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Abstract

Optimal 3-point symmetric quadratic regression designs were constructed in the experimental
domain [—1,]] with the regression range X:{(l, X, X2 o ,Xk) x[J D} )

For the symmetric design d;, the information matrix, M (d3) and standardized variance,
\Vi (x, d3) were exploited to identify optimal 3-point symmetric quadratic regression designs based on
optimality criteria.

The design points {(—1, 0,90 D} and the weights w, , w,, w, for the number of trials N<7

were used for the construction of the optimal designs. Some A-, V-, and D-optimal

3-point
symmetric quadratic regression designs for the number of trials N <7 are highlighted
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1.0 Introduction:

Consider the kth degree polynomial model [6]
Yij =B, + Bx + :32)(i2 ot :kaik te,

(1.2)
i =1 2,---,n ; J =1 2,---,N
with
k
E(Yij) = 2 B/ and Var (Yij ) =0’ (1.2)
i=0
In a compact form (1.1) is re-written as
Y = XB+e (1.3)
where X = (]_, Xi Xiz,"' ,Xik)
and B=Bo. Bu Bovs By 1.4

Theorem: Gauss Markov Theorem [10].

For the full mean parameter system: Let X belex K matrix with full column rankK, and V be a nonnegative
definite N X N matrix.

AleftinverseL of X attains the minimum ot VL' over all left inversed. of X

LVLT = Min LVLT
LOR"™

LX =1
if and only if LVR' =0, where R is a projector given Hg = I, — XG for some generalized inver§g of X .

A minimizing left inverse L exists; a particular choice is G-GVRR, with any generalized inversel of RVR' . The
minimum admits the representation
Min LVLT = (xTvix)?

LDkan
LX =1
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and is attained by any matrix = (x TV TlX )’1 x TH , whereH is any generalized inverse Wf .
By the theorem, the optimal estimator Bf is given by

g = (x ™ x)'xTy (1.5)
with the dispersion matrix
v(g)= or(x7x)* (1.6)

which depends on the values , X,, X;,--+, X, of X, and the number of replicationdl, , N,, N,,---, N, such that

n

n
Z N; = N (N is the total number of observations)
i=1

Given the experimental design

dn = {Xl' oy Xgyoo s Xy N11 N21 N3'“"Nn}(1'7)

n

with a finite N and finite numbern(n > k +1) of distinct regression values in the inter\[d, b], the regression vector
X = (1, Xi s Xiz,---,Xik )T ,1 =1 2,--- are called the support @, written as:
suppd, ={x; , X %} (L8)

Accordingly, the matrix
XTX =3 N % %/ (1.9)

is called the information matrix ofl ; and is denoted bl (dn) (See [8])
Since matrix inversion is antitonic [1] the invenﬂ;ispersion matrix is
(5 1
VB =IXTX Nxx=—Md
J=x)= =3 (4,)

Hence

M (d ) (1.10)

is the precision matrix for the deS|grdn in the experimental domainD:[a, b] and corresponding range
x =[x x3,-,x): xOD| DR,

Clearly, if the weightsy = Ny i = 12... n are placed on the regression vectors, they vamgiramusly in the
I N ’ )

closed interva{O, 1] such thatw; + W2 +W,; +---+W, =1. Thus the precision matrix becomes.

V- (/3) Z w X X7 (1.11)

i<k

and the design (1.7) becomes

d, ={x, %%, w, W, w,} (1.12)
wheren >k +1
For simplicity [12, 13], takeg® = | , the dispersion matrix for design (1.12) is
Vv (,E) (x"D,x) (1.13)
and the information matrix
M(d,)= X"D,X (1.14)
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1 %, X2 X

where 1 X, X5 X5
X =" "7 2| and D, =dag(w,, w,,-,w,)

1 x, X2 - x&

2.0 Materials and Methods
Define the experimental symmetric domainD :[:L —1] [10] with the regression range

:{(1, X, X2+, x¥ )T s x U D} Let d* be the reflected design for (1.1) with respedit@).
= (= X =X Wy Wy, W) (2.)

Accordingly, the desigrd , and an have the same even moments while the odd momeérds:chave a reversed sign. (See

[41)
Let M (dr'f) be the informatior(k +1) % (k +1) matrix of the desigrd .

M(dF) = QM (d, )Q 2.2)
where Q = diag(—l 1 —ZL---,il) is a diagonal matrix. Hence, the symmetric design
d, = %(d +df) = {ixi,vg W/|—12 } (2.3)

W . .
assigns the weightsz—' to X, and — x; for eachl . Clearly, the information matrix fod , is

M ;)= 1[lvl ACH) (2.4)
:E[M (d,) +Qm (d,)Q]

By similarity transformationM (dn) and M (an) have the same eigenvalue. Since optimality coieri is super-additive
(Atkinson and Donev, 2002; Atkinsion et al, 2007)

o (a:) = ¢[1[M )M (dr )]} > oM (@) (25)

which according to Pukelsheim (2006) shows that mginization improves the value of the criterigh or at least it
guarantees the same value as long ds supper-additive and invariant with respectirieflection.

Accordmg to [7], comparison of designs is basediizpersion matrices of the estimator of the regjom parameters.
Let ,Bl and ,82 be the esimators of3 under designsd, and d,. If V( 1) < V(,B ) we say that the desigal,
dominates desigitl, . Pukelsheim and Studden [9] define optimalityesitin ¢ as supper-additive function from the closed
cone of nonnegative definite matrix into a rea¢lifhe most prominent optimality criteria are the
matrix meansg, for p O (— 0, ) The classicalA—, D—, V—, E—and T criteria are special cases of matrix means
(see [10]).

According to [4, 11], the standardized varianaecfamparing designs is

\7(x, d;) = m (2.6)

0.2

V(¥) =02 £7(x) M *(d;)  (x), provided|m (d;)
F(x)= (1, x, X2, %)

where
0 (2.7)
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Fedorov [3] and Kiefer [5] established the follogiiaquivalence conditions fcﬂl:1

()  the designd; minimizesgM (d: )|

) the minimum ofV/(x, d})= 0 for xOD

(iii) the variance\7(X, dn) achieves its minimum at the points of the des@ﬁ,.

By condition (ii), the desigrd; is D-optimum if I‘Q]%X \7(X, dn) < P, where p is the number of support points of
the designd, . The desigrd, is A—, V-, and D —optimal in the class of designs d, has

(i) min tr(XT DTX)_l

(ii) I\‘{I]|D n V(Y)

(iii) Min[Max \7(X, d )J respectively.

XD
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ults
oint Symmetric Quadratic Regression Design:
3-point symmetric Information matrix -1{q* mld: Trace of 7 : 7 7 * i
Quadratic Regression M (d*) M (d3) ‘ ( 3} M_l(d;) V(Y) leDnV(Y) V(X' d3) "
Designsd; on[-1,1] :
- -111 302 2 0-2 9 2 2 4 _ 2
{ 1: 01131313} 1 020 E 0 10 i %(9X4—9X2+6) 30 %(gx - X +6) D-c
3 2 27
202 -203
- - - 8 2
{ 1 O’l%'%’%} 1 20t 202 } 2(72(2x4 —x? +1) 20 2(2X4 —x2 +1) | A
’ 010 0 20 8
101 -204
{_1‘ O’l;%’%’%} 1 °02 5 2072 1_2 2_5 %(5x4+2) 50° %(5x4+2)
s|ezo Sleso 12E 3 3
202 -205
— -2 12 504 4 0-4 2 2
{ 1 0% 5'5’5} 1040 500 10 1_6 2_5 5‘%(5x4—7x2+4) 50 §(5x4—7x2+4)
5 2 12t 2 2 4 D-
404 -4 05
— .12 1 - 9
-10L3.3.4) 20 Jro ) | 1 392 3% +1) 3, axt+y | .
3 =020 9 2
101 2
-103
— -111 6 -13 8 0-8 1 17 2 4 3 3 3 4 3
{ 1 0% 3'2'6} 1,4, 10 o 3 = =0 07(17)( +6x° - 2 g2 5(17)( +6x° - D-¢
6 4 9 2 2 5 V-(
3-13 -8 317 25x2 +8) 25x“ +8)
{101 2,1,2} |70 S0 0768 36 49 7422(7)(4_@(2%;) 70° 4—69(7x4—6x2+6
=loe o0 —|o 10 -
60 6 -607
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4.0 Discussion
Clearly, we have constructed a 3-point symmetriadgatic regression deS|g{1—l, 011 I 2, 4} which is A-

optimal. Also the 3-point symmetric quadratic resgien deS|gns{ 1012 2,1, 5} { 1,013, 3, 3} and

{ 1,013, 3, e} are D-optimal. But the de5|gr{s-l 0113, %, é} and{—:L 013, 3, %} are V-optimal among the
class of designs constructed.
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