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Abstract

The challenge of modeling time-varying phenomenon using retarded equations is
of great interest in mathematical sciences. This is because the non-instantaneous
reaction of the state parametersis addressed. I n this research, the Volterra prey/predator
model system is modified by introducing time-lag functions f(t—h) into the state

parameters to account for the non-instantaneous reaction of the state parameters to
changes. The compactness, contraction and continuity properties of the functional on
the Banach space are utilized to establish the uniqueness of the integral solution of the
critical point. The asymptotic stability properties of the critical solution are investigated
using the quadratic matrix equation and symmetric linear matrix inequality test. Results
obtained shows that the system is asymptotically stable, if the recruitment rate of the
prey is kept higher than the recruitment rate of the predator at all time in the system.
This is a stronger condition for stability and sustainability of the system, compared to
the stability result of the equivalent ordinary differential equation modd of the system.
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1.0 Introduction
There is increasing interest in the use of retardgdations in the modeling of dynamic systems. Tiidecause the
traditional point-wise modeling assumption lapsethef differential equations is addressed by incatiog response time
h>0 in the reacting state parameters. For morenerahalysis of retarded models equation refer éofélowing; [1], [2],
[31.[4], [5], [6], [7] and [8].
In this work, the prey-predator model by [9]iiselarized and modified by introducing time lag ftioes f (t — h)

into the model equations. These functions acctmrrthe past history of the state parameters.

The compactness, contraction and continuity prtegeerof the functional on the Banach space arezedil to
establish the uniqueness of the integral solutfahe critical point of the modified model equatidrhe asymptotic stability
properties of the critical solution are checkechgghe quadratic matrix equation and symmetricaimaatrix inequality test
[7] on asymptotic stability analysis of solutiorfsretarded systems. This test ensures that thificieat matrix of the model
equation satisfies the quadratic matrix equatioth e symmetric linear matrix inequality (LMI), feome choice positive
definite symmetric matrices. Also, the eigen-valoéthe characteristic equation of coefficient nixeshould have negative
real roots for some chosen values of the rate efsthte parameters. These established propentieseed the predictive
capability of the model.

1.1 Notations
A and Bare nxn matrices such that matiix= (A+ B). P is a positive symmetric matrix, matriQ =1,

which is an mn identity matrix. E s the n-dimensional Euclidean space, wihas the Euclidean vector norm.
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B, ([t -h,t], E”) is the Banach space of continuously differentiable functigr® on [t —h,t). ¢(s) is a continuously
function with norm inB,, ([t - h,t], E”) defined a?ﬂqﬁ(s)H: sup ‘¢(s)‘ such thatg (0) = 0. W is a symmetric matrix with
t-hss<t

diagonal elementg < a, <1, such that eachy, defines the'i row of W, 0<w, <1, ang = {x, yOE"wx—(1-w, )y}DW
is the convex set segment\of.

1.2 Model formulation
Volterra[9] considers x(t) being the population at time of some animal species known as the prey, g(tl

being the population of predator species which lives osetipeeys. It is assumed thft) increases at a rate proportional

to X(t) if the preys were left alone, aﬁqt) =nx(t), n>0. Inthe presence of a predator which depends on findig p
for food, the growth of the prey is then hindered by inawch the predator finds the prey, thus

X(t) = /x(®)-Ix®zD, 7, 1>0.
The predator is assumed to depend wholly on the prey $orfobd. Therefore in the absence of the prey,
y(t) = —kx(t), k>0.
Volterra[9] presented the differential equation model as,
X(t) = px(t) - 1x(t) 2(t)
2(t) =Ix(D)2(t) - k2 (1),
X(t)) = Xo»n 2(to) = 2o,
Linearizing system (1.0) at the critical poin@ r)= (0,0), and (5 7, by using the definition of the deviation
’ - (I

(1.0)

of the state parameters from their equilibrium points @'(a Fox(t))=6 §<(t) and i([— +02(t))=0 i(t) , then
dt dt

Ix(t) = 1 (a + (1)) - (@ + )T + d(t)]

& 2(t) =1[(a + ST + &z(t)]-n (T +3x(t)).
And the linearized system of (1.0) is

Sx(t) = nIx(t) —ladz(t) - IT Ix(t)

32(t) = ladz(t) + IT 3x(t) -k dz(t),

X(t,) = X, and z(t,) = z,. (1.1)

For the critical point(a, I') = (0,0) , system (1.1) yield

IX(t) = 1 3X(t)

. (1.1a)
dz(t) =-k dz(t),
X(to) = %, and z(t,) = z,,
and this has a trivial solutiorx(=0, z=0) which is not stable.
Next, consider linearization at the critical poi(ur, r) = (IE’ ,Il) , and system (1.1) yield
Ix(t) = - kdz(t)
(1.1b)

52(t) =ndx(t),
X(ty) = %X, and z(t,) = z,,
which has characteristic rogt = + i\//Tk , SO the critical point is stable but not asymptoticallylstab

1.3 Model modification
Assume that the prey and the predator take average reactinf) tnfto respond to changes in the system; that

is after the predator have killed many of the prey; the prezibmin to die out after a time-ldg- h, h > Odue to food
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shortage. This in turn gives the prey population a chémececover within the same time-lag. Thus the retarded equation
model from (1.1) is

5;<(t) =nox(t-h) —ladz(t) - IT ox(t)
Ji(t) =laoz(t)+ ITox(t)-kdz(t-h),
x(t,) = %, and z(t,) = z,. (1.2)

1.5 Uniqueness of solution of the modified model equation
Consider system (1.2) in the form,

V(t) = AV() + BV (t-h),

(1.3)
V(t,) = @s), t-h<s<t,
where,
. . -Ir -la n 0 ox(t)
V(t) = [C?X(t)} A= s B = , V(t) =
az(t) Ir la 0 -k Jz(t)
oX(t - h .
V(- h) :[522-5} and ¢(t):[:g ;j
so that the integrodifferential equation of (1.3) is dedias
d t _
S0 0+B[ ¢ 9] =arB)g - a4

Definition (1.0)
Let ¢ (s)0B, for t—h<s<t, then afunctionv(s,¢(s)) is an integral solution of the critical poh(u', F) of

system (1.3) or'{t - h,t) if the following conditions hold:

. V(s,#(s)) is continuous onlt —h,t),

. V(s @(s)) =V(t), for t—h<s<t,

t

ii jt L #(9)dsOB,

iv and from (1.4),

V(s.4(5) = gOL+B[ (j:¢(w)dwjds— L[ p(s)ds. fort-hss<t,

so that, the integral solution of (1.3) at the criticahpdQ = (a, F) is defined as

Va(s4(9) = pOL+B[ ( [t (w,¢(w))dw)ds— L[ Ga(sp(9)ds- (L.5)
By definition (1.0), assume that the following hypotkesild forV (s, ¢(s)) O B,, ;
a. the functionsf | (@, ¢(w)), G, (s,#(s)), form compacts set iD [0 B,, , where

0

D:{ﬁ/(x(t),z(t),s):N(s,¢(s)) -9 (9) <£,SD[t ~nh,t), nzl)}-The” foralll f, }7,,{ G }2,. convergent

subsequences can be selected sucH{tiat}” _ gand { G }7, - ¢ inDOB,.

b. fo:[t—-ht)xD — E" andG, : [t-h,t)xD ~ E" are continuously differentiable and satisfies the contraction
condition onB,, , then there exist constarkg, M, for 0 <k, <1 and 0 <m, <1 such that

| fo (@.9(@)) - fo (@, 0@))| < my ¢ - G and |G, (s, ¢(5) = Gy (s,6(9))] < ko -6, for 4,608,

Theorem 1.1
Let B and L be stable matrix, and assume hypothesis a, b are satiséiadptra given @(s) L1 B, , there
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exists a unique solution of the critical poifd = (a, I') of system (1.3) defined a\éﬂ( S, ¢(s) )D B,.
Proof:
Let V(S,¢(S)) be a continuous differentiable function 0[1 - h,t), with vector norm defined aHr” on B,.

SinceV (s, @#(s)) satisfies conditions i — ii, then equation (1.5) dadirthe integral solution of the critical point of system
(1.3).
By the hypothesis of compactness &f, (@, @(@)), G, (S,#(S)) in D, for t, <t <...<t, there exists

convergence subsequence soluti{)"t2 (s.¢ (S))}in=1 D which converges in D. Also using hypothesis a ,b and

.. . .. . . t/\max/l
defining A v as the maximum characteristic roots of matricBs and L respectively, and® ,

maxA ! maxA 1

tV max
€ ™ asthe corresponding eigen-vectors, then

Vo (s.8(8)) =V, (s.6(9))
(Bjih (jo fo (w,¢(m))dwjds +L[G, (s,¢(s))dsj -(Bﬁh UO fo (w,H(w))dw)ds " LI;GQ(S,B(S))ds)

el
= HBH(Hfﬁh fa(@(s)as— [ (s, H(S)dsH) + LoV (6 4 (0) = v (164 () |
= mye” ™ | (S, 8(S) ~Wq (S, 8(S) .., +Ko€" ™ [Vq (£ #(1)) —Vq (t. 6 (1)) |
< mye” ™ sup, g [Wq (S, () ~Wq (S,8(3)| ..., + Ko™ sup,g Vg (. A1) =V, (1, 84 ()| Since  0<m, <1,
and  0<K, <1 then
moemmw SUDP;g,, ‘WQ (s ¢(s) ~Wq (s 6(5)‘t_hss<t + koewmm SUPyg,, ‘VQ (t, o) ~Va (t, ¢Q (t))‘ <1.
ThenV, (S, #(S)) is a strict contraction iD and the fixed point oW/, (S, @, (S)) for t —h < s<t which is defined as

<|

J I [l ea (s ones - [ Ga (s oonas]

I ([ fe @ p@nda Jas- [ ([ 1o @ 0@ da Jas

V, (t) is the unique integral solution of the critical point yétem (1.3).

1.4 Conditions for asymptotic stability
Consider system (1.3) with the coefficient matrix as

-1r -la n 0
U
Ir la 0 -k
Han[4] defined the characteristic polynomial equation of tlefficient matrix of (1.3) as defined in (1.5) at the critipalnt

a :IE and T :|Q (which is dependent on the time &> 0) as

-n+ne’ -2 -n
f(e™" )= =0,
k k-ke™ -4
f(e™,A) =2 +A((7-K) -(71-ke™") +nk(2e™" -e*") =0 (1.6).
Igobi et al[7] stated the necessary and sufficient condifmmsystem (1.3) to assume asymptotic stability as:
0] all real roots of the characteristic polynomial equation o6)(fhust have negative real value.
(i) for any positive definite symmetric matrix P, the fundataematrix L = A+ Be™ must satisfy the quadratic
matrix equation
L'P+PL=-Q (1.7)
. -h _
for Q being an identity matrix and L= h+0e g
k k-ke™
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(iii) given matricesQ, P L as stated in (ii) above and matiix as in (1.3), then the exists a symmetric mahix

which ensures that the symmetric linear matrix inequality I[jLM

le 212 213
Zzl 222 223 <0,
231 232 233

Y.=[-Q+BWTPT ¥ =MB| Y =|PBM T[and > =0, for i# j,is satisfied (see proofin [7]).
ij

(1.8)

for

1.5 Asymptotic stability analysis
The asymptotic stability conditions of section (1.4) aresBad if the following hold;

a . the rate of recruitments in the system must be satihytk k (that is, the rate of recruitment of the prgymust
at all time be greater than the rate of recruitment of the mme#a), then the characteristic polynomial equation of (1.6)

will have negative real roots and this satisfies condftipfor system (1.3) to be asymptotically stable.
b. Resolving the matrix equation (1.7) into

Zmll 2m21 0 P -1
m,, (my, +my,) m,, P [=] 0
0 2m12 2m22 P2 -1

for myy, My,, Mpy, My being the elements of matrix L, and substituting theasata have
2(-n +ne’") 2n 0 Pu -1
-k -n+ne"+k-ke™" n P, |=| 0|
0 - 2k 2(k —ke™) {pzj {‘J

Therefore, the elements of the positive definite symmetric xn&triare defined as follow,
Py == |(k? = 47K) - (k? - gk)e™ |

[T [(2k2 -nk) +(-2n° —nk)e‘h],
Pa = —bk +(-n%-2n-4nk)e" + (2n% + 2f7k)e‘2“]

Poo =237 2k + (20K ? = 5 ?K)e ™ + (37 7k - 37k 2)e ™" + (i k - pk?)e "]
Therefore, the positive definite symmetric matrix P whichsfas the quadratic matrix equation (1.7) for conditiont@ipe
fulfilled is
1 P P12
P=—— (1.9)

P
% P12 P2

for pgo. Pus Pras Paa as defined above and’?> k>0 ¢ the choice of the symmetric mat%/ that satisfied the
symmetric linear matrix inequality (1.8) for condition)(iid be fulfilled is

W= (an 2, J
a21 a22
where0<a, <1 andw, (for O<w, <1) defines thd ™ row of matrixW

1.6 Conclusion

The prey/predator model equation was modified by the inttah of time-lag function which accounts for the
response time of the reacting state parameters. The formuaiibproof of result on uniqueness of the integral smiudif
the critical point of the modified model equation was achiewedhle utilization of the compactness, contraction and
continuity properties of the functional on the Banach space. mbdified model equations show desirable asymptotic
stability properties under a certain condition at the criticaltgsuch as keeping the recruitment rate of the prey hihaer
the recruitment rate of the predator). This is not the cade tht equivalent ordinary differential system (1.1), vehos
solutions have shown that the system is only stablenbuasymptotically stable at the critical point (the latendpe
stronger condition for sustainability of the system).
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