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Abstract

Some Block Backward Differentiation Formulas (BDFs) capable of generating
solutions to Stiff initial value problems are derived using Lagrangian interpolation
technique. The region of absolute stability of the BDFs are constructed and the nature
so obtained establishes some fact about the choice of BDFs for numerical treatment of
stiff  Problems. The BDFs derived were implemented on some standard stiff initial
value Problems. The results show that the 3-point BDF step size ratio with r =2 has
the widest region of absolute stability and highest accuracy.
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1.0 Introduction

The quest for efficient numerical methods for sodystiff initial value problems is on the increagdéthough over
the years attempts have been made to solve stifigms by different methods, some of these methass failed due to
the nature of stiff problems in general and alslofa to satisfy some stability conditions.

An Initial Value problem is said to be stiff if ttabsolute stability required leads to a much smabdue of step size
h than would otherwise be needed to satisfy theracy requirements. Stiffness as described initdeature is known to
depend on three main factors: accuracy, lengthtefval and region of absolute stability of the hoets used [1].

The choice of Backward Differentiation Formula (BDFhich is a Linear Multistep Method (LMM) is of eat
importance since this class of methods has beenrskm possess A-stability and\(ar) stability characteristics which
are known to specially handle stiff problems. TH2H8 used for stiff problems dated back to Curties ldirschfelder [2]
while the Region of Absolute Stability (RAS) of serBDFs were discussed by Gear [3] for= 1,2,---,6; where all

the regions are infinite and corresponding mettasdsstiffly stable andA(a) stable.

In many areas of applications of pure and applie@riges where ordinary differential equations emespme of
such equations are stiff in nature, the solutionthele class of stiff problems often pose somel lefvdifficulties that
resulted in fewer success of schemes to handlemotitems.

Block Methods were first proposed by Milne [4] whsed them to derive integration formula as PrediCirrector
(P-C) algorithms. Rosser [5] developed Milne's rodthin form of implicit methods. Shampine and W46 also
contributed to the development of block implicitesstep methods while Chu and Hamilton [7] consideseme multi-
block schemes. Voss and Abass [8] and Ehigie ¢9tleveloped some block schemes but they werdeimented as P-
C mode of Milne. Some other researchers have aswveatl some block methods using some

Runge Kutta techniques in terms of embedded formula

Due to great demand for the solution of real lifekpems of which many result into stiff problemsg shall at this
point derive some block BDFs which are being prepo®r the solution of some stiff Problems. Theesohs produce
numerical solutions to ordinary differential eqoat given some back valugs ,, y .,y _,.

Several authors have used various techniques to derive the BacRkiffentiation Formula. These methods
include interpolation using Lagrangian interpolation pompiad Okunuga et al. [10] or Newton-divided difference
polynomial as basis functions, while some others used tlreation methods as introduced by Onumanyi [11].

In this paper we shall use Lagrangian interpolation @damwhich defines an approximatigpolynomial
P.(X) = y(X) as the basis function,
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R(X) = Z Lk,j (X) y(Xn+l—j ) 1.1)

kaj (X) - ﬁ (X_ Xn+1—j)

i=a,i#] (Xn+1—i - Xn+1—j)

Where X fori =-m,---—2,— 1012,---,m for a m— point block method.

n+1-i !

2. Derivation of Block BDFs
Consider the Initial Value Problem,

y =f(xy), Y(%) = Yo (2.1)
In order to integrate (2.1), considering that the step dizkeocomputed block i8h and the step size of the previous

block is 3rh wherer is the step size ratio as shown in Figure 1. We consigevalues forr =1, 2 and 1 which
2

corresponds to integration with constant step size, hathiagtep size and doubling the step size respectively. Tihe ste
size ratios are chosen first, because of stability regiorsacdndly so as to have comparison of our methods witr oth
previous authors who used the same step size ratios.

rh rh rh h h h

=Y

X X

X n2 n3

2 X X X

n3 n1 n -l

For a 3-point block method, we s@ =—3 and b=3in equation (1.1), so that on interpolation at the point

Xne1r Xnsps -0+, the corresponding pointsy,.;, Y,.,, --- are obtained. The Lagrangian basis function as an

approximation to the solutioty(X) involving back values{xn_l, Xp-2s Xn_g]and future valuesgxnﬂ, Xne2s Xn+3] will
be of the form,
(X B Xn—2)(x B Xn—l)(x B Xn )(X B Xn+1)(X B Xn+2)(x B Xn+3)

y(x) = Yo-s
(Xn—3 - Xn—Z)(Xn—s - Xn—l)(Xn—s - Xn)(xn—3 - Xn+1)(Xn—3 - Xn+2)(xn—3 - Xn+3)
(X B Xn—3)(X B Xn—l)(X B Xn)(X - Xn+1)(x - Xn+2)(x - Xn+3) y
(Xn—2 - Xn—S)(Xn—Z - Xn—l)(xn—Z - Xn)(xn—z - Xn+1)(xn—2 - Xn+2)(xn—2 - Xn+3) i
+ (X_Xn—3)(x_ Xn—Z)(X_ Xn)(x_ Xn+1)(X_ Xn+2)(X_ Xn+3) y
(Xn—l - Xn—3)(Xn—1 - Xn—Z)(Xn—l - Xn)(xn—l - Xn+1)(Xn—1 - Xn+2)(xn—l - Xn+3) i
(X - Xn—3)(X B Xn—Z)(X - Xn—l)(x - Xn+1)(X B Xn+2)(X B Xn+3) y (2 2)
(Xn - Xn—3)(Xn - Xn—Z)(Xn - Xn—l)(xn - Xn+1)(Xn - Xn+2)(Xn - Xn+3) ) .
+ (X_ Xn—3)(x_ Xn—2)(X_ Xn—l)(x_ Xn)(X_ Xn+2)(X_ Xn+3) y
(Xn+1 - Xn—3)(Xn+1 - Xn—2)(xn+1 - Xn—l)(xn+1 - Xn)(xn+1 - Xn+2)(Xn—2 - Xn+3) ™
(X - Xn—3)(x - Xn—Z)(X B Xn—l)(X - Xn)(X - Xn+1)(x - Xn+3) y
(Xn+2 - Xn—3)(xn+2 - Xn—Z)(Xn+2 - Xn—l)(Xn+2 - Xn)(Xn+2 - Xn+1)(xn+2 - Xn+3) "
+ (X_Xn—S)(X_Xn—Z)(X_Xn—l)(x_Xn)(X_Xn+1)(X_Xn+2) y )

(Xn+3 - Xn—3)(xn+3 - Xn—z)(xn+3 - Xn—l)(xn+3 - Xn)(xn+3 - Xn+1)(xn+3 - Xn+2)

Differentiating (2.2) and evaluating at poinks,,, X,,, and X_,, we obtain a variable block integration formula of the

form,
Journal of the Nigerian Association of Mathematical Physics Volume 20 (March, 2012) 75 — 82

76



Treatment of Stiff Initial Value Problems using.. Sofoluwe, Okunuga, and Ehigie J of NAMP
(2r+1) B 93r +1) N 2r+D@r+1) — hf
o@r+n@r+2) "7 2@ +Dr+3 7" P +D(r+Yr+y T
_(r+D@r+DBr+1)  6r°-11r*-18 -5 L @ +D)(Er +1)

y +1 n+2 (23)
18r3 TO2@r+D(2r +D(r+) "™ 2Br +2)(r +2)
_ (2r+D(3r+1)
181 +3)(2r +3) "
-2(r+2) N (r+2)(3r+2) N 2(3r +2) i
or@Er+)@Br+2) " 2@ +D(r+D2r +3) 7" r3(r+2)(r +3 Yo = Mz
N @r+2)(r+2)(r+1) 3 +2)(3r+2) v + (3r +4)(r? +6r +4) y 2.4)
183 "@r+D@r+D) "™ 2@+ 2)(r+)(r+2) 7"
_2r+2)(3r+2)
or +3)(2r +3) °"°
(2r+3)(r +3) B o(r +3) N 9(2r +3) -
AI3(r+D@r+D)@Er+2)" " 2@r+D)2r +3) 7" r3(r+2)(r +3) Yot = HWoes
@2r +3)(r +3)(r +1) N 9(r +3)(2r +3) 9(r +3)(2r +3)
- 3 n yn+l - yn+2 (25)
6r 2@r +(2r +1) 2(r+2)(3r +2)

_22r° +143 % +270r +153

6(r +1)(2r +3)(r +3) Yuss
To determine the various LMM as a block for the integratib2.1) and considering the choice of step length, (2.3)

1
(2.4) and (2.5) are simultaneously evaluated atl1, 2, and E respectively to obtain:

Forr =1:

y ——%y +£y +1_6y —Ey +£y —iy +1_2hf

n+1 35 n+2 35 n+3 7 n 7 n-1 35 n-2 35 n-3 7 n+1l

y :1_50y —1_Oy —1_00y +5_Oy —Ey +£y +6_O f

n+2 77 n+1 77 n+3 77 n 77 n-1 77 n-2 77 n-3 77 n+2 (26)

__1s0 120 400 75 .24 10 20

yn+3 49 yn+l 49 yn+2 14-, yn 49 yn—l 49 yn—2 14-, yn—3 49 n+3
Forr=2:

y __3675y +§y +1225y _2i5y .\ 21y _ 25 y +ﬂ)hf

™ 1182°™%  111°™ 20€ 7" 592"t 20€°"? 355.°"° 37 ™

y —1536y —_ 512 y —1_6y +1_2y —1_6y +iy +%hf

"2oogyE TM™ 26287 257N qpE M @7ETM? gpESNS - og Nt 2.7)
y __2835y +99225y +11025y _ 3969y , 405 v - 175 v+ 630
™3 1441°™ 4611:.°™7  1152¢°" 2305€° "t 1152¢°"% 4611:°"™° 1447 ™
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Forr =3
_ 15 25 25 20 75 4 15
Yo = "6 Yne2 "‘@ Ynia +§ Yn = Yoa ¥t Y] Yn-2 Y Yozt 1_6hfn+l
_ 735 175 1225 1344 1225 320 210
Yoz = 31¢ Yna " 191z Ynea " 31c Yn +E Yo1~ 63¢ Ynao * 957 Yn-s +E foiz 28
15876 9072 7056 41472 3969 3584 252
Yoes = 3068 Y1 T 3068 Y7 * o5z Y0 " 32ee Y esz Y2 T 32ee Ve Tesa e
3. Implementation of Block BDFs

To Implement the block BDFs, the methods in the block wetigidually applied to the test problem. From our fimgi,
the first BDF in the block seeking foy,,, was unable to handle the problems as expected. In ordemfutrtid give a
wrong prediction which will affect the entire block, thesfiBDF was entirely ignored for all the block BDFs ahd t
Explicit Euler method was used as a replacement to get afoedor Y, ,, and the other methods which seek §6y, ,

and Y,,; are used as the block method. Also, the Newton Iterationiteetswill be used in the determination of the

values sought for which the Jacobidh of the stiff differential equation will be obtained.

oy

4, Stability of Variable Block Integration Formula

From the literature [3, 12], it is known that stabilifyaoLMM determines the manner in which the error is propatas

the numerical computation proceeds. Hence, it would be necessimestigate the stability properties of the newly
developed methods. In this paper, the RAS of the metheddiscussed for various step ratios.

The boundary locus method will be used to plot the RASs Thobtained using the first and second characteristic
polynomials as,

40)= 25

where p(€'?) and g(€?) are first and second characteristic polynomial of LMM as discuss Lambert [12].

Resolving (3.1) to real and imaginary parts and evaluatingdioies of @ (1 (0,277) gives the region of stability which
is plotted on a graph.

However this method was applied to the resulting LMM fithe substitution of the first BDFY, ,, in the second BDF-
Y.+, and thereafter, the first BDFY, ,, and the second BDF were substituted in the last B in the block.

Hence, the RAS of the Various BDFs fo=1, r =2 andr =1 are given respectively in Figures 2 - 4.

Figure 2: RAS forr =1  Figure 3: RAS forr =2 Figure 4: RAS forr Z%

It is observed that the RAS far =1 is the widest of all the methods followed Iby= 2. The nature of the RAS for

r :% shows that the block BDF att:% is unstable. The Most Interesting property of the BDFrfer 1 andr = 2

is that the RAS is contained in the left hand half plang this establishes thed — Stability and A(a) stability
properties respectively.
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5. Numerical Experiment

In this section, we solve some standard problems wittdéneed Block BDFs (2.6), (2.7) and (2.8) which shal b
denoted as BBDF1, BBDF2 and BBDF3 respectively. The resbttsned are compared for various step lengths so as to
examine the consistency of the methods on the selected psoldierre it has been shown by the RAS that the methods

are A — stable, A(@r) -stable and unstable respectively.

Problem 1
We consider the test problem,

y =2y (5.1)
with A = =1 and initial valuesy(0) =1. Solving this problem (5.1) which is known to have analytical solution:

y = e with the BBDF1, BBDF2 and BBDF3 using step length 2 and 001, we obtain the numerical results in
terms of the errors in the Table 1:

Table 1: Result of problem 1 for variousr values

« r=1 r=2 r=1
h= 001 h=01 h= 001 h=01
BBDF1 BBDF1 BBDF2 BBDF2 BBDF3 BBDF3
0.02 8.25e-05 7.11e-04 6.74e-03 XXX
0.03 4.03e-05 2.86e-04 5.88e-04
0.1 7.36e-05 8.27e-04 XXX
0.2 2.37e-04 7.77e-03 1.07e-03 1.23e-02
0.3 3.35e-04 3.26e-03 1.27e-03 4,18e-03
0.4 4.37e-04 1.53e-03 1.41e-03 3.49e-03
0.5 5.07e-04 3.26e-03 1.52e-03 1.43e-04
0.6 5.60e-04 1.32e-03 1.59e-03 1.75e-03
0.7 5.99e-04 1.37e-03 1.64e-03 1.66e-03
0.8 6.25e-04 4.,32e-03 1.66e-03 6.90e-04
0.9 6.41e-04 3.09e-03 1.66e-03 3.08e-03
1.0 6.48e-04 1.59e-03 1.65e-03 1.98e-03

xxx- The scheme explodes on evaluation

From the Table 1, it is observed that the BBDF2 gives dtrslsghtly different from the BBDF1 using a step length

0.1 but on the reduction of the step length@1 the results obtained by the BBDF1 gains slight accuradie e
BBDF2 remains consistent. The BBDF3 gave a favourable numesadation only in the first block and failed
completely thereafter.

Since BBDF3 is unstable as displayed in Figure 4, it is dleatr BBDF3 with ¢ =

integration on stiff problems. Hence we discard the BBDF3.

Problem 2

The Problem 1 is extended to another ordinary differergiadiéon of the form,
y' =Ay-x)+1,
considered by Ibrahim et al. [13]. This problem is solf@dA = =5 and A =—=20. This has an analytical solution
given by y = e™ + X.
Therefore it is expected that a —» X, Y — X. Applying the BBDF1, BBDF2 and BBDF3, we present theltesn
terms of their errors in Tables 2 and 3:

y(0) =1,

0<x<10

N

will not be suitable for the

(5.2)
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Table 2: Result of Problem 2 withA = -5

A=-5 r=1 r=1
h=001| h=01| h=001| h=01
X BBDF1 BBDF1 BBDF2 BBDF2
0.02 2.61e-03 4.12e-03
0.03 9.20e-04 1.55e-043
0.9 4.35e-04| 8.29e-03 1.55e-03 4.19et04
1 2.96e-04 | 5.48e-02 1.46e-03 5.39e104
2 4.55e-06| 3.57e-02 1.26e-03 1.04e104
3 3.27e-06 | 2.29e-02 1.26e-03 9.64e104
4 3.34e-06 1.47e-02 1.26e-03 9.63e104
5 2.86e-06 | 9.42e-08 1.26e-03 9.63e104
6 6.20e-06 | 6.05e-08 1.26e-03 9.63e104
7 6.20e-06 | 3.88e-08 1.26e-03 9.63e104
8 5.27e-06 | 2.49e-08 1.26e-03 9.63e104
9 0 1.60e-03] 1.26e-03 9.63e-04
10 2.86e-06 1.02e-08 1.26e-03 9.63e104
Table 3: Result of Problem 2 withA = =20
A=-20 r=1 r=1
h=001| h=01| h=001| h=01
X BBDF1 BBDF1 BBDF2 BBDF2
0.02 2.90e-02 3.46e-07
0.03 9.91e-01 1.01e-07
0.9 2.86e-05| 3.32e-01 2.70e-04 1.47e:01
1 1.44e-05| 2.74e-01 2.69e-04 1.05e101
2 1.19e-07 7.68e-02 2.69e-04 1.13e102
3 0 2.15e-02 2.69e-04 2.31e-04
4 0 6.05e-03 2.69e-04 9.09e-04
5 1.91e-06 1.70e-08 2.68e-04 7.96e104
6 4.77e-07 | 4.76e-04 2.68e-04 8.07e104
7 4.77e-07 1.34e-04 2.68e-04 8.06e104
8 9.53e-07| 3.77e-05 2.68e-04 8.06e104
9 0 1.44e-05 2.67e-04 8.06e-04
10 0 2.86e-06 2.67e-04 8.06e-04

The results obtained show that the BBDF2 remains consfstelmoth A values but BBDF1 has a lesser accuracy than
the BBDF2 forh = 0.1 but BBDF1 gains better accuracy on the reduction of the siepH, while the BBDF2 remains
consistent even on reduction of the step length. BBDFJailed for both problems ofl due to instability.

Problem 3 (Dahlquist et al. [14])
The stiff problem

y' =100(sinx-y), y(0)=0

7l 7l
is considered for step length=— andh = 30 for x[J[0,271] with analytical solution of

(5.3)

_ sinx— 001cosx+ 001e™'%*
y(x) =
1.0001

The table of errors is given in Table 4:
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Table 3: Result of Problem 2 withA = —20

r=1 r=1

X he T 7 n 7

30 60 30 60

BBDF1 | BBDF1 | BBDF2| BBDF2

7| 2.70e-02| 1.64e-04 537e-02 3.69e-p3
6
71 7.03e-02| 5.04e-04 2.07e-02 3.20e-D4
3
71 3.25e-02| 1.67e-04 6.29e-04 2.37e-D4
2
o5 | 1.21e-02| 1.156-06 8.08e-04 1.43e-D4
3
57 | 9.566-03 2.786-05 7.58e-04 4.69e-D4
6
71 | 1.27e-02| 3.81e-07 1.62e-03 6.70e-04
77 | 5.41e-03| 4.25e-05 7.49e-04 6.92e-p4

6
47 | 375603 7.646-05 1.756-03 5.28e-D4
3

371 | 2.77e-02| 9.05e-0% 2.48e-05 2.22e-p4

2

571 2.38e-3 | 8.05e-0% 1.27e-04 1.42e-04
3

117 | 6.26e-04| 4.88e-0% 7.22e-04 4.69e-044
6

27 1.08e-3 | 4.08e-0% 1.62e-03 6.70e-04

From Table 4 the method BBDF2 seems to be the more accurbtetaptlengthﬁ but on reduction of the step length
30

to % the BBDF1 gains better accuracy leaving the BBDF2 consiatestep length reduces.
60

6. Conclusion

A class of 3 point block BDFs have been derived using tlggalngian interpolation technique. Their Stability in
terms of RAS have been investigated where BBDF1 has showe tmore robust. These methods have also been
implemented on some selected stiff ordinary differential égpstlt is observed that each method has a special attribute
which may determine its choice for the solution of stifiations.

The BBDF1 is best used when the step lerfgtts very small as this method responds to reduction oflstegph by
gaining more accuracy, while the BBDF2 has shown itselfetaniore accurate for large step lendthand remains

consistent even on the reductionlof
Because the BBDF3 is unstable from the RAS so obtainedast umable to handle any of the stiff problems
considered in this paper.
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