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Abstract

In this work, we use product rule and Leibnitztheorem to generate a new
method which can be used to obtain the higher ordierivatives of any functions which
can be written ay = l;(x)Il,(x)l3(x). A Theorem that establishes the new method is
presented proved by using mathematical induction.

The new method does not require the knowledgehef preceding derivative before
obtaining the succeeding ones.
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Introduction
The need for higher order derivatives of séumetions are emerging in engineering, sciencestechnology. The use of
higher order derivatives of the interpolant invalie required in the implementation of some nunaiittegrators [1, 2, 3].
Thus, we present a new method for generating tigehiorder derivatives of functions that are depahdn three variables.
Mathematical induction was used to prove the thadiret emerged from it.

1.0 Consider the function v =L x)L)5(x). (N
Then the first derivative of(x) can be obtained as follows;
2 = L OLE) ()} + L) (L)L)} (2)

We proceed to substitute for

L @L)
its Leibnitz’'s theorem expression, such that;

2 LWLE = LE + L@ {EE (@) (EL®)) @)
Equation (3) can be written as;
b _& (L0l (X)) l ) +75 il prlC (x)){ (dn_l ! (x)> (d ! (JO)} 4
dx dx T.0 1 2 3 3 L dxn—11 2

0

If it is true for n=1, then it must be true for n=2

2.0 From (2), one obtains:

2 LWL L + (L 0L) (e e0)] 1) L IL )
H(EuoLw) (L)) (5)
2 LWL L + 2 (S Leh) (EL@) e LWL ©
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By using the Leibnitz’'s theorem expression for dlegivatives in (6), one obtains:
2

< [ d d: dt
= L@LE L@ +2 1 s h® ) {560 [ b

=0

(0 {15 € (S5 0(0) (L)} (7)
Thus it follows that;
= e Zcm[(22556ﬁ[dz;t?) VZi?))[dZ;f)] ®)

3.0 If it is true for n=1, n=2, then it must trae for n=k:
k k

d dk—l
= L@LE u@+q—¢@maﬁ( a@ﬁ

d dkl

k(k —1) k2
T(d 5 ll(x)lz(x)> (mg(x)) +

_ _ k—-1-i
K= D =2) . (ke = (k 1))(d LeOL (x)> (d la(x)>

(k= 1)! dxk—1-1
k(k—1D)(k—-2)(k-3 1 dq°
+ ( )( (k;!( ). ( )(d L (x )lZ(X)> ( zg(x)> ©

By Leibnitz's theorem

dk N n d dk—1
d ll(x)lz(-x) l3(x)+k Cl d Py lll( ) l2( ) pher= 113(}(’)
k(k -1) che1 l d’ dk—2 a
z dxn-1 1(") FIThC L (x) g 3(x) + -
n=k-1 )
k k—1)k—-2 k—(k—1 n—i d! d
( )( (k)—l)(' ( )){ ck 1<d — Lll(x)> ( lz(x)>} (El3(x)>

k= Dk =2k =3) . (D[ 0
" (k)! {Zo ct (d n— lll(x)> ( lz(@)} ( l3(x)> (10)

=

Thus, for n=k, the nth order derivative is;

k—i

" d il (x) dilz(x) drl3(x)
S|l e
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4.0 Ifitis true for n=k, it must be true for n=k+

dk+1y dk+1 dk
= L) s () + e+ 1) (- b () (@lm) *

k(k + 1) k-1
T(d 5 ll(x)lz(x)> (Wg(x)) +

k+Dk(k—1)..(3)( d? d?
D O bl ) (500)

, Ut DG —(;))!(k 2) . (2)< z (X)lz(x)> (d l3(x)>

k+ Dk(k = 1) (k —2) ..(1) [ d<+ a°
LG+ Dk =Dk =2) . (><d k+111(x)zz(x)>< lg(x>> (12)

(k + 1!

This leads to

k+1 k+1

n=1 .
d d d™ dil
e = WL Lo b+ (D ) e [F [ (e +

dxn l

K+ DX, [ L] [dL@)] (44
2! ZCi [ dxnt ][ dxt ](dxk—l l3(x)>+

k+Dk(k-1)..3) "o [d" L @] [d'L(x)
T G- Cl[ dxnt H dxt ]( ”’”)

i=0

(k+ Dk = Dk —2) . ) O, [d" L, ()] [diLy(x)
- - e n 1 2
- (K)! ZC" [ dxn H dx! ( l3(x))

L Ut DkGe— (k= 2) (1) [ (0] [di (x)
(k + D) ’ "[ dxn H dx! ( l3(x)> (13)

i=

Thus the (k + 1)t" derivative is;

d" i, (x) dl() drl()
Zm k+1 Cm [(Zn k Cn [ dxn1 lx dlex dirx ]] (14)
m!
In the above equations, C" = ———
1 (m -7l

5.0 % Opeenoch’s Theorem

Let  y=4L@WLML0) ory =1 (x)(x)/1l5(x)

1)) _ 1 _
oY= onm % Y T tenenm O Y = h@LE/ ().
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Then the R derivative of y is given as

A [0 [dL o] [ds ()
Zcr < CL[ dxn—i ][ dxt )[ dx” ]]

r=0 i=0

The coefficients of the above expression are obthby the binomial theorem.

6.0

Conclusion:

The algorithm can easily be simulated by writingrewtines for the independent variables involved.

The following points are obvious concerning the meethod:

The superscript n decreases regularly by 1
The superscript i increases regularly by 1
The numerical coefficients aree normal binomial coefficients.

For increased accuracy in most humerical methioatsimvolve the use of higher order derivativess tltew method

can be used to obtain higher order derivativeshefftinctions involved [2, 3, 4]. The labour invalven calculating and
evaluating higher derivatives through the use df titew method is very minimal, since you can jurhp process of
obtaining the preceding derivatives to the poinblofaining desired derivative (order).
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