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Abstract

This paper, investigates the time-dependent behavior of natural convection Couette
flow of a viscous and incompressible heat generating/absorbing fluid in a porous medium
bounded by two infinite vertical parallel plates. The Brinkman-extended Darcy mode is
considered to simulate the momentum transfer within the porous medium. The flow is
generated by the asymmetric heating and the impulsive motion of one of the infinite
vertical parallel plates. Laplace transform techniques is used to obtain the analytical
solutions for the temperature and the velocity profiles while the rate of heat transfer as
well the skin friction are consequently derived. The numerical simulation conducted for
some saturated liquids reveled that at t > Pr the steady and unsteady state velocities (as
well as the temperature of the fluid) coincide. It is also observed that the temperature as
well as the velocity of the fluid can be improved by increasing the gap between the plates.
For Gr = 0, indicating the absence of convection current, the results are comparable to
theresults obtained in Schlichting (1979) asDa —» « and y = 1.0.

Keywords: heat generating/absorbing fluid, natural conwec€ouette flow, porous material asymmetric heatin
and impulsive motion.

1.0 Introduction

The past two decades has witnessed several resgarkh on the free convection flows and heat traneh a vertical
surface subject to various conditions dependintdustrial, geophysical and technological problejak,

Heat transfer and fluid flow by time-dependent rateonvection resulting from temperature differermetween two
vertical parallel plates has been examined by sévesearchers: Inghaehal [3] studied the time-dependent boundary layer
flow triggered by the sudden imposition of a tenapere difference between a wall and fluid-saturgtedous medium.
Nithiarasuset al [4] takes into account the linear and non-lineatrir drag components as well as the inertia asdotis
forces within the fluid by examining the generatizaon-Darcian porous medium of variable porosity tlee natural
convection flow. Cheng and Minkowycz [5] obtainda tsimilarity solutions for free-convection flow éporous medium
adjacent to a vertical plate. The velocity disttibn and heat transfer have been found to be gra#ftcted by the variation
of permeability of the porous media by [7, 8]. Th@undary and inertia effects on convective flow dwect transfer for
constant porosity media has been investigated hywgfai [10, 11] examined the effect of flow chating in the case of flat
forced convection. Wooding [12] treated the probt#fmatural convection in a saturated porous medititarge Rayleigh or
Peclet number.

Poulikakos [13] investigated the impact of flow ritie on natural convection in a vertical porouselayJha [14, 15]
studied the natural convection through verticalopsrstratum and transient free convective flow wedical channel with
sink respectively. Chandrasekhara and Narayangnsflflied the laminar convection under a pressuaeignt through a
vertical porous channel, the walls of which aretb@ar cooled. Singh [17] examined the natural eatien in unsteady
Couette motion.

In the literature, several studies have been uakientto investigate the natural convection flowddference physical
situations and under different operating conditififs 19, 20]. The problem of unsteady natural @mtion of heat transfer
due to the internal heat generating/absorbing $liids recently gained considerable attention amesgarchers. This is
because internal heat generation/absorption plgpffisant role in various physical phenomena sashn fire and
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combustion modeling by [21], post accident heataeahby [22] and production of metal waste fromr#peuclear fuel by
[24]. Recently, [23] studied the free convectivewflof heat generating/absorbing fluid between galtporous plates with
periodic heat input.

One of the basic flows in fluid mechanics is theu€tte flow where the fluid motion is triggered Ime tmovement of the
bounding surface (wall or plate). Such flow occumsfluid machineries associated with moving pant&l as therefore
important for hydrodynamic lubrications, [25].

In the present work, it is intended to present il tools to study the time-dependent naturavestion Couette flow
of heat generating/absorbing fluid between vertgatallel plates filled with porous material. A stplate velocity and

temperature change is applied to the system urdesiaderation to stimulate the unsteadiness in éhecity and temperature
variables.

2.0 MATHEMATICAL ANALYSIS

Consider the time-dependent natural convection Geudw between two infinite vertical parallel pda filled with
porous material. The'-axis is taken along one of the parallel platea irertical upward direction whilg'-axis is normal to
it into the fluid. At t' < 0, both the fluid and the plates are at rest anduaiestemperature. At > 0, the temperature of the

platey’ = 0 is raised or falls t@,, and also begins to move with an impulsive motignwhile the other platg’ = h is kept
at rest and at temperatuig
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Fig.1.thélphysical configuration of the system
Considering the works conducted by [14.15, 17],tfa¢hematical model for the time-dependent natcwalrection Couette
flow of heat generating/absorbing fluid between tnfinite vertical parallel plates filled with pous material is governed by
the following dimensionless set of second ordetigladifferential equations:

au’ au’ ' u'v
2 = Verr gy T 9B = Tp) ==~ (1.0)
ar’ _ k 9*T' | Qo(Tp-T")
a9t pCp 0y'? pCp (20)
Under the following conditions
t'<0, T'=T,, 0<y <h
t'>0; u=U,T =T, y' =0
U' =0T =T, y' =h (3.0)
On applying the non dimensional quantities (4.0pWwen equations (1.0) to (3.0)
p=2, r= I, D ey UGy hUo oy MGy, o KUS
Uy Tw—Th v v v v k v
Gr= 20TV gng 5 = % ()2 (4.0)
0 0
we obtained the flow equations with the heatedepdabjected to an impulsive motion:
au _  au? U
E = m + GrT -E (50)
aT _ 1 0T?> ST
% " hrav hr (6.0)

Journal of the Nigerian Association of Mathematical Physics Volume 19 (November, 2011)233 — 248
234



Time-Dependent Natural Convection Couette Flow of... B. K. Jhaand M. K. Musa J of NAMP
The initial and boundary conditions in dimensioslé&sm are:

t<0; U T = O atgy<H
t>0; =1, =1 at y=0 (7.0)
:o, :o atyH

3.0 SOLUTIONS
The analytical solutions of the equations (5.0) éh@) under the initial and boundary condition®}@are given respectively

by

Uy, t) = Zm [(ﬁ(a t,y,Da) — fy(b,t,y,Da)) +_ [(f2(a,t,c,¥, Da) = fo(b,t, c3, 7, Da) + f5(b,t, ¢y, ¥, PT) — f3(a,t, ¢, v, PT) +
fa(b, t,y,Da) — f,(a,t,y,Da) + fi(a, t,Pr,c,S) —fl(b t,Pr,c, S)]] (8 0)
and

T(y,t) = Enlfilat,Pr,c $) — fi(b,t,Pr,cS) ] (9.0)
Settingerfc (c0) = 0,exp (—) = 0 and for small value of timg), equations (8.0) and (9.0) above indicates tiat t
velocity as well as the temperature fields neapthte(y’ = 0) are dominated by the expression;

1 Gr
E(fzt(Y;t;V,Da)) +;(f2(Y:t,Cz;y:Da) _f3(ylt;C21)/1Pr) _f4(Y:t:V'Da)
1%2

+ iy, t,Pr,cs) (10.0)
and

1
Sh. 6 Prics) (11.0)

The above expressions are solution for the velaaity the temperature fields for natural convectiow of heat
generating/absorbing fluid past an impulsivelytst@iinfinite vertical plate embedded in a porouslim@t constant
temperature. This shows that for small time, treblam of flow formation in the presence of an ingivgly started plate
between two plates collapses to a flow at the plate 0 only and is not influenced by the other plate= h.

At relatively large time, the response of veloatyd temperature to time becomes insignificant. Eguently, the flow
becomes steady so that the velocity and temperbageme time independent.

To derive the steady-state equations We%[éjt: 0 and g—: = 0 in equations (5.0) and (6.0) respectively:-
2
d_U+ﬂ_L=0 (12.0)
dy Y yDa

F —-ST=0 (13.0)

Solving equations (12.0) and (13.0) under the batnndonditions

uv=1, T=1 at y=0

U=0, T=0 aty # (14.0)
we obtain the following steady state solutions:

3.

b
U(y)=wzm[ VDa_ e J¥Pal — 20Ty [omaVS _ obVS | (150)

(ySba-1) (ySba-1)
and

T(y) = Z exp (—avs) — exp (—hVS)) (16.0)
m

It is important to mention that equations (15.0) &b6.0) are free from Prandtl numldsr. Hence there is no role dfr in
the steady states solutions for velocity and teatpee.
The skin-friction and the rate of heat transfetttmmheated platg’ = 0 are obtained by using, = Z—ly/ |y:0 and Nu, =
& ‘ respectively and are given below :-
& |v=0 p y giv w

1 [ee)
T, = _Ez [m6(f4(c3, t,y,Da) + fu(cy, t,y, Da)) — ms(f;(cs, t,y, Da) — f7(cs, t, v, Da) + ms(fg(cs, t,y, Da)

m

Gr
— fe(ca, t,y, Da)) +;(m7(f1(53; t,Pr,c,S) + fi(cs t,Pr,c,S)) — my(fo(cs, ¢, Pr, ¢, 0.0)
162

+ fﬁ(cél-' t' Pr; c, 00)) - m5(.f4-(c4-l tl V; Da) + f4(C3' t' V, Da)) + m3 (fS(CS' t' V, Da; 00)
+ f5(C4_, t' V, Da: 00)) + m8 [m9(f2 (CSI t: CZ' V, Da) + fZ (CS' t; CZ' V, Da)) - m3 (.fS(CS' t' V, Da: CZ)
+ f5(C4_, t' y' Da! CZ)) - mlO(.f3 (C3I t; CZI c, Pr) + f3 (C4I tl CZ: c, Pr)) + m4-(f6(c3' t' Pr; c, Cz)
+ fe(ca t, Pr,c, Cz))]] (18.0)
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and

1 (o)
Nu, = EZ[m7(f1(C4, t,Pr,c,S) + fi(cs, t, Pr,c, S))
0

—my(fs(cy, t, Pr,c,0.0) + f¢(cs, t, Pr,c,0.0)] (19.0)
While on the platg’’ = h, they are respectively obtained by using
Ty = Z—ly/ |y:H and Nuoj—; |y=H thus:-
= Gr
Tyg = — z [m6f4(65' Ly, Da) + E (m7f1(c3' t, PT', c, S) - m4f6(c3: t, PT', (o 00) - m5f4(C4, t, y,Da)
m
+ msfs(c3, t,v, Da, 0.0) + mg[mq(f2(c3, t, ¢z, ¥, Da) — msfs(cs, t, v, Da, ¢;) — myof3(cs, t, ¢z, ¢, Pr)
+m4f6(c4-' tl PT, c, CZ)]] (200)
and
Nuy = Z[m7f1(csf t,Pr,c,5) — myfe(ce, t, Pr,c,0.0)] (21.0)

0
The list of the constants and functionals usedhesgided in appendix | and Il respectively.
4.0 RESULTS AND DISCUSSIONS

The results of the numerical simulation are presgmraphically and discussed in this section. Ttveemning non-
dimensional parameters are the gap between thespla), heat generating/absorbing paramésy Prandtl numbe¢Pr),
Grashof numbe{Gr), ratio of viscosity(y) and Darcy numbegiDa). Their influence on the velocity, temperature,nski
friction and the rate of heat transfer are analyzed

Using the liquid-metal fluids, mercurgHg) with Pr = 0.044, v = 1.15e 3cm?s™! at 20C and g8 = if’cl as the
working fluid, different values of Grashof numb@r) for H = 2.0cm, U, = 0.1cms~* and g = 980.0 crifsare determined
at different temperatures (see Table 1).

From Fig 2.0, it is clear that increasing the gapMeen the plates increases the temperature @ifbdrapped between
the plates. From Fig. 3.0, it is observed thathasdistanc&H) between the parallel plates is increased, thd fleiocity is
increased. Furthermore, ta0.003, the maximum velocity attained (which obwiguincrease with time) for all values Hfis
near the heated plate and is increased by incipdéisengapH between the plates. This is as a result of theease in the
fluid temperature resulting from increase of thp batween the plates.

Within the different sections of the channel howeWg. 4.0, reveals that the fluid temperatureeases with timét)
and is higher near the moving plate. This is algodase with the fluid velocity profile (Fig. 5.0).

In Fig. 6.0 and Fig. 7.0 it is clear that the hgaherating/absorbing parame(8), exerts an inversely proportional
influence the temperature of the system and orfldireb velocity. Increasing S at fixe@, U, and v, result to the decrease of
the fluid’s thermal conductivity and hence a deseein the temperature. This decrease in temperafufe fluid leads to
weak convection current in the system and theredatecrease in velocity is obseved.

The relative magnitude of the fluid’s thermal coatiity and the kinematic viscosity play a vitaleamn both the fluid
flow and temperature profile. As the fluid’s kinetica viscosity become greater than its thermal diffity
(v > @), the Prandtl numbePr is greater than unity. Hence for larger value’of the fluid thermal diffusivity is small
thereby decreasing the temperature as well aseloeity of the fluid (Figs. 8.0 and 9.0). Also @& Pr, the steady and the
unsteady states temperatures coincide. The sanigr@lso seen in the velocity profiles Figs. 1&nd 11.0).

Increasing the temperature difference between ldtegpincreases the Grashof number (see table)1EiQ reveals that
the variation ofGr is directly propotional to the fluid velocity. Féhr = 0, the fluid flow is triggered by the implusive
motion of the platg’ = 0 only and the influence of temperature become itarra. This flow is governed by the equation:

1
UG.0 = 3 ) (@ t,y,Da) = fi(b,t,7,Da)] (22.0)

m=0
Equation (22.0) represents the velocity profile fmsteady Couette flow between vertical paralleltgd filled with
porous media in the absence of the convection gu(fe = 0).
From Fig 13.0, it is evident that increasing thefioient of the ratio of viscosityy) increases the frictional force within
the system which reduces the velocity of the fluithin the channel. It is also noticed that claséhte boundary plates, the
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effect of the variation of is negligible. This physically implies that fluidation is small near the plates. Fig. 14.0 shows
that increasinda, increases the permeability of the porous matrixthedefore increases the fluid motion.

The skin-friction €) as well as the rate of heat transfdu) are also considered for different valuesiof Da, Pr andS.
From Fig 15.0, it is observed that the skin-frintidecreases witlPr but increases with timé)(at the heated platg = 0
while the effect oPrand t is almost insignificant on the other plate= h.

On the other hand, the rate of heat trandfr),(from the moving plate into the flowing fluid ireases withPr and
decreases with time (Fig.16.0).

From Fig. 17.0, it is observed that the skin-foatidecreases by increasifigand increases with time on the heated plate
while the rate of heat transfeXy) is decreased by increasing time and shows nachagge with the variation ¢f on the
heated plate (Fig. 18.0). Fig.19.0 shows the imibgéeofDa on 7. It is clear that increasinBa and or time, increases the
skin-friction on the moving plate. On the other thaRig. 20.0 shows that increase thresults to an increase in the skin-
friction on the heated plate while a decreaseignoticed on the stationary plate

(' =h).

Lastly, it is evident from Fig. 21.0, that the rateheat transfer decreases for some time and becomstant at both
plates by increasing the gépbetween the plates and tintg (
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Fig. 19.0 Skin friction with differentd)t and Gr =385.0,5=1.5,Pr=0.0¢441.5 and H=2.0

40.00000
Dotted line = 1,

35.0¢ Smnnth line = 1.. . -_— *=

30.00000 -

25.00000 1

20.00000 1

15.00000 1

5.00000

0.00000 T .
0.20 0.40 0.60 0.80 1.OO|_| 1.20 1.40 1.60 1.80 2.00

Fig. 20.0 Skin friction with different H, t and GB885.0,5=1.5,Pr=0.044;1.5 and Da=0.05
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Fig. 21.0 Rate of heat transfer witHatiént H, t and Pr=0.044, S=1.5

5.0 CONCLUSION
From the solutions of the mathematical model capguthe problem, the emerging parametersbarePr, S, vy, H andGr.
Analysis of the effect of the variation of thesegraeters as presented graphically leads to thewalph conclusions:
(1)The fluid velocity is increased by increasing andGr but decreases with S and Pr.
(2) Also the fluid motion as well as the temperataf the fluid can be suppressed or improved byeadesing or
increasing the distanéebetween the plates respectively.
(3) The rate of heat transfer decreases Witind Pr but increase witl§ on the heated plate.
(4) The absence of the convection curréht £ 0) does not result to flow stagnation. The equatépresenting
such flow has been obtained.

Appendix |

NOMENCLATURE

Cp specific heat at constant pressure

Da Darcy number

Gr Grashof number

g acceleration due to gravity

H distance between the plates

K Permeability of the porous media

k thermal conductivity

Nu Nusselt number

Pr Prandtl number

S dimensionless heat generating/absonbamgmeter
T dimensionless temperature of the fluid

t dimensionless time

T’ temperature of the fluid

T, temperature of the plateyat= 0

T, temperature of the plateyat= h

t’ dimensional time

u’ dimensional velocity of the fluid

U dimensionless velocity of the fluid

U, a constant with the dimension of velpcit
Qo dimensional heat generating/absorbingmpater
Greek symbols

B coefficient of thermal expansion
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T skin friction

Vess effective viscosity of the saturated pormedia
v kinematic viscosity of the fluid

y ratio of viscosities

Appendix Il

(a) Table 1 showing the values of Grashof mber (Gr)

T, —Th, Gr= 9B (Tw—Th)v
u3
0°C 0.0
100C 385.0
150°C 577.0
200°C 769.0
2500C 962.0

(b) List of constants used in the work

a=2mH+y,b=2mH+ 2H -y, c= — cl—yPrZI,c2 1CS;Da

c3=2mH,c,=2mH + 2H,cs=2mH+ H,m; =t +T
SN SR Y

m, = 7 e M = 5 Ms = == M = 7, My = VS

1 1 2 o _,2
mg = exp (cpt), mg = y—(c2 +—-),myg =/ Pr(c; + ¢), erfe(x) =\/—Efx e % dz

(c) Functionals used to define velocity, temperatu, skin friction and rate of heat transfer
d da
fi(dy, dy, d3, dy, ds)=exp(dy/ds) erfc(;l d_z +dzdy) +

d, |d
exp(—du/ds) erfe( |7° = dzda)

oy, oy s, oy ds)=exp(dyds) [exp (dy [ (dy + 2) erfe(
exp (~dy |2 (ds + 2 ) erfelis = [da(ds +2)

a1 [a
f3(dy, dy, d3, dy, ds)=exp(d,d3) [EXp(dn/ ds(ds + d4) erfc(? d_j +\/d,ds(ds +dy)+
a1 |ds
exp(—d+/ds(ds + d,) erfc(7 4 Jd,ds(ds + dy)

ol s, ) = exp (o) erfelis + [y exp (— i) erfeim= - [
fo(ds, dy, s, day ds) = exp (s = (o [(ds + 2)d)?) +

d, dy /
_ _ d,)?
P ( JG(d, +d) \2Jds (s + ) )

ol oy s, iy ds) = exp (o &5 + ) — (L2 + (s + d)dy)?) +

exp (—dy/ds(dy + ds) — ( ;f__ \/(d5+d4)dz))

Foldar i s ) = exp (e = (e + [5)7) + exp (it~ (- [2377)

— dq dy dy dq dq d,
fald, dz, d3, ds) = exp (\/E) erfe (2 dad3 * \/d:4) “eXp (_ \/ﬁ) erfe (2 e a)
Journal of the Nigerian Association of Mathematical Physics Volume 19 (November, 2011)233 — 248

247

+ [dy(ds +—)+
2 ds




Time-Dependent Natural Convection Couette Flow of... B. K. Jhaand M. K. Musa J of NAMP

REFERENCES

[1] Schlichting, H., Boundary Layer Theory, (Mc@®raill, New York), 1979.

[2] Shang, D., Free Convection Film Flow and Heansfer., Springer, New York, 2006

[3] Ingham, D. B., Merkin, J. A., Pop, |., Flowgia suddenly cooled vertical flat surface in aisded porous
medium, Int. J. Heat mass transfer, vol. gp, 1916-1919, 1982.

[4] Nithiarasu, P.Seetharamu, K.N. and SundardjaiNatural convective heat transfer in a fluitlsated porous
medium. Int. J. HTM, vol. 28, pp. 851-838,77.

[5] Cheng, P., Minkowycz, W., Free convection abmuwertical flat plate embedded in a porous medium
Jr. Geophys. Res. vol. 82, pp. 2040-2044719

[6] Cheng, P. and Hsu, C.T. (1986) Fully develofieded convection flow through an annular packekese bed
with wall effects. Int. J. HMT, Vol.29,p823-2383.

[7] Cheng, P. and Hsu, C.T., effects of radiatied dispersion on fully developed forced convetiio a
cylindrical tube. Int. J. HMT, vol. 30, 4843-1853, 1987.

[8] Vortmeyer, D. and Schuster, J., Evaluatiostefady flow profiles in rectangular and circulacked beds by a

variational method. Chem. Eng. Sci., vol. 38, 1691-1699, 1983.
[9] Vafai, K., and Tien, C.L., Boundary and iner&itiects on flow and heat transfer in porous meid. J. Heat
Mass Transfer, vol.24, pp. 195-203, 1981.
[10] Vafai, K., Convective flow and heat transiievariable-porosity media. J. Fluid mech, vol. 1p{3.233-259,
1984.

[11] Vafai, K., Alkire, R.L and Tien, C.L.,An exgenental investigation of heat transfer in variapteosity
media. ASME J. Heat Transfer, vol. 107 §42-647, 1985.

[12] Wooding, R. A., Convection in a saturatedqaar medium at large Rayleigh number or Peclet nundbeof
Fluid Mech., vol. 15, pp. 527-544, 1963.

[13] Poulikakos, D., A departure form Darcy moiteé boundary layer natural convection in a veitfmorous
layer with uniform heat flux from the sjd&SME J. Heat Transfer, vol. 107, pp. 716-720,5.98

[14] Jha, B. K., Transient natural convectiorotigh vertical porous stratum. Heat and Mass tran&fermany.
Vol., 33, pp. 261-263. 1997.

[15] Jha, B. K., Transient free-convective flowarvertical channel with heat sink. Int. J. of liggbmechanics
and engineering, vol. 8 no 3. Pp 497-2003.

[16] Chandrasekhara, B.C., Narayanan Radha, Lamoraection in a uniform heated vertical porobarmel,
India J. of Tech. vol. 27, pp. 371-376, 1989

[17] Singh, A. K., Natural convection in unsteadguette motion. Def. Sci. J., vol. 38(1), pp. 351488.

[18] Jha B.K and Ajibade, A.O., Free convective lmstween vertical porous plates with periodic heatit. Jr. of
Applied Maths and Mechanics, Germany. \@6(3), pp. 185-193. 2009(a).

[19] Jha B.K and Ajibade, A.O., Role of Non-Fourieat equation on free convection flow in verticlahnnel
with steady-periodic temperature regimecejted for publication in Heat Transfer Researchri. Begell
House, (New York, US), 2009(b).

[20] Jha B.K and Ajibade, A.O., Transient naturaheection flow between vertical parallel plateshwi
Temperature dependent heat sources/sircepied for publication in J. of heat tech (1taB009(c).

[21] Delichatsios, M. A., Air Entrainment into Buagt Jet Flames and Pool fires. The SFPA Handboékref
Protection engineering. NFPA Publicatio@jincy, M.A. pp. 306-314, 1988.

[22] Baker, I., Faw, R.E., and Kulacki, F.A., (B)7Post accident heat removal part |I; Heat Temnsfthin an
internally heated non-boiling liquid layeXucl. Sci. Eng., vol. 61, pp. 222-230

[23] Jha, B.K. and Ajibade, A.O., Free convectilenf of heat generating/absorbing fluids betweentica
porous plates with periodic heat input. @omm. in heat and mass transfer. vol. 36, pg-@2L. 2009(d).

[24] Westphal, B.R., Keiser, D.D., Rigg, R.H., dralig, D.V., Production of metal Waste Forms frope&
Nuclear Fuel Treatment. DOE Spent Nuckaal conference, Salt Lake City. UT, pp 288-294419

[25] Yasutomi, S., Bair, S. and Winer, W., An dpation of free volume model to lubricant rheolo@ependence
of viscosity on temperature and pressinelribol. Trans ASME., vol. 106 Pp. 291-303, 1984

Journal of the Nigerian Association of Mathematical Physics Volume 19 (November, 2011)233 — 248

248



