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Abstract

Nonlinear effects occur whenever the optical fieldssociated with one or more
intense light such as from laser beams propagatiimga crystal are large enough to
produce polarization fields. This paper describesvh the fourth order nonlinear
intensity and the corresponding effective refraiindex that is intensity dependent can
be obtained using Maxwell's equations. Applicatiotave been elucidated for some
uniaxial crystals.
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1. Introduction

Nonlinear optical phenomena occur typically at hagtical intensities, or, equivalently, at high eage photon
number in an optical resonance [1]. The field ofilimear optics as described by Cowan and Youngé2he into light in
1961 when the frequency doubling of a ruby lases whserved upon passing through a quartz crystabliéear optics
concerns the response of matter to intense eleatyoetic field such as the one obtained from lagét, lin which the matter
responds in a nonlinear manner to the incidentateudi fields. The nonlinear response can resuinhiansity dependent
variation of the propagation characteristics of thdiation fields that propagate at new frequenoiedh new directions.
Practical applications of nonlinear optical effelstsse risen as a direct consequence of the invenfidasers [3]. Nonlinear
optics has played an increasing role in laser seiemaking it possible to generate coherent ligbtenefficiently, and in
spectral regions that cannot be directly accessethder [4]. The second harmonic generation has lsewn to be a
valuable detection tool in both industry and acaderfb]. The induced polarizatiddin a medium and the electric field of
the electromagnetic wave propagating in the meditmrelated by [6]

P =¢,XE (1)
where Y is the dielectric susceptibility of the mediumathdepends on the frequency, but independent ofi¢te: E.
Equation (1) is valid for the field strengths oheentional source. With sufficiently intense lasdiation that is associated
with THz, equation (1) does not hold well, and feneeds to be generalized [7]. The polarizatiomdad in a medium by
optical fields can be represented by a power saritdge optical fields [8, 9]. The power seriesegfiation (1) is therefore
P=c,(Y"E+xYPE*+ YOE>+ yWE"+..) )
where )((l) is the linear susceptibility, aan(z), )((3) ,)((4) and so on are the nonlinear susceptibilities. fDloeth order

susceptibility )((4) is responsible for fourth harmonic generation. Adioen which lacks inversion symmetry at the

molecular level has non zero second (all even)rosdsceptibility [10]. Fischer, et. al. [11] putstlius “for a material to
exhibit a coherent second order nonlinear optieasponses, it needs to be noncentrosymmetric onoswpic scale”
However, this work is only concerned with the fouorder, and therefore the power series expangiequation (2) stops at
the fourth order. If the field is low, as it is the case of ordinary light sources, only the fiesim in equation (2) can be
retained. Other optical characteristics of the medsuch as dielectric permittivity, refractive inde.t.c which depend upon
susceptibility also become functions of the figidsgthE , when the field is high [7]. If the field incideah a medium is of
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the form
E = E, cosat (3)
then, equation (2) becomes

P=¢,(Y"E,coswt+ yPE? cod wt+ y VE? codwt+ y PE’ cokwt+ ...)

4)
Using the following trigopnometric functions
cos at = % (L+cos2at); cos’ at = %(cos?m +3cosat) and
(5)
cos' at = l(ﬁ +2c0S2at + lcos45utj
4\ 4 2
equation (2) becomes
P=¢g (%/\/‘2) +§X(4)E02J EZ+ 50(,\/(1)+—2)((3>E§J E,coswt
+ %50 (,\/‘2) E, +x“ Eg) E,cos 2wt+ %50)(‘3) EZ cosat
+ %50 X WE; cos 4ut ©6)

The first term of equation (6) is a constant thiaeg the d.c field across the medium, and has coatipaly little practical

importance [7]. The second term is called the firstundamental harmonic of polarization. The thiedn that oscillates at
frequency @ is called the second harmonic generation of prd#ion. The third term that contains 3s called the third
harmonic generation, while the fifth term that @ns frequencyd is called the fourth harmonic generation.

The polarizatiorP(t) under the influence of an applied electric field t& described in terms of power series as [6, 12]

Pt) =PO@t)+PYt)+ PP () + PO )+ PY(t) +... (7)
Comparing equations (6) and (7), the fourth ord#arization can be written as
PO () = %50 x“E; cosdat ®)

Comparing equations (4), (6), (7) and (8), the towrder electric field is
1
E“(t) = 2 EJ cosdat 9)

In this work, the relationship between the outpuémsity and the fourth order nonlinear electradiis obtained based on
the contribution of fourth harmonic generationragjiency &.

Theory

Maxwell’s laws govern the interactioihbodies which are magnetically or
electrically charged or both. The bodies and thkarges may either be stationary or in motion [B8cording to Ubachs,
2001 [14], light propagating through a medium ocwam may be described by a transverse wave, wheredcillating
electric and magnetic field components are solstimnthe Maxwell's equations. Also, the nonlinpatarizations induced
in the medium have to obey these equations. Theratahding of laser requires some knowledge ofsdng in which light
and matter interact. The Maxwell’'s equations prewige most fundamental description of electric axadjnetic fields. For a
neutral dielectric medium (one with no free chajgte four Maxwell's equations are;

0.p=0 (10)

0.B=0 (11)

Oxg=-28 (12)
ot

Oxp == 92 (13)
ot

whereE is the electric field in N/ is the magnetic field in TesIB, is the electric
displacement in C/MandH is the magnetic intensity in At Duffin, 1981, [15] defines the
electric displacement as
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D=g,E+P (14)

wherez, is the permittivity of free space (~ 8.85%¥F0C/N.n¥), P is the polarization in C/fand gives the dielectric dipole
moment per unit volume of the mediubnis the only term in the Maxwell's equations reigtidirectly to the medium. From
the fact that

1
go:uo = o
c (15)
wherec is the speed of light{3 x 1 m/s), equations (12), (14) and (15), lead to
2 2
DZE—D(D.E)—iZa '25 = 12 0 f
c® ot £,C° ot (16)

Equation (16) is a partial differential equationttwindependent variables y, z andt. It tells us how the electric field
depends on the electric dipole moment dernBigf the medium. If one considers the transverdddi¢radiation fields) of
which the THz radiation is an example, then

OE=0
Transverse fields therefore satisfy the inhomogesewave equation
_10°E_ 1 9°P
c? a2 g,c? ot?
Equation (18) is the fundamental electromagnetieenequation.

7

0°%E

18)

Methodology
The method employed in this work involves the ukéoorth order nonlinear induced polarizatiBff(t) equation.
Since transverse waves satisfy the inhomogeneous aguation (16), equation (18) can be written as

0°E 0°P
2 —
0 E‘fo/Joat—z—/JoW (19)
while the corresponding fourth harmonic field willis be written as
1 etk . etk
== E[Em(z)e () 4 ) (g)el e | (20)

Lekner, 1993, [17] definels = nw/c. From equation (20) thereforie,, = 4w n(4w)/c andn(4w) = (eale0)*? is the refractive
index of the medium for radiation of frequenay.4Jsing equations (19) and (20), one gets

2 .
DZE = 0 |25 = 1 {4ik4wdEi_ kwa%}e—i(‘w—kmz) +{_4jk4w dE4w _ kwaZw}ei (dat—Kyp2)
0z 2 dz dz
(21)

azE =i (dat—KyZ * i (4at—Ky 2

ot2 = -8/ [E4w(z)e (etan) 4 E4w(z)e (et )] (22)
Therefore
0°E _|[., dE,, 1 it
UE-¢ — =2k 40 _ ~ (k2 —16c.u.c? E. le i(4at-k,z)

o:uo atz [ dw dZ 2( 4w Oluo ) 4w:| (23)

+ complexconjugate
Note that the right hand side of equation (19)lwth the linear and the nonlinear contributionratjfiency &, such that

1 - - * - 1 =4 - * i -
— (L) p-i(dat—Ky2) (L)* Ai (4at—ky42) (NL) 4—4i(at—k,Z) (NL)* qdi(at—K,2)
P= E [P4w e Tt I:)(440) € ‘ ]+ E [P4w e + P4w e (24)

so that
azp 2 (L) 2 ~(NL) ~—4i (at—k,z) .
Ho a2 =-8u,wP, e -8u,wP,,’e «* + complexconjugate
(25)

i (dat—k,,2)

Journal of the Nigerian Association of Mathematic&hysics Volumel9 (November, 2011)533 — 542
535



Fourth Order Nonlinear Intensity and the ... Timtere, Adam, and Ododo J of NAMP

From equations (23) and (25), one obtains

|:2 k4w dE4w - 1 (kfw _1&‘oﬂoa]2)E4w:|e_i o) =

dz 2
_8/100)2 P4((I‘_))e—l (4ar—ky,2) _8/,106()2 P4(a'\)lL) e_4i(“1_sz) (2@

ButP = &£, XE, and, at frequencye P becomes

P4I;u = 50/\/(40)) E4w (27)
From Appendix (B3)

Kiw =166, 1,0 [L+ X (4] (28)
wherey (4 is the susceptibility for the frequency 4Substituting equations (27) and (28) in (26), gats

 dE, o o

2k, —w g kA —gyy £ WPE, €7D —8ule . x(Aw)E, g7 e

+ 8£O ﬂoa)z E4(.4Je_i (4m_k4w2) =~ 8/’10 gO CUZX(4C‘)) E4(A)e_i (4m_k4w2) - 8#06()2 P“r(a'\)lL) e_4i (m_ka) (2 9)
From equation (29)
dE,, - Ay e P itz (30)
dz k.

From Appendix (B3) and equation (30),

dE4a) - |C{) &.le(al:lL)eiMkw—kw)z
dz \/ Eas (31)

Equation 31 gives the relationship between fouahmonic field &, and the nonlinear polarizati(F?‘f:,'L) From Appendix
(A15)

PS" = gEL(2) (32)
where g is called the electronic polarizability.uatjon (31) can therefore be written as

dE4w :iCU :uo .gE:)(Z)eiAkz
dz \/ Eap (33)

where Ak =4k, —k,,

For a special and a simple case, it can be assthmethere is a little attenuation of the fundaraémtave, such thd, can
be considered constant, such thaf(z) = E,, (0) , so that equation (33) becomes

iNkz __
E.o(?) =i | £o gE::(O)[e_ > 1j
Eyrp IA (34)

Using Appendix (C1), leads to

. .
E,(2=iw /ﬂ gE} (O)Zexp{lAszj(stskzj
Eop 2 z (35)

If the nonlinear crystal is of length L, and theifih harmonic field is at the exit face of the ¢aysuch that z = L, equation

(35) becomes
. _—
E,.(L)=iw | gE ()L ex;{'Aij[SIT 2 AkL]
Ea 2 iAkL (36)

For a plane wave represented by equation (3) nteasityl is defined as [12]
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1 2

(@) =3 &,0n[E ®?

For a plane wave moving with a frequeney d@f the fundamental, the intensitys
1 2
ORI @)
. 1 2 . .
using C = andn® (4w)¢, = &€,,in equations (36) and (38)
Hoé,

2.2 % 8 i 2;Ak
| (@)= E gy (L)E gy, (L) =28 (”J E()| 25" Akz) 39

n(4w)\ &, (% Akz)2
Equation (39) gives the intensity of fourth harnwogéneration associated with fourth order nonlireectric field.
From equation (6))((3) vanishes for uniaxial crystals. The polarization taus be written as

P=¢c,x"E, cosat + %50)((2) E,E, cos2at + %50)((4) EJE, cos2at + %50)((4) ESE, cos4wt (40)

Since this work is restricted to fourth order noahrity, higher order terms greater than four regglected. Due to the
variations of optical nonlinear properties along tixes of the crystal, there is phase mismatchdestvirequencies, 2w
and 4o of equation (40). In odd order nonlinearity, thepe matching condition is easily obtained [10kdunation (40), the
phase matching condition between frequeneaieend 2» can be satisfied by chosen a direction in thexiaiarystal such
that the second harmonic propagates as an ordiverg and the fundamental as an extraordinary wawgi¢e versa) with
equal velocity (hence equal indices of refractienweell as frequency) [6]. For negative uniaxialstays, the diagram to
illustrate this phase matching condition is showirig.1.

Optic axis

@) (b) (0

Fig.1 Surfaces of waves normal to a negative ualaxistal (a) at frequency2(b) at

frequencw, and (c) with the two frequencies superimposed.
O
From Fig.1 (c), the two waves at frequenaieand 2o are superimposed in the direction The spherical surface of radius

n, (w) of the ordinary wave of frequenayintersects the ellipsoid indeme(z“’) (€) (whered is the angle between the optic
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O
axis andK direction) of the extraordinary wave of frequeney. 2t the point of intersectiom!> = n“ (8) , thus
satisfying the phase matching condition of equagiff}). This stated phase matching condition is tise for positive
uniaxial crystals. Equation (40) can thus be wnitis

P=¢,x“E, cosut +%£O)((2) E,E, cosat +%£O)((4) ESE, cosut )

the first term of equation (41) is the linear temhile the second and the third terms are
nonlinear terms of the polarization. For a planeevapresented by equation (3), the
intensity is defined as

| =ice,nE? (42)
wheren, is the linear refractive index of the crystal @awvlfields. Using equations (3), (41) and (42), piodarization can be
written as

(2)E 2 (4) E
P yWE+A E 42X 55
cnE g 43)
Singh and Singh, 2007 [10] defined the effectiveceptibility (Y. ) of a medium as
Yoo = P
" gE (44)
Thus, from equations (43) and (44)
@ 4
_ X 2x"E
Xeit _X(l)+ |+ 2 2 20|2 (45)

cné&E, cng

[0}
The effective refractive indexdy) is related to the effective susceptibility as

(2) (4) b
/Y I + 2/Y EO I 2)

22a2

e =)o =100+
cné&E, cn°eg;
Equation (46) can be said to contain both the tiaea the nonlinear terms, such that it can beewias

1
Ner = (X| * X )E (47)

Equation (47) can further be approximated usingdray/series expansion and can be written as

_ 1
Negt ‘()ﬁ +§anj

(46)

(48)
such that
_ )
X = (1"')( ) (49)
and
4
— X(Z) |+X()E0|2
an - 2 E 2.2 .2
cne,E,  cnte; 50
The effective refractive index that is intensitypdadent for fourth order nonlinearity can thus bten as
2 (4)E
Ny =1+ y@ + & |+)(22‘;|2
2cn e, E, cn'e; (51)
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Conclusions

If equation 51 should only be written in termsof refractive indices and electromagnetic intendityn, we have
N =N, +N,l +n,l7?

(52)
where

n, =1+ x® (53a)

_ X(Z)
n,=—4——— 53b
> 2cneg,E, (53b)

X(4)E
n, =-0-—7"2 53c
4 C2n|2€§ ( )

Ny is the linear refractive indery is the second order nonlinear refractive index, mris the forth order nonlinear refractive
index. The result in equation (52) is similar toaviMiller, et. al., 1979 [18] obtained for secondier effective refractive
index given as

N = Ny, +n,l (53)

Similarly, the expression for the intensity obtaina equation (39) is comparable with what Uba&@t)1 [14] defined as
the output intensity for second harmonics, given as

1, (E)= = (L) =P L)y =

’d? ( J| oL 2 Sin 2(LAkz) 54

n* ()| € (1akz)®
This work has established the relationship betwearth order intensity,, (E) and fourth order nonlinear electric fielth,,).

The result shows that the fourth order intensitprisportional to the eighth power of the correspogdonlinear electric
field. Using the stated phase matching condititims effective refractive index is certainly integsiependent.

Appendix A

Fourth Order Electronic Polarizability g( )
Consider the nonlinear electron oscillator equation
2y

—2+w2x+ax ——E cosat (A1)
dt m
If the nonlinear termax® is considered to be small, then equation (Al) caretan approximation((l)t given by [12]
@
2x @ (t
2( ) W xO(t) = E0 cosat (A2)
dt

Equation (A2) has a solution of the form

W () = €
X (t) W E, cosat (A3)
From equation (A1), a better approximatiorx{t) , labelled x® (t) is given as
d2x@ (1)
dt?

In equation (A4), the effect of the nonlinear tasnmcluded. From (A3)

[x® ] _—L € J E2 (L+ cos2at)
(«f - ) (A5)
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Substituting equation (A5) in (A4) yields

d*x@(t) @ e — e ,_a e ’ »
i + WX (t) = E cosat — —m(wz 7 E —m(wf—wz) EZ cos2at (A6)

Equation (A6) has a steadlly driven solution giasn

@ (ry — e _a e ’ )
BT ) R zwff[m(ws—wZJ =

2

a 1 e 2

-——. E; cos2at (A7)
2" (e —4w2>[m(w§ —wz)j i

Equation (A7) shows that the improved (second) axipration to X(t) has a term oscillating at fundamental driving field

frequencyo (first term on R.H.S), the d.c or static term (@&t term on R.H.S) and another term oscillatingexdond
harmonic frequency@ Equation (A7) can be written as

X (t) = X, + X, + Xy, (A8)
Such that
g =m E, (AL0)
N 14af>(m(aé af)J = -

where X, is the d.c or static electron displacemeXi;is the electron displacementaatand X, is the electron displacement
at 2w. But the polarization density is given as

P = Nex (A12)
where N is the electron density ir*mand e is the electronic charge. For second haosiothe nonlinear term of (A12) is
given as

- Na¢’
(NL) — E?(Z A13
2w 2m2(a)§_4a}2)(a}02_a)2)2 w() ( )
One can define a quantit} such that (A13) becomes [12]
PN = dE?(2) (A14)

where
d(c) = - Naé
2m’ (a0} - 4w’ ) (o] - w*)’
and is called the electronic polarizability. Accimigito Ubachs, 2001[14], the electronic polariz&p@ssociated with fourth

harmonics is of the same order as the productreéthecond order electronic polarizabilities. Hef#ck4) can be written in
terms of the fourth order as

P =d°E} = gE4(2) (A15)

where g is the electronic polarizability associawgth fourth order harmonics. Equation (A15) hagibeised as equation
(32).
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Appendix B

Fourth Order Wave Number (k4,) and Refractive index (rf (4m))
According to Milloni and Eberly (1988), [9k must satisfy the dispersion relation

K? =£2(1+ N”(“’)j = (@)
Cc &, Cc
or (B1)
K= n(w) w
c

For fourth harmonic generation, and usiog andn’® (4w)e, = €,,, B1 becomes

1
_ n(4w)dw
=T o

b2
- 2] e

0o

K,

= (E40lt,) 2 A0
Equation (B2) is used in equation (31). From (B2),
Ko = (40) £, =160 oton? (40) = 1607 €0 1,1+ x(40) (83)
for  n?(4w) =1+ x(4w)
Equation (B3) is used as equation (29).

(B2)

Appendix C

Using standard integral for exponential functions

J' dx :Ie‘axdx: S —le“"1X

ax ax
e

ae a
J‘eiAkz‘ dz :-i[emkz' ];
5 IAk
- i eiAkZ _1]
1Ak
iak .
_e % [eim% _e—iAk%:| _ Zeim% sin} Akz (1)
ink 1Akz

where Euler’s identitie€'? =cosd+isind and e'? =cosd—isind have been used to get (C1), which is used in
equation (35).
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