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Abstract

This method is based on the well known Leibnitz’sdaproduct rule; it does not
require the lower order derivatives to generate tiégher order derivatives. The
emerging method from the combination are easy tanguite and less tedious. The need
for higher derivatives is appreciated and signifitain the computation of some
numerical integrators that calculate the numericablutions of differential equations by
making use of the higher derivation of differenti@quations.
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1.0 Introduction
In implementation of some numerical integrators, tieed for the evaluation of the higher derivati’¢he initial value

problems involved arises [1, 2, 3]. For the procafcthe two differentiable functions, the produgteror Leibnitz’'s theorem
can be used for the evaluation of higher derivatifithe initial value problems [2, 4, 5]. But a neeed arises when we have
a product of three differentiable functions andradpict of four or more differentiable functions.igleads to the derivation
of this new method which is capable of deliveririghler order derivative of three or more differebtéafunctions. In this
paper, the derivation of such method for the hightder derivatives of the function of the form

y = L (X)L, (X)L;(X) is given:

2.0 The New Method
The derivative of the functiory = Li(X)Lz(X)LS(X)

can be obtained by splitting
L, (X)L, (X)L;(x) into u =L, (X)L,(X) andVv = L;(X) such that by using product rule,

du
d_y =u d_v + Vd_u . If Leibnitz’s theorem is used to obtatr— then one will have;

dx dx dx O
o= (L) ZC (d ;. Lnl_/(X)J(d Lzl(x)j + (L ()L, (%) d[L (]
) i 1)
LloLer [zcn[dz;f(X) dl:x()oﬂdl:m} HL09 (L L ) [ch[dm;i(x) d’;&)J Idl;ifxﬂ
=0 = (2)
[sefgge{of g oo b o

The following steps show how to derive the secosdvdtive:

2 —
d Z =L, ":ZC,, d™ L () Y d'L(9 ) |+2 ni (d" L(x)](d‘Li(x)] [dlLs(x)J+ [Ll(X)Lz(X)][dZLg(x)]
dx = ot dxX et X X dx? @

i=0

i=0
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d’y e (dmiL d'L d°Ly(x)
v = La)[L (()Lo0)]° {ZOC[ dxnl_l(X)J[ d;‘(X) de_soj "
2[L|(X)Lz(x)L3(x)]O[{§ c( : ";L;_fx)J[ : ';Xa(x)ﬂ s |+
O D e | (et
i (5)
{zc{i § ”‘i?:n(dnd}fx)](d':;(xq d:jLXr(X)H L (L L) ™ Ll L LL)T (6)
The following steps show how to dérive the third derivative:
d®y _ ALY d'L,() AL ) d'Le) || AL L)
~ 7 =L 2 +3 n +L,L
dx 3 1|:§CI( dx™ J( dx’ J:I ;C( dx"t ]( dx \Ji|( dxj ' 2[ dx® @
e e ) (d L, )] (o ), G (d L )AL, )],
AP G A - G
dX3 A
+3{n216i (d” 'L, ](d‘gﬂ(d L, ]{ =6 (d”“b](dipzﬂ(dﬂgﬂ
| =6 dx " dx ' dx 3 =0 dx "' dx ' dx |
L," 2 (L,Ly)""
Where A = Lln_ (Laka)™ 9)
L, " (L)
Lln_n(L2L3)n_2
The following steps show how to derive the fourénidative:
Se( o {Ee( T ) | [
- R A P T (L)
S E At o 0 el B
i=0 an I dXI i= an I dXI dX n-n n-n
A L(LL)
n-n n-3
n:OCh dn—iLl diL2 d4|_3 _L1 (LZLS) )
7 ax™ ) odx )\ dx*
L (L) "
4 —n n-(n-1) n—(n- -(n-3)n-(n- n=i i r L;1—n(L2L3)n—n
dy_ n r]nnn(nl)n(n2)n(n3)n(n4)n d L:L sz dL3
- C C - - n-n n-n
dx4 [rzz(:) I |:|:0 rd ; ;) ;0 i den—l j[ dx! J:I( dx’ J:| L1 (L2L3)
L (L) "
L (LL)™ J@11)
And
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=5 (d™L, \(d'L, \|(doL, dm'L, )(diL, )] du L LL)™ ]
{;C' [ o ][ o H[ ] [ZC [dx"' j[dxﬂ(dx] (L)
dy _ +1ch d™L, )(d'L, \](d2L, +1ch d™L )(d'L, )|(dL, )| | L L)
dx® e dx " dx’ dx? = dx "’ dx! dx?® L (LL)™
d"'L, \(d'L, o dm'L, ) d'L, )|(dSL L (LL)™
{ZC [ dx " j[ ax' H( J LZ‘;C [ ax " ][ dx' H[ dx5j L (LL)™ | 12)
In summary

Ny

(13)
Conclusively,ﬂ of y(x), which depends on three differentiablediions;L;(X)L(x)L3(X) is given as :
dx "
. . L, (x)(L,L,)°
d"y _ Z”Cn icn dmL )ALl
dx " = = dx "™ dx' dx’ 0 L
LY (0( L Ls) (14)
o L, (0(L,Ls)°
Where C" = |'(n m and | : is a (n+1x 1 matrix (15)
L2 (x)(L,L;)"
3.0 Implementation of the New Method

Consider the function: y Zcosxsin2x.

The first derivative using the new method:

S R

= sin2x[(1)(2x)(cosx) + (D)(x*)(-sin x)] + (x2)(cosx)[2cos2x]
= 2XSiN2Xcosx — X2 sin2xsin X + 2x? COSX C0S2X

The 29 derivative using the new method is:

d2(x? cosxsin2x)

. =2siN2XC0OSX — 4XSiNXSiN2X — 5X2COSXSIN2X + 8XC@EAX — 4XCOS2XSiNX
dx

The 3 derivative using the new method is:

3
d_Z = 13)% sinxsin2x — 14%cosxcos2x — 30XCOSXSIN2X + 12C0SXCOS2X -6SiNXSin24XSiNXCOS2X
dx

The 4" derivative using the new method is:

4
d_}{ = 16Xcosxsin2x — 12cosxsin2x + 8xsinxsin2x 20sxsin2x - 48sinXcos2x48XCOSXCOS2X +
dx
8xsinXcos2x — 48C0SXSiN2xX + 6AXSINXSiN2x + Zbsxsin2x — 64XcOSXC0s2x — FRMNXCOS2X + 163c0SXSin2x

The 8" derivative using the new method is:
d°(x* cosxsin2x)
dx®

= 260sinxsin2x — 12Psinxsin2x + 400xsinxcos2x -190cosXcos2x -

10xcosxsin2x + 240casks + 160xcoxsin2x + 32@0sxcos2x
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4.0 Conclusion and Recommendation
This method is preferred over the known Liebnitr'sl product rule, in that the Liebnitz's method oaty be used for
a function which depends on two differentiable fiimmts and the product rule requires the precederg/atives before it can
give the higher derivatives[6,7,8]. But this newthwal does not require the lower order derivativegenerate the higher
order derivatives. Moreover, if the functions todifferentiated can be presented in their seriesifahe higher derivatives
of entire functions can be generated recursively.
The following points are obvious concerning ttew method:
0] The superscript n decreases regularly by 1
(i) The superscript i increases regularly by 1
(iii) The numerical coefficients are the nofrbanomial coefficients.

For increased accuracy in most numerical methioalsimvolve the use of higher order derivativess tlew method
can be used to obtain higher order derivativeshefftinctions involved. The labour involved in cdéting and evaluating
higher derivatives through the use of this new wets very minimal, since you can jump the procefssbtaining the
preceding derivatives to the point of obtainingidssderivative (order).

When it comes to the computational implementatibe following steps will give a very easy appraach

0] obtain the series expression of the componeiht,(l5) of the function to be differentiated
(i) obtain by recursion, the derivatives of the comgtnof the function by using differentiating theries
expressions mentioned above
(iii) n in the new formula represents the desired ordé¢neferivative. This can be manipulated to obkédgmer order

derivatives as desired .i.e. If one desires thers&derivative, n will be 2; for the third derivatin will be 3 etc.
THEOREM : Let LyL, L be three differentiable and continuous functidrentthe nth derivative of Y(x) =I(x) L, (X) L3
(x) is obtained as

d n n n-(n-2)n-(n-1) n-(n-n) d n-i L d i L d r L -
= cn c" 1 2 S UL, (L,L.)° 124, 4, LO(L,L Where
o {Z { )IDINTED) .(dxn_. J( = M - H[ (L,L)° 11 (L L))

i=0 i=0 i=0
crn=_"  and [L,(L,00)° 221, 2, L0, L]
Yol (n=r)!
. . Ll(Lst)O
is a transpose of the column matri :
Li(L,Ls)"
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