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Abstract

The purpose of this paper is to provide a proper identification of normal
irreducible, regular algebraic monoids. The results from the work of Renner [3,4]
suggest that we should be able to find a classification of these monoidsin terms of
their unit groups, and related toroidal data. That iswhat we accomplish here.
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1.0 Introduction
Assume thatM is a normal, regular, algebraic monoid with umbwp G. All our algebraic monoids are defined

over an algebraically closed field of arbitrary iweristic. Lete[1M be a minimal idempotent, and define

Ge ={g0G|ge=eg-¢°
Assume, for simplicity, thaB, is a Levi factor ofs. Thus
G UOGgaR, (G) (semidirect product)
where U=R, (G)AG is the unipotent radical @.
Theorem 1.1
(@) Let T 0 G beamaximal torusand let T [0 M be Zariski closure of Tin M. So T OT induces

X(T) 0 X(T). Let dy O X(T) be the weights of the action Ad: - Aul(L(U)) onthe Liealgebra
of U. Then dy O X(T)U-X(T).

(b) Conversely, suppose we are given an algebraic group G = GpaR,, (G) (where Gg [ G isa Levi
factor) along with a normal torus embedding T [ T of the maximal torus T [ Gp. Let Mg bethe

normal, reductive monoid with 0 and unit group G and maximal D-monoid T [3]. Consider the
action Ad : - Aut(L(U )) and assume that ®; [ X(T)U —X(T). Then there exists a unique,

normal, algebra monoid M with unit group G and maximal D-monoid T 0 M .

(c) Any monoid M, as in (b), has the following structure: Let € = e2 (UM be the zero element of M.
Define U, ={u0U |eu=¢},Uy ={uDU |eu=ueg} and U_ ={u0U |eu=¢. Then
M OU 4 XMgxU_ and the monoid multiplication of M can be defined explicitly with these

coordinates.
The above theorem is an organized summary of CorollaryPPoppsition 2.6 and Theorem 3.3.
We should note that Theorem 1.1 classifies only thosealaggular monoids with unit group G of a particular type
(that is, G is related to the monoid in a particular walf)e general case is explained in Section 4. It is a relativelgrmi
modification of the above theorem. For convenience we desthbee.

So, letM beany normal, irreducible, regular, algebraic monoid with unitugr G, and lee [] E(I\/I) be a minimal
idempotent. LetN = GeRuiG) (Zariski closure), and sgf =GR, (G) The following theorem is an organized summary
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So, letM beany normal, irreducible, regular, algebraic monoid with unitugr G, and lee [ E(M) be a minimal

idempotent. LetN :GeRu(G) (Zariski closure), and sal = GeRu(G)- The following theorem is an organized summary

of Lemma 4.1 and Theorem 4.2.
Theorem 1,2

€) Nisaregular monoid of the type considered in Theorem 1.1. Furthermore gNg -1 N for gOG.
(b) Define NxH, ZZ{[X, g] |XON,g DG} where [X,g] :[y,ﬂ if there exists K [JH such that y=Xk_1 and h=kg.

Then NxH_ isaregular monoid with multiplication [x,g[y,h = lxgyg_l, gk]. Furthermore,

@:NxH; - M
#([xa])=>9
is an isomorphism of algebraic monoids.
2.0 Disintegration of regular monoid

A monoid is regular for an)X [JM such thatXaX = X. LetM be a normal, regular, irreducible, algebraic monoid
with unit group G, and let eJE(M) ={eJM}e=e’}be a minimal idempotent. By Theorem 7.4 of [1]
G, ={g0G|ge=eg =¢€"° is areductive subgroup &

Assumption 2.1
G, O G is aLevifactor, so that =G, xR, (G), whereR (G) <|G is the unipotent radical.

As pointed out in the introduction, the general case canydassierived from this one. We adhere strictly to
Assumption 2.1 except in Section 4.
Proposition 2.2

Let T be a maximal torusand define N =TR (G) O M . Then Nisregular.

Proof
Since M is regular, G is reductive for any minimal idempote®t of M. so G, n R (G)={1}. Thus,

(TR,(G)), n R,(G) ={1}. So (TR,(G)), has no unipotent elements other than the identity. #wst be a torus. By

Theorem 7.4 of [1]N is regular.
Corollary 2.3

Let @, O X(T) be the weights of Ad: Ad: - Aut(L(U ))on the Lie algebra L(U) of U = R,(G). Then
@, O XTMU-X(T)-
Proof

SinceT has azero, this follows from Corollary 2.4 of [4].
Proposition 2.4

Lete U = R,(G)and let
U, ={ulU |eu=¢,
U, ={u0U |eu =ue and
U_={ullU |ue=¢g}.
Then () Uu=uUu_0OU,xU,xU_
(b) G ONgU,)NCUx)NNgU.).

Proof
(a) Follows from Formula (3) of [4].

(b) Notice first thatG, 0 C,(e). So if uOU, and gOG,, thenegug™ = g(eu)g™ =e. So gug™OU, .

Similarly, G, O Ng(U_)-

Now G, O N, (U,), by an argument similar to the above. But we can provél@ fore forUy Indeed,e
T O G, be a maximal torusnd letu UU,. Then fortUT, etut™ =eut™ =ue=eu. Soetut'u™ = e, which implies
that tut'u™ OU,. But etut™u™0U, since T O Ng(U,). Sotut™u™0U,NU. ={1}, so thatut =tu. But then
T OCg(U,) forany maximal toru§ [J G, . On the other hand,| 1 G is Zariski dense. Thu$, O C(U,).

TOG
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Proposition 2.5

LetM_ =G, OM . Then M isnormal.
Proof
Consider
p:M, - M - MIIR,(G)
whereM // R, (G) is as in Theorem 4.2 of [2]. Now // R (G) is normal ando(M // R,(G)) = o(M)"™(®. By Theorem 4.2
of [2], ¢ induces an isomorphism ciﬁ, so by Corollary 4.5 of [3) is an isomorphism.
Proposition 2.6
M OU, x C, (e)°x U_ andC,, €y OM_x U,
Proof
Define p:U, xC,, (€)°xU_ -~ M by ¢(x,y,z) = xyz. We define a monoid structure @n x C,, (e)°xU_ so thatp

is a morphism, an@, xC,, (€)° xU_ is regular. From there it follows thé@tis surjective and birational. BM is normal, so

¢ is an isomorphism.
By Corollary 2.3 and the comments following Corollarg &f [4], o, O X(T) and o, O -X(T). So we obtain

T - EndU,) extendingT - Aut(U,), g int(g); and T - EndU_) extendingT - Aut(U_),g~>int(g™). So the
sought after multiplication oo, xC,, (€)°x U_ can be defined in [4]. Thatis
(u,x,v)(a,y,b) = (ud, (v,@)", x{o(u,v)y,{_(v,a)"b)
where{,,{, and {_ are defined by
{.:U_xUu,-Uuu._ D%—»UH
o:U_x U, 0] -U,uU_0Q -U, and
¢_:U_x U, M) ~UUu_0g ~U_.

The action ofx 0T onuU, is denoted’, and yOT onvOU_ by v7.

In this section we start with the pieces, and show how tetreat a regular monoid.
3.0 Construction of regular monoid
Definition 3.1. LetM, be a normal, reductive monoid with 0, andUelbe a connected, unipotent group with regular action

0:G, - Aut(U) such thatd, 0 X(T)U-X(T). Inthe situation of 3.1 we can write=U,UU_where
LU, 5} L)L) =G M and W)= 0 )1,

arFX(T)
Proposition 3.2
U, U, andU_ arestabilized by G, under p.

Proof
Let 1:K™ - Z(G,) OT be a 1-psg (where psg is periodic subsemigroups) suchirthat, A(t) =0. Such aA

exists becaus, is reductive. Thel' (X(T)) 0 Z = X (k™). One checks that"(X(T)\ {0} 0 Z* and A" (-X(M)\{0} O Z~
. Thus,

U, ={ubu | lim A(Ou©O ™ =1}

U_ ={uDU | lim A *uA(t) =1} and

U, =Cy (A(k)).
But A(k") O G, is central. ThudJ, ,U, andU_ are stabilized b§, underp.

Theorem 3.3
Let My, 0 and U be asin 3.1. Then U, xM,XJ,>J._ has the unique structure of a regular, algebraic monoid

extending the group law on U, XGxU, xU_IGXU, (U, g,V,W)— (@ Mn).
Proof
By Proposition 3.2,0:G — Aut(U) stabilizesU , ,U, andU_. By definition, o |T : T — Aut(U,)

extends ovelT , 0" |T:T = Aut(U_) extend oveT . Thus, by Corollary 4.5 of [3] there exist unique
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0:G, - Aut(U,) and uniquep_:M, —» EndU_) extendingp™:G, - Aut(U_). Using formula (4) of [4] we can
define the desired multiplication as, xM xU, xU_ , just as we did in Proposition 2.6 above.

4.0 The general case
In this section we consider normal regular monids, bubawit the restrictions of Assumption 2.1. SoNéte

normal and regular. 18] E(M) is a minimal idempotent defin® = G_R,(G).

Lemma 4.1

(a) gNg™ ON for gOG.

(b) N isa regular monoid of the type considered in Assumption 2.1
Proof

If g0G thengGg™ =Ggeg,1. But from Theorem 6.30 of [1] it follows thgeg*heh* for someh[OGR,(G).

But then 969" =hGh'9GR (g =G RO "
=gG,R,(G) =hG,h'R,(G) =hG,h"'R,(G)h™
= hG,R,(9)h™ =G,R,(G)
sincehOG_R,(G). By continuity,gNg™ O N.
For (b), notice thaB, is reductive by Theorem 7.4 of [1]. B(G,R,(G)), =G, and so, again by Theorem 7.4 of
[1], N is regular. Furthermore(, xR (G) — G is bijective. But we need a little more in positive charastter So let

kK" O Z(Ge)eDE, as in the proof of Proposition 3.2. 98, 0 C, (k') =GU, =U,G,. But also L(G) =L
(G)+0L (GU,)OL(G)_, because global and infinitesimal centralizers correspond fos twtions. But from the
proof of Proposition 3.2, U,) OL(G), and LU_) OL(G)_. Thus LU,) OL(G), and LU_) O L(G)_since
dim G=dim{,)+dimy_)+dimGU,), while U, xG,xU, . xU_OG . But then G, R,(G) =G, NU,.
But from 2.4(b),G, 0 C,(U,). SoG,NU, is a central, unipotent subgroup schem&pf On the other hand, it is well

known thatZ(G,) is a disagonalizable group (possibly non reduced, ierggn In any cas&, U, =G, (1 R, (G) must
be the trivial group scheme. Th@, x R,(G) - G is separable, and therefore an isomorphism.

Let H=GR,(G and define N x"G={(xg)|xON,g00G/~ where (X,g) ~ (xh™,hg) if hOH . Define
$:Nx ,G - M by g(x,9g]) =xg.
Theorem 4.2

@ isan isomorphism
Proof

From the proof of 4.1,H is a normal subgroup ofG_. Define a multiplicaton on N x" G by

[x,0][y,h] =[xgyg ™, gh]. One checks that this is well defined. Furthermpris,a morphism of algebraic monoids.
Now ¢ is birational sinceG(N xH;)=G=G(M). But also,G¢(N)G =M , since , Proposition 6.27 of [1}

intersects every J-classMf So ¢ is surjective and birational, while M normal. Thus) is an isomorphism.
50 Conclusion

Regular monoids, in general, are constructed from thosesdliaty Assumption 2.1. Indeed, Mtbe a normal
regular monoid with unit groupl, and assuméd = H_R (H) (as in 2.1). Assuméi <G andG/H isreductive. Then we

can define a regular monoid M with unit gro@p
M =NxH . with multiplication

[x,glly.h] =[xgyg™, ghl -
By Theorem 4.2, all normal regular algebraic monoids are autdfris way:
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