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Abstract 
 
The challenge of modeling time-varying phenomenon using retarded equations is 

of great interest in mathematical sciences. This is because the non-instantaneous 
reaction of the state parameters is addressed. In this research, the Volterra prey/predator 
model system is modified by introducing time-lag functions ( )f t h−  into the state 

parameters to account for the non-instantaneous reaction of the state parameters to 
changes. The compactness, contraction and continuity properties of the functional on 
the Banach space are utilized to establish the uniqueness of the integral solution of the 
critical point. The asymptotic stability properties of the critical solution are investigated 
using the quadratic matrix equation and symmetric linear matrix inequality test. Results 
obtained shows that the system is asymptotically stable, if the recruitment rate of the 
prey is kept higher than the recruitment rate of the predator at all time in the system. 
This is a stronger condition for stability and sustainability of the system, compared to 
the stability result of the equivalent ordinary differential equation model of the system.     
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1.0 Introduction 
There is increasing interest in the use of retarded equations in the modeling of dynamic systems. This is because the 
traditional point-wise modeling assumption lapse of the differential equations is addressed by incorporating response time 
h>0 in the reacting state parameters. For more on the analysis of retarded models equation refer to the following; [1], [2], 
[3],[4], [5], [6], [7] and [8]. 
  In this work, the prey-predator model by [9] is linearized and modified by introducing time lag functions )( htf −  

into the model equations.  These functions account for the past history of the state parameters. 
 The compactness, contraction and continuity properties of the functional on the Banach space are utilized to 
establish the uniqueness of the integral solution of the critical point of the modified model equation. The asymptotic stability 
properties of the critical solution are checked using the quadratic matrix equation and symmetric linear matrix inequality test 
[7] on asymptotic stability analysis of solutions of retarded systems.  This test ensures that the coefficient matrix of the model 
equation satisfies the quadratic matrix equation and the symmetric linear matrix inequality (LMI), for some choice positive 
definite symmetric matrices.  Also, the eigen-values of the characteristic equation of coefficient matrix should have negative 
real roots for some chosen values of the rate of the state parameters.  These established properties enhanced the predictive 
capability of the model. 
1.1 Notations 

BandA are nxn matrices such that matrix )( BAL += . P  is a positive symmetric matrix, matrix IQ = , 

which is an n×n identity matrix. En is the n-dimensional Euclidean space, with •  as the Euclidean vector norm.  
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[ ]( )n
H EthtB ,,−  is the Banach space of continuously differentiable functionsGf ,  on [ )tht ,− . )(sϕ  is a continuously 

function with norm in [ ]( )n
H EthtB ,,−  defined as )(sup)( ss

tsht

ϕϕ
<≤−

=  such that 0)0( =ϕ . W  is a symmetric matrix with 

diagonal elements 10 ≤≤ iia , such that each iw  defines the ith row of W , 10 ≤≤ iiw , an ( ){ } WywxwEyx ii
n ∈−−∈= 1;,ζ  

is the convex set segment of W .  

1.2 Model formulation 
  Volterra[9] considers  )(tx  being the population at time t  of some animal species known as the prey, and )(ty  

being the population of predator species which lives on these preys.  It is assumed that )(tx  increases at a rate proportional 

to )(tx   if the preys were left alone, and 0),()( >=
•

ηη txtx .  In the presence of a predator which depends on finding prey 

for food, the growth of the prey is then hindered by how much the predator finds the prey, thus     

 0,),()()()( >−=
•

ltztlxtxtx ηη .  

The predator is assumed to depend wholly on the prey for its food.  Therefore in the absence of the prey,  

0),()( >−=
•

ktkxty .  

Volterra[9] presented the differential equation model as,  

                               

,)(,,)(

),()()()(

)()()()(

0000 ztzxtx

tkztztlxtz

tztlxtxtx

==
−=

−=
•

•
η

                                   (1.0) 

Linearizing system (1.0) at the critical points ( ) ),(),0,0(,
ll

k
and

ηα =Γ  by using the definition of the deviation 

of the state parameters from their equilibrium points as;  ( ) )()( txtx
dt

d •
=+ δδα  and ( ) )()( tztz

dt

d •
=+Γ δδ , then 

  ( ) ( )[ ]
( )[ ] ( ).)())(()()(

))(()()()(

txtztxltz

tztxltxtx

δηδδαδ

δδαδαηδ

+Γ−+Γ+=

+Γ+−+=
•

•

 

And the linearized system of (1.0) is  

       

0 0 0 0

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ,

( ) ( ) .

x t x t l z t l x t

z t l z t l x t k z t

x t x and z t z

δ η δ αδ δ

δ αδ δ δ

•

•

= − − Γ

= + Γ −
= =       (1.1)

 

For the critical point ( ) )0,0(, =Γα , system (1.1) yield  

,)()(

,)()(

)()(

0000 ztzandxtx

tzktz

txtx

==
−=

=
•

•

δδ

δηδ
                                       (1.1a) 

 and this has a trivial solution ( 0,0 == zx ) which is not stable. 

 Next, consider linearization at the critical point ( ) ),(,
ll

k ηα =Γ , and system (1.1) yield  

  

,)()(

,)()(

)()(

0000 ztzandxtx

txtz

tzktx

==
=

−=
•

•

ηδδ

δδ
                                                      (1.1b) 

which has characteristic root ki ηλ ±= , so the critical point is stable but not asymptotically stable. 

1.3 Model modification 
Assume that the prey and the predator take average reacting time0>h to respond to changes in the system; that 

is after the predator have killed many of the prey; the predators begin to die out after a time-lag 0, >− hht due to food  
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shortage. This in turn gives the prey population a chance to recover within the same time-lag. Thus the retarded equation 
model from (1.1) is 

 0 0 0 0

( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ,

( ) ( ) .

x t x t h l z t l x t

z t l z t l x t k z t h

x t x and z t z

δ η δ αδ δ

δ αδ δ δ

•

•

= − − − Γ

= + Γ − −
= =   (1.2)

 

 
1.5   Uniqueness of solution of the modified model equation   
 Consider system (1.2) in the form, 

  

0

( ) ( ) ( ),
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so that the integrodifferential equation of (1.3) is defined as 

  )()()()( tBAdssBt
dt

d t

ht
ϕϕϕ +=





 + ∫ −

.              (1.4) 

Definition (1.0) 
 Let tshtforBs H <≤−∈)(ϕ , then a function ))(,( ssV ϕ  is an integral solution of  the critical point ( )Γ,α  of 

system (1.3) on [ )tht ,−  if the following conditions hold: 

i. ))(,( ssV ϕ  is continuous on [ )tht ,− , 

ii. tshtfortVssV <≤−= ),())(,( ϕ , 

iii 
H

t

ht
Bdss ∈∫ −

)(ϕ ,  

iv and from (1.4), 

           dssLdsdBLssV
tst

ht ∫∫∫ −




+=

− 00
)()()0())(,( ϕϖϖϕϕϕ , for tsht <≤− , 

so that, the integral solution of  (1.3) at the critical point ( )Γ=Ω ,α  is defined as    

  dsssGLdsdfBLssV
tst

ht ∫∫∫ ΩΩ−Ω −




+=

00
))(,())(,()0())(,( ϕϖϖϕϖϕϕ .  (1.5) 

By definition (1.0), assume that the following hypothesis hold for 
HBssV ∈))(,( ϕ ; 

a.  the functions ))(,()),(,( ssGf ϕϖϕϖ ΩΩ , form  compacts set in 
HBD ⊂ , where 

[ )( )








≥−∈<−= 1,,,)())(,(:)),(),(( ntnhtssssVstztxVD εϕϕ . Then for all { } { }∞
=

∞
= 11, iiii Gf , convergent 

subsequences can be selected such that { } { } ϕϕ →→ ∞
=

∞
= 11 iiii Gandf  in 

HBD ⊂ . 

b. [ ) nEDthtf →×−Ω ,:  and [ ) nEDthtG →×−Ω ,:  are continuously differentiable and satisfies the contraction 

condition on 
HB  , then there exist constants0k , 0m  for 10 0 << k  and 10 0 << m  such that 

θϕϖθϖϖϕϖ −≤− ΩΩ 0))(,())(,( mff and  
HBforkssGssG ∈−≤− ΩΩ θϕθϕθϕ ,,))(,())(,( 0

 

Theorem 1.1 

 Let B and L  be stable matrix, and assume hypothesis a, b are satisfied, then for a given   HBs ∈)(ϕ , there  
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exists a unique solution of the critical point ( )Γ=Ω ,α  of system (1.3) defined as ( ) HBssV ∈Ω )(,ϕ . 

Proof:  
 Let ))(,( ssV ϕ  be a continuous differentiable function on [ )tht ,− , with vector norm defined as•  on HB . 

Since ))(,( ssV ϕ   satisfies conditions i – ii, then equation (1.5) defined the integral solution of the critical point of system 

(1.3).   

By the hypothesis of compactness of ))(,()),(,( ssGf ϕϖϕϖ ΩΩ  in D , for no ttt <<< ...1  there exists 

convergence subsequence solution { } DssV n

ii ∈=Ω 1))(,( ϕ  which converges in D .  Also using hypothesis a ,b and 

defining  λmax
Λ , λν

max ,     as the maximum characteristic roots of  matrices B  and L  respectively, and 
λmaxΛte ,

λν maxte as the corresponding eigen-vectors, then 
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t
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λλ . 

Then ))(,( ssV ϕΩ  is a strict contraction in D  and the fixed point of ))(,( ssV iϕΩ for tsht <≤−  which is defined as 

)(tVΩ  is the unique integral solution of the critical point of system (1.3). 

1.4 Conditions for asymptotic stability 
Consider system (1.3) with the coefficient matrix as 
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Han[4] defined the characteristic polynomial equation of the coefficient matrix of (1.3) as defined in (1.5) at the critical point 

l
and

l

k ηα =Γ= (which is dependent on the time lag 0>h )  as 

           
,0),( =
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=
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e

ef
            

    0)2())()((),( 22 =−+−−−+= −−−− hhhh eekekkef ηηηλλλ                   (1.6).        

 Igobi et al[7] stated the necessary and sufficient conditions for system (1.3) to assume asymptotic stability as: 
(i) all real roots of the characteristic polynomial equation of  (1.6) must have negative real value. 
(ii)  for any positive definite symmetric matrix P, the fundamental matrix hBeAL −+=  must satisfy the quadratic 

matrix equation 
              QPLPLT −=+                   (1.7) 

  for Q   being an identity matrix and 
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(iii)  given matrices PQ, , L  as stated in (ii) above and matrix B  as in (1.3),  then the exists a symmetric matrix W   

which ensures that the symmetric linear matrix inequality (LMI) 

   
,0

333231

232221

131211

≤
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for 
∑∑ ∑ ∑ ≠===+−=

ij

TTT jiforandPBMWBPBWQ ,0,,
11 22 33

, is satisfied (see proof in [7]).        

1.5   Asymptotic stability analysis 
The asymptotic stability conditions of section (1.4) are satisfied if the following hold; 

a .  the rate of recruitments  in the system must be such that k>η           (that is, the rate of recruitment of the prey η  must 

at all time be greater than the rate of recruitment of the predator k  ), then the characteristic polynomial equation of (1.6) 
will have negative real roots and this satisfies  condition (i) for system (1.3) to be asymptotically stable.  

b. Resolving the matrix equation (1.7) into 
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for m11, m12, m21, m22 being the elements of matrix L, and substituting the values to have  
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Therefore, the elements of the positive definite symmetric matrix P  are defined as follow,  
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Therefore, the positive definite symmetric matrix P which satisfies the quadratic matrix equation (1.7) for condition (ii) to be 
fulfilled is 
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for 
22121100 ,,, pppp   as defined above and   , 0kη >  c. the choice of  the symmetric matrix W  that satisfied the 

symmetric linear matrix inequality (1.8) for condition (iii) to be fulfilled is 
                      









=

2221

1211

aa

aa
W ,  

where 10 ≤≤ iia  and )10( ≤< ii wforw    defines the i th  row of matrix W .  

1.6 Conclusion: 
The prey/predator model equation was modified by the introduction of time-lag function which accounts for the 

response time of the reacting state parameters. The formulation and proof of result on uniqueness of the integral solution of 
the critical point of the modified model equation was achieved by the utilization of the compactness, contraction and 
continuity properties of the functional on the Banach space. The modified model equations show desirable asymptotic 
stability properties under a certain condition at the critical point (such as keeping the recruitment rate of the prey higher than 
the recruitment rate of the predator). This is not the case with the equivalent ordinary differential system (1.1), whose 
solutions have shown that the system is only stable, but not asymptotically stable at the critical point (the later being a 
stronger condition for sustainability of the system).   
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