions are usually 

computed by upward recurrence [12] from the recurrence relations 

   n n 1 n 2

2n 1 n
cos

n 1 n 1
π θπ π− −

−= −
− −

    (14) 

   
( )n n n 1n cos n 1τ π π −= − +

     (15) 

The angle dependent functions are alternatively even and odd functions ofcosθ : 
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Following the formulation in Deirmendjian [13], 

  0 1 20, 1, 3cosπ π π θ= = =       (17) 

  ( )0 1 20, cos , 3cos 2τ τ θ τ θ= = =      (18) 

the scattering phase functions are expanded in terms of the Legendre polynomials in the form 
 

  ( ) ( )11
0

cos cos
N

l l
l

P pθ β θ
=

= ∑       (19) 

where θ is the scattering angle and lβ  is determined from the orthogonal properties of Legendre polynomials in the 

form 
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With the normalization condition of (1) and if N in (19) is made large enough to ensure accuracy and convergence, then 

  
0 1

1

1 3

3

and g
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β β
β

= =

=
       (21) 

Thus, the asymmetry factor represented by g in (21) can be deduced from the phase function.  
 
3.0  Results 
 
3.1 The phase function plots 
The phase functions of the constituents of the dust aerosols are shown in Figures 1.5-1.7. The plots have specific complex 
refractive indices for the specific constituents of Calcite, Hematite, Illite, Kaolinite, Montmorillonite and Quartz. 
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Figure 1.5a: Phase Function plots of Calcite, Hematite and Illite; radial sizes 0.25mµ  
Journal of the Nigerian Association of Mathematical Physics Volume 20 (March, 2012), 331 – 342           



335 

 

Scattering Phase Functions of Constituents of Mineral…  Sa’id and Kashimbila    J of NAMP 
 

KAOLINITE 

 

 

MONTMORILLONITE 

 

QUARTZ 

 

Figure 1.5b: Phase Function plots of Calcite, Hematite and Illite; radial sizes 0.25mµ  
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Figure 1.6a: Phase Function plots of Calcite, Hematite and Illite for radial sizes 0.5mµ  
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Figure 1.6b: Phase Function plots of Kaolinite, Montmorillonite and Quartz for radial sizes 0.5mµ  
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Figure 1.7a: Phase Function plots of Calcite, Hematite and Illite for; radial sizes 1.0mµ  
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Figure 1.7b: Phase Function plots of Kaolinite, Montmorillonite and Quartz for; radial sizes 1.0 mµ
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3.2 Discussion Of Results 
 
 
The plots of the phase functions are in agreement with Mie-derived phase functions for various values of size parameters 
as recorded by Petty [14]. There is also a close agreement among the phase functions for the different size parameter. 
Gerber and Hindman [15] report that this suggests that the particle radius is the major contribution to the shape of the 
phase function.  As the radial size increases, the phase functions in the forward direction (angles less than 90 degrees) 
have large amplitudes than in the backward directions (angles greater than 90 degrees). We notice for the radial size 0.25 
micrometer (Figure1.7), that there is a broad lobe of enhanced scattering between scattering angles (0-40degrees) and a 
large variation of amplitude for scattering angles (120-180degrees). 
The phase functions plots show an increasing asymmetry and complexity of the phase functions with increasing radial 
size. There is more symmetry in the forward than backward directions for small size parameters, indicating that that small 
sized aerosols scatter radiation in the forward direction more efficiently. The phase function plots also yield values of 
single scattering albedo and asymmetry factor as shown at the top of each plot. Typical average value of Single Scattering 
Albedo for constituents of mineral dust aerosols with radial sizes of 0.25 micrometers is 0.85 in the visible wavelength of 
550nm and the asymmetry parameter is 0.74. The single scattering albedo for radial size 0.5 micrometers and 1.0 
micrometers is 0.81, while the average asymmetry factor is 0.71 and 0.79 respectively. Single scattering albedo for 
hematite increases steadily with increasing radial size, starting with a value of 0.47 for radial size 0.25 micrometers, 0.52 
for 0.5 micrometers and 0.56 for 1.0 micrometers.  
 
 
4.0 Conclusion 
 
The three radial sizes computed: 0.25, 0.5 and 1.0 microns, show that at angles less than 90 degrees, scattering is more 
enhanced in the direction of propagation of the incident radiation. Averaged single scattering albedo for the three radial 
sizes as indicated at the top of each plot are 0.71, 0.74 and 0.85 for the constituents of the dust aerosol except hematite 
(0.47, 0.52 and 0.56). Hematite shows a flat out pattern after scattering angle of about 50 degrees. Since hematite is an  
absorbing constituent of the dust aerosol, this pattern shows that the absorption is more at scattering angles of more than 
50 degrees at visible wavelengths.  
In conclusion, one can infer that dust aerosols except for one with very high hematite content, will scatter more than 
absorb incident radiation. The inference of this for regional and climate impact is that with more radiation scattered by 
dust aerosols, dust aerosols are likely to result in negative radiative forcing (cooling) of the atmosphere. However, dust 
aerosols high in hematite, will exert positive radiative forcing (heating) of the atmosphere. 
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