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Abstract 

 
We have studied the Hubbard model which is a model that is used to describe the 

physics of strongly correlated Fermions systems. Using the Hubbard model, we worked 
on some systems in one dimension (1-D) at half fillings. We employed the numerical 
exact diagonalization technique and found out that there was a transition from metallic 
state to a superconducting state as we move from the positive value of the On-site 
interaction strength to the negative value of the On-site interaction strength U.  
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1.0 Introduction 
Electron correlation in narrow-band systems has been studied extensively using the Hubbard model [1], in which the 

magnitude of the on-site interaction strength U and the one-electron band width W control the properties of the system [2]. 
Despite intensive theoretical work, the physics of strongly correlated fermions still contains numerous unsolved problems, 
even in its simplest formulation such as the single band Hubbard model [3]. It is also believed that the Hubbard model can 
describe some of the properties of the transition-metal oxides, and possibly high-temperature superconductors. Some 
researchers have worked on the Hubbard model in infinite dimension [3,4,5], and results on the thermodynamic quantities, 
resistivity, and optical conductivity were presented in their work[6]. 

Following the discovery of high-Tc superconductivity [7], the two-dimensional (2D) Hubbard model with a repulsive 
Coulomb interaction has been suggested as one of the simplest models that may contain the basic interactions to explain 
superconductivity in the cuprates [8]. However, evidence for a super-conducting ground state has not been found in 
numerical calculation [9]. In one dimension the U<0 ground state wave function can be obtained exactly [10], but it is too 
complicated to decide whether it could lead to the superconductivity.  

In this paper, we will study the behaviour of the lowest energy levels of the Hubbard model at half fillings on finite one-
dimensional systems as a function of U/t. We will consider the value of U/t ranging from the positive value of U to the 
negative value of U. It has been observed that the negative-U Hubbard model is a superconductor not only at half filling but 
for all fillings [9,11]. There are several mechanisms which can induce an effective attraction among the electrons which 
overcomes the repulsive electromagnetic interaction (coupling of the electrons with the lattice and with quasi-bosonic 
excitations, chemical mechanisms, e.t.c.), so that the Hubbard model with negative U is also of considerable interest [12]. We 
also look at the phase transition from metallic to superconducting state for the various systems by plotting the ground state 
energy (energy band gap) of the system with the on-site Coulomb interaction. A reduction in the energy gap is analogous to 
the overlapping of the Hubbard sub-band which describes a metallic state. 

The Hubbard model in one-dimension for systems at half fillings is given by Eqs. (1) [13] 

  � � �� ∑ ���	
 ��	 � . �� � �∑ �����������	                                (1)   

Where t is the hopping integral, ��	
 and ��	  are the creation and annihilation operators of electron in lattice site i and spin 

σ(↑↓) respectively. U is the on-site interaction strength. ��� is the particle number which is given as ��� � ���
 ���.  
 
2.0 Methodology 
The exact diagonalization technique is employed in this work [14]. The Hubbard model for 2 electrons on 2 sites is given as  

    � � ������
 ��� � ���
 ��� � ���
 ��� � ���
 ���� � �������� � ������� 
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� � ������
 ��� � ���
 ��� � ���
 ��� � ���
 ���� � �����
 ������
 ��� � ���
 ������
 ���� 
where   ��� � ���
 ���                                                                                      (2) 
There are six possible states which the electrons can have: 

↓↑= 111    

↓↑= 222
 

↓↑= 213                                    (3) 

↑↓= 214   

↑↑= 215  

↓↓= 216  

If we act Eqs. (2) on Eqs. (3) a matrix will be formed which is given below 

  � �
��
��
��
� 00 � �� ��� � 0 00 0�� ��� � 0 00 0 0 00 00 00 0 0 00 0 0 00 0 !"

""
"#
                                                                             (4) 

The ground state energy of the system is given by (5): 

  E � E&
' � �2 )*+U-'.

� � 1 � +U-'.0                                                                                         (5) 

The Hubbard model for 3 electrons on 3 sites is given as  

� � ������
 ��� � ���
 ��� � ���
 ��� � ���
 ��� � ���
 �1� � ���
 �1� � �1�
 ��� � �1�
 ��� � ���
 �1� � ���
 �1� �
�1�
 ��� � �1�
 ���� � �����
 ������
 ��� � ���
 ������
 ��� � �1�
 �1��1�
 �1��                                 (6) 

There are twenty possible states which the electrons can have. If Eqs. (6) acts on the twenty possible states, a matrix will be 
generated and the ground state energy of the system is given as: 

  E � 1
2 2�3� � � � √9�2 � 2�� � �26                                                                       (7) 

The Hubbard model for 4 electrons on 4 sites is given as  
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(8) 
There are seventy possible states which the electrons can have. If we act Eqs. (8) on the seventy possible states, a matrix will 
be generated and the ground state energy of the system for a particular case when t=1 and U=5 is given as -2.38. We have 
decided to solve for a particular case because the matrix formed is so large and a generalized ground state cannot be found 
easily using the software we employed. 
 
Discussion of Results 

From computation, Fig. 3.1 of the Hubbard model for a system of 2 electrons on 2sites in one-dimension is divided into 
three parts: the part on the right hand side of the vertical axis is the metallic part while, above it is the insulating part (i.e 78 9 0 is the insulating part and 78 : 0 is the metallic part) [15]. As the on-site interaction strength, U is increased; the 
energy band width also increased and got to a point where it remained constant within the metallic regime. As long as the 
value of U kept on increasing the energy band width became stable very close to the zero energy gap and there was no 
transition from the metallic region to the insulating region. But as the value of U becomes more negative, there was a sudden 
transition from the metallic state to the superconducting state. The value of  
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Eg=-2.00 where U=0 is the point at which the system becomes superconductor [9] and [10]. 

From computation, Fig. 3.2 of the Hubbard model for a system of 3 electrons on 3 sites in one-dimension shows that, as 
the on-site interaction strength, U is increased; the energy band width also increased and got to a point where it remained 
constant within the metallic regime. As long as the value of U kept on increasing the energy band width became metallic in 
the sense that the overlapping of the Mott-Hubbard sub-bands increased and there was no transition from the metallic region 
to the insulating region. There was transition from the metallic state to the superconducting state. The value of Eg where U=0 
is the point at which the system becomes superconductor [9] and [10], and at that point the corresponding value of Eg= -3.00 

 From the computation of Table 3.3, Fig. 3.3 of the Hubbard model for a system of 4 electrons on 4 sites in one-
dimension shows that, as the on-site interaction strength, U is increased; the energy band width also increased and got to a 
point where it remained constant within the metallic regime. As long as the value of U kept on increasing the energy band 
width became metallic which is analogous to the overlapping of the Mott-Hubbard sub-bands being increased and there was 
no transition from the metallic region to the insulating region. Transition from the metallic state to the superconducting state 
takes place at the point Eg= -4.00. This work is just the preliminary stage, a detailed work will be published in the next 
volume. 
 

 
Fig 3.1: Graph of the ground state energy (Eg) plotted against U, for a system of 2 electrons on 2-sites. 

 

 

Fig 3.2: Graph of the ground state energy (Eg) plotted against U, for a system of 3 electrons on 3-sites. 
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Fig 3.3: Graph of the ground state energy (Eg) plotted against U, for a system of 2 electrons on 2-sites. 

Conclusion  
In this work, we have shown that superconductivity exist in the one-dimensional finite Hubbard model at half fillings 

using the exact diagonalization technique. As the number of sites increases, the value of Eg at which the transition from 
metallic state to superconducting state also increases. It is interesting to know that no matter the value of U for a finite one-
dimension Hubbard model, transition from metallic state to insulating state was difficult to achieve. The positive-U Hubbard 
model is known as the repulsive Hubbard model while the negative-U Hubbard model is called the attractive Hubbard model, 
under certain conditions the presence of an attractive short range interaction may lead to the formation of electron pairs in the 
real space and many physical systems exhibit properties related to the existence of local electrons (superconductors, transition 
metal oxides, alternating-valence compounds, etc. [12].  

 
References 
[1] Hubbard, J. (1963) Electron correlations in narrow energy bands. Proc. R. Soc. London. A276, 238 
[2] Fujimori, A. Hase, I. Namatame, H. Fujishima, Y. Tokura, Y. Eisaki, H. Uchida, S. Takegahara, K. and de Groot, F. M. F. 

(1992) Evolution of the Spectral function in Mott-Hubbard systems with d1 configuration. Phys. Rev. Lett. 69, 1796   
[3] Georges, A. and Kotliar, G. (1992) Hubbard model in infinite dimensions. Phys. Rev. B. 45, 6479 
[4] Jarell, M. (1992) Hubbard model in infinite dimensions: A quantum Monte Carlo Study. Phys. Rev. Lett. 69, 168 
[5] Jarell, M. and Pruschke, Th. (1994) Anomalous properties of the Hubbard model in infinite dimensions. Phys. Rev. B. 49, 

1458 
[6] Pruschke, Th. Cox. D. L. and Jarell, M. (1993) Hubbard model at infinite dimensions: Thermodynamics and transport 

properties. Phys. Rev. B. 47, 3553 
[7] Chu, C. W. Hor, P. H. Meng, R. L. Gao, L. Huang, J. Z. and Wang, Y. Q. (1987) Evidence for Superconductivity above 

40K in the La-Ba-Cu-O Compound  System. Phys. Rev. Lett. 58, 405 
[8] Anderson, P. W. (1987) Science 235, 1196 
[9] Moreo, A. (1992) Energy Spectral for the Hubbard and t-J models. Phys. Rev. B. 45, 4907 
[10] Moreo, A. and Scalapino, D. J. (1991) Two-Dimensional Negative-U Hubbard Model. Phys. Rev. Lett. 66, 946 
[11] Krivnov, V. Ya. And Ovchinnikov, A. A. (1974) Zh. Eksp. Teor. Fiz 67, 1568. 
[12] Mancini, F. Marinaro, M. Matsumoto, H. (1996) Some Properties of the Positive-U and Negative-U hubbard model. 

International Journal of Modern Physics B, 10 Nos. 13 and 14, 1717 
[13] Georges, A. and Krauth, W. (1992) Numerical solution of the d=∞ Hubbard model: Evidence for a Mott transitions. 

Phys. Rev. Lett. 69, 1240 
[14] Jafari, S.A. (2008) Introduction to Hubbard model and exact diagonalization. Iranian Journal of Physics Research. Vol 8, 

No 2 P. 113   
[15] Mattis, O. C., Dzierzawa, M. and Zotos, X. (1990). Dynamics of quasiparticles in two dimensional hubbard model. 

Phys. Rev. B 42, 6787.  
 

Journal of the Nigerian Association of Mathematical Physics Volume 19 (November, 2011), 571 – 574       

-14.00

-12.00

-10.00

-8.00

-6.00

-4.00

-2.00

0.00

-10 0 10 20 30 40 50

E
g

u

Eg


