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Abstract

This work examines both the elliptically contoured Wishart density and the
resulting density of the total correlation coefficient, and reaffirms the invariance
property of the squared sampled multiple correlation coefficient. This invariance
property is then exploited to show that the densities of the multiple correlation
coefficients for the standard normal model and for the elliptically contoured model
are identical. The same is shown to also hold for the density of the partial
correlation coefficients.
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1. Introduction:
Let A be an m x m positive definite matrix, havitng elliptically contoured Wishart density [4, 3,08ven by

n-m-1)/2
f(A) = kg (tr (PA)) | A" M
where g is an absolutely continuous function, atigeknormalizing constant of density functions. Egrconsider the case
m=2
i.e. A:[a“ aizj and Pissuch that P* = (l '0] (2)
a’zl a'22 10 1

wherep is the total population correlation coefficiemdavhat is desired here is the density of the wdahple correlation
coefficient, r, defined by

1/2
(all azz) =90 3)
[1, 5] variously found the density of r to be
2
. (Zpr)a{r[n;aﬂ
f(r) = k@-p*)"'2 @-r2)md2 y I (4)
al

a=0

2
The squared sample multiple correlation coefficfent(1) is given asR 12.m

where R,, = A, Azi A, (5)
and the matrix A is partitioned as
A= [An A J and such that Ais m-1 by m-1

A21 A22

The squared population multiple correlation coédfit
2 — -1 -1
Piom = Pu PPy P,
1 p, P P

where P2 1 Paz - Pom '
PP =Py Py 1o Pan| = {1 P“}

31 32 an ] ]

P21 P22

pml pm2 Iom3"' l
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pll plZ p13 plm

P2 P2z Paz -+ Pon
o - p21 pzz p23 pz i} |:P11 P12:|
a1 Ps2 Pas-r Pms
Py Py

and

i=1

Now for the Wishart density, f(A) (:zn)’"“’z ‘p‘”/z om ﬁ c(n-m+i)exp {—;tr (PA)}N("_m_l)IZ (6)

with — o{n-me) = (o )(o-m)2 /{r (” “m ﬂ @)
2
The density of R » mis known to be [5, 6]
2 ni/2 2 (n-m-1)/2 2 mT—l
f (R2 ) _ (1_,01.2”,“) (1_ Rlz.m) (Rl.z.m) Q (8)
L2.m B[n—m+1 m—1j '
2 2
where nnm-1 2 9
Q:Fliz’z’ 2’ R1-2--mp1.2“m ( )
If we use the identity
2 - - - r r - ’
1- ,01.2'_m = Fil I‘Pzz‘ I‘P‘ =1- I:)111 P12P221P1 (10)
then, (8) can be re-written as
5 _ 1 1 \N2 2 (n-m-1)/2 5 (m-3/3 (11)
F( R1.,2,.m) _k(l_ P PuPa Pz) (1_ R 1,2m) ( R 1.Zn.) Q.
- nnm-1 - ' - '
where Q =Fp |:E,E.—2 ; R12.,2,.m P ' F)12P221 I:)21:| (12)

It follows from (4) that (11) is invariant underttransformatiorP — aP for any parameteg . We shall now use this

invariance property [7] of the canonical correlatiatrices and of the correlation coefficientstiows that the densities of
the canonical correlation matrices and of the datian coefficient are independent of any elliptiggontoured modeled
function g.

If y has n components;eo [y [0 oo, then '[yTAy f(y" Ay) exp“dy)T J dy

r T A-14)
= k|A f(u)u(n-2>/2§”(d—Ad) (13)
=0 22fr(g+ ryr!
Iexp{—%tr (PA)}A(”'“”2 (67 AS) dA-= 2" kT (g+ rj(JT AS)' A (14)
For any absolutely continuous function g we hayje [2
s[GJernen)] =0 o
The Multiple Correlation Coefficient
From (6), letP O [ aP, and use (11) to get
1 . 1
f (R?%12.m)= k[, exp {— 50 Puay — Py Ay - St (a P, A, )}
_ (n-m-1)/2 n-m)/2
(au - A, A A2]) |A2;1( ) dA ., (16)
where the region of integration R is defined by
6‘11R21.2..m = A12 Azgl A21 ‘A 2L> 0 (17)

First use (13) on (16) and integrate out # get
f (Rzl-z-“m) = kIeXp{_ %[] Phay, _%tr ([] Py, Ay )}
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|A22| > a, (n+2r-2)/2 (1 R2,. m)(n—m—l)/2(Rzlzmm)(m—3)/2

R? aP),A,,P:
(Rian) (@PeruPia) (0 (18)

2 1
e 2”[‘[2(P—1)+r}r
Next using (14) we in integrate oultlland A to get

)

1 —
(R ) ka2 (1R, (R
Note that (19) is true for all = M. Hence suppose
n=2, m=2, and P =1, then observe thatfor conformable matrix B,

I exp{—;atr (B)}B'”2 dB =Ka?[, exp{—;tr (B)}B'l dB

“ka? |1 (R%,) exp{ 1(b11+b22)} db,, db,, (20)

*Q (29)

— 1
=k[f(R%,)exps-=a d
] ( 1'2) xp{ > u}u u
which is an identity in and hence using (15) with= —a' /2 we have
Io g(tr (B))[B["* dB = k (R*,)Js g(u)du (21)
From (21) it follows that if P is given by (2), in¢20) becomes
[ exp {—%a’tr (PB)}|B|

-1/2

dB = k(L- R%1) %( 2, )2

Jexp{-;a(sf- 2pR%,S,S,+55)S:S, dsds., (22)
where
S =rCosb, S,=rSiné, (1—,0R21.2 Sin26’)r2 =uandSn %X =x (23)
(22) reduces to
R exp{ Zatr PB)B["" dBk(1- RzlAz)%(Rzl_z)_llzf"gu exp{ 2cu}du (24)

_jl X 1
1-pR%, X) V1-x?
and hence, (21) holds, showing that the densif?pf does not depend on g.
Finally observe that from (21) and (24)

J~R g(tr(PB))‘P‘nIZ‘B‘ n-m- 1/2dB K f(R212 m) J‘os g( )tn—l dt (25)

Thus we have shown that the densities of the nhelltprrelation coefficient (25) for the standardmal model and for the
elliptically contoured model (1) are identical.

THE PARTIAL CORRELATION COEFFICIENT

Let us partition the matrix A as

dx

a, a, Ay
A= _ A, A, (26)
8y 8y = T )
T A, Ay,
A, Az,

and assume that P is also conformably partitiombd.squared partial correlation coefficient is dedi by
R21.2...m = d21/d11 d22

d, d _
Dy, = {dll dlz :| =AL - A, Azz1 A, @7
21 U2

The joint density of B, A, and A, is
f(Dll A12 Azz) - k‘ 11‘2
1 -
eXp{_ztr (P11 D, +Py A, Azz1 At Zr(Plf‘ 2)+tI'(P A 2} ] }) (28)

Integrating out A we have
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n—-m-. n—-m-. 1
(D An) =KD" (A e p{—gtr(PnDn)

1 1 _

-t (P, A,,) +otr (PP, AP, ) } (29)

Hence the density of Ris
1 1 n-m-

f (D11)=k eXp{_Etr(PnDn)}Dnz( K (30)
The population squared partial correlation coedfitiis

Paz.m = Pi !/ PuP o (31)

Pll :[ pll p12 ]
where P21 P2
The density of R,z m IS

1 1

f(R2123 m): k(l_p2123 m) (- m+2)(1 R%123. m) () (R212.3...m) llZQ

where Q=F [Z(n—m+2) —(n—m+ 2); TR% 5 10212.3..m:| (32)

This density is invariant under the transformatién— a'P for any n andm=2. Moreover, it depends only oRipp;,
and p,, and hence (28) reduces to

Ix g(tr (P, Dy) +t)tm D, Jllzn ™ dD,., which is of the form

kf (R212.3“m)f°°0 g(u+t)u? t™ du dt, where t and g are some real positive numbers.

Conclusion

Following the non-central density of the sampleaeation coefficient for a class of elliptically mmured models derived
by [5], this work has exploited the scale invariapcoperty of multiple and partial correlation dagénts to show that the
densities of the scale invariant statistics aratidal for the normal model and the ellipticallyntoured model.
Furthermore, the density of the total sample cati@h coefficient, r, is invariant under the tramsfation P - aP for

any parametetf . The same applies to the squared sample corneletiefficient. We also used the invariance propefty
the canonical correlation matrices and the coimatoefficients to show that the densities of¢haonical correlation
matrices and of the correlation coefficient aresjpehdent of any elliptically contoured modeled fiorcg.
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