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Abstract

The problem of optimal economic growth in an aggregative closed economy
in which the basic equation of economic growth is a differential equation has
been investigated in various ways by different authorsin the past.

This paper investigates the existence of a solution to the optimal economic
growth problem by showing that a solution exists to the set of constraint
equations. Essentially, the paper retains all the problem formulation stated in
[1, 2] where some theoretical bases leading to the economic growth problem
arelaid.
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1.0 Introduction:

The recognition that the determinants of long-teeonomic growth are the central macroeconomic prablvas
accompanied in the late 1980s by important advaitabe theory of economic growth. This period trat the
development of “endogenous — growth” models witkeg feature of these models- a theory of technoldgirogress,
viewed as a process whereby purposeful researdhapplication leads over time to new and bettedpets and
methods of production.

It is now generally acknowledged that the aggregatput of an economy and hence, it's economic ldgveent
path, depend ultimately on how it earnest it's ptgls human, social and environmental capital. @heumulation of
physical capital as a determinant of economic gnofgatures prominently in the Solow-Swan model.o%0[3] and
Swan [4] had a fundamental impact on “big-questidatelopment economics tries to address. It isiwodting that
Solow’s path-breaking work brought about the notidrtonvergence, meaning that countries with a éowment of
capital relative to labour will have a high raterefurn to capital. Thus, a given addition to thpital stock will have a
larger impact on per capital income. It then follothat controlling for parameters like savings saa@d population
growth rates, poorer nations may tend to grow faatel hence catch up or converge to the levelsetifveing enjoyed
by richer nations. If this view holds, developmbetomes largely a matter of getting some econondcdegmographic
parameters right. Along this thought of poor nai@oming close to the richer ones in the long Bayumol [5]
investigated the long-run result of productivitygth, convergence, and welfare. Bond [6] invesigahe estimate of
empirical growth models using GMM. Uzawa [7] propdsa human capital model to speculate about thg tan
consequences of an economy populated by individwhiszse innovative efforts are driven not only bg tfesire of
accumulating marketable expertise, but also byeslaf sharing knowledge or by intellectual curipsif simple
calibration of the model suggests that in the lomg an economy populated by individuals who accateuhuman
capital only because they were driven by intellatituriosity grows faster than one in which investits in human
capital are motivated by the prospect of monetaward.

Mankiw, Romer and Weil [8] incorporated human calpihto the Solow-Swan model and demonstrated tteat
augmented model provides an excellent explanatiotine international variation in standard of livildso, economists
have turned increasingly to the use of endogenomsth models which go beyond the Solow-Swan modergue for
externalities of the generation of human capital sthnological innovations, and for profit as thieving force behind
innovation.
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Tran-Nam [9] investigated an infinite- horizon aggative closed economy in which production depeasdentially
on physical capital, natural capital and laboure flatural capital stock is modeled as a renewasieurce in which the
change in the stock of natural capital dependstoaiutonomous evolution, production and consumpditernalities,
and environment maintenance program. White and Rod®] review the economic context within which Arican
families lived in the 1990s. With full employmemdgrowing income and wealth for many Americangbpgm areas
existed within the society. These included persistacial gaps in economic well-being, growing inalkity, and
declining wages for young men. This same trendtemisnost societies and organizations today pddityin most
developing economies, hence the need to addressstieof economic growth.

The neoclassical theory of economic growth anddB& production function are regarded as twins. \Ba@eminar
contribution in 1956 not only created a new theofymacroeconomic dynamics, but also introduced \a type of
aggregate production function. Over the last 40sja@ot less than four different variants of theSQioduction function
have been used. The original specification dueciové contains not only a substitution parameter (c — 1)6 which
has become a common element of all further CES s, but also an unrestricted tewnwvhose economic significance
is not clearly defined. Arrow et al. [11] and Brovamd de Cani [12] took care of the elasticity ob&itution by
developing a sound theoretical and econometricdation for the CES function. Later, the emergerfca new growth
theory created interest in CES production functisilump and Preissler [13] examine the use of CE&pction
functions in growth models. It was found that ndit\ariants of CES functions commonly used are iantly
specified.

The link between growth and investment has fornexddore of various economic growth models. The et
endogenous growth models suggest that investmdmioadly defined capital has a positive long-ruie&fon growth.
Dajin [14] examine the empirical validity of AK-tgpendogenous growth models, and the long-run oeldietween
growth and investment. It was found that contraryihes [15] findings, the broadly measured ratmedéstment exerts
a long-run positive effect on the growth rate. Tesult was supported by evidence from twenty-foEGD countries,
1950 — 1992 and five major industrialized couniris®/0 — 1987.

Dynamic optimization methods have been used in atwa applications of growth theory with a viewderiving
conditions for optimal economic growth but not gileg that reality could be explained by such hype#s. Cass [16]
and Arrow [17] employed dynamic optimization frohetviewpoint of closed (centralized) economies imoaition to
control the economy completely. Since the semirsgueps by Romer [18, 19] and Lucas [20] on endogempawth
were published, dynamic optimization models haveobh®e unquestioned standard in growth theory. Qragtplications
of dynamic optimization models for economic grouwtve been carried out by various researchers.nistarice, Eicher
et al. [21] interpreted economic crises as beiegédsult of the decisions of dynamically optimizangents.

Of great interest to many researchers is the mattieah model of a highly simplified economy [1]which the rate
of output, Y (t) is assumed to depend on the rates of input ofalal§i(t) and labor forceL (t) .Specifically, the basic

equation of economic growth is stated as a diffggeaquation of the form:
dK (t
Flk]=c+[u+ o]k + L0

Rate of output being a function of rates of inputapital and labour force implies that
Y =F(K,L) (1.1)

Where, F is regarded as the production function.

, testst

Assuming that this function obeys a ‘return to stploperty so that
F(BK, )= gF(K,L) (1.2)

Setting 8 = }I/_ and defining the output per worker and capitalywerker, respectively, as

y=% andk=}%_

y=Y{ =FK.L [ =F(KD= 1K 9

Where, f (K) satisfy the conditionsf '(k) > Oand f"' (k) <O

We have

Furthermore, since output is either consumed agsted, we have
Y(t) =C(t) +1(t) (1.4)

Where, C and | are the rates of consumption anelsimvent, respectively. Since the investment is used
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To increase the capital stock and replace machitieen
| = K+ K (1.5)

©._dK
Where,u is the rate of depreciation of capital akd= —

Defining C = % as the consumption rate per worker, equatior® (firough (1.5) give

Y= ()= c+ 1K+ 4k L6)
and since

diKi_1p 1/

dt| L L L

Which when substituted into equation (1.6) yields

* L
f(k)=C+k+Ek+ﬂk (1.7)
Assuming that labour grows exponentially with eamiogrowth, that isL. = Lofm , then

k=f(k)-(u+o)k-c (1.8)
This last equation, due to Burghes and Grahansfll be regarded as the governing
equation of the economic growth model.

Naturally, a planner needs to select a historyoosamption per worker, c (t), on the

<t<
fixed time intervaF0 sts tl, which is subject to some constraints, sucloas c(t) < f(k), t, st<t

For instance, if it is desirable that
1(t) =Y(t) - C(t)
or t, St<t (1.9)
i(t) = fk(t)] —c(t)

always be nonnegative, whekrft) = | (t% .

In order to make such a choice, the planner muat ha economic objective, say the maximization
of a standard of living as measured by W, such that

w = ["e4ue(n)]dt (1.10)

where,U (C) is a utility function which is a monotonic incréag function of C, O is the discount rate

for future utility, i(t) is the investment per workeff, (K) is the output per workei is the rate of

O
growth of the labor force and/ is welfare to be maximized. It is also required ttatime t =t, the remaining capital is

not all exhausted so that life may continue. Heircaddition to knowing the
initial conditionk(t,) =K, , it is required thak(t,) =k, = k;, some minimal acceptable capital for
the beginning of the second time pericit, .

The optimal economic growth problem then amounféntingc(t) in some clasg containing only
non-decreasing functions such that

U t
W = sup[J't1 e U [c(t)]dt} (1.11)
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subject to the set of constraints:
K (t) + [+ o)) +ct) = FIKO] b<t<u
k(t,) =k,
k(t,) =k, (1.12)
o<c(t) < §[k(t)]

Researchers have investigated the different variainéconomic growth problem in various way base

on individual interest [2, 22, 23]. Our interesttinis paper is to establish the existence of swhutd the above problem
posed by Burghes and Graham [1]. The remaining phathe paper is organized as follows. Section stuises the
existence of solution to the economic growth probla an aggregative closed economy by the estabésh and proof
of theorem 2.1. In Section 2.1 we discuss the teduhined

from the proof of the theorem, while Section 3 demith the conclusion.

2.0 Existence of Solution
The existence of solution to the set of constriairffL.12) is established through theorem 2.1.

Theorem 2.1
The existence of a solution of the basic equatiogronomic growth corresponds to the existence of a
fixed point k of F such that F(k;c) satisfies tle af constraints in expression (1.12).

Proof of theorem 2.1
Define a functionalF (X; C) = y from functionsx(t) ont, <t <t, to functions

y(t)ont, <t<t, by

F(x0) =k, + [ [F[x(9] - c(s) {1+ o(e}x(9) Jos
then

F(ko) =k, + [ [fIk(S)] - c(s) ~{+ a(9}k(s) Jos

2.1)
F (k;c) = k implies that:

=k, + ] [H{K(E] - c(9) ~{ + o(9}k(s) Jds
Thus,

k() =k, + [, [T[k(9] - c(9) ~{ + o(9}k(s) Jds
From where

k(t) =k, + [ Tk ~c(9) ~{ 1+ oS} k(9) Jos

since [ [F[k(9)] - c(s) ~{ 1+ o(9}K(S) Jds = 0 thenk(t,) = k,this satisfied

the initial condition.
Now,

K(t) =k, + [“[T k()] - c(8) ~{ + oK) sz k,
implies that,

k(t,) =k, = ["[[K(8)] - c(s) ~{ 1+ o(9}K(s) Jas =k, —k,
Imposing the condition thak (t) ; K, for allt [J [to,tl] ,thenk(t ) -k, =0
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implies that,
k() =k, = [ [T[K()] - c(s) ~{u+a(S)}k(s) Jdsz 0

Making use of the fact that if g is an integrahladtion on[a, b] and
g(x) = ofor all x [ [a, b], then

[Cg(x)dx2 0

We then have
[ [FIk1 e~ {1+ o9k Jos= 0
or
fk(s)] = c(s) ={+ o(s)tk(s) = 0

Since s is a dummy variable, we have
flk(t) —c(t) —{u +o(t)}k(t) = 0 for any t such that, <t <t,.
The above translates to:
flk(t) —{u+o)}k(t) =c(t) whent =t
and
fk()] —{u +o(t)}k(t) >c(t) forall tsuchthat, <t <t,.
If c(t)is selected as above, then

k(t) =k, + ["TF k(9] = c(8) ~{ 1+ o (}k(9) Jds

0
Thus the final condition is satisfied and the cl&ssontainingc(t) can judiciously be selected.

2.1 Discussion

The proof of theorem 2.1 shows that there existahetreasing functions c(t) in some class
O

C for which welfare is maximized as stated in expgmes$1.11) based on boundary conditions withoutating any of
the constraint equation in expression (1.12). Thuslution exists to the set of constraint equatio

3. Conclusion

The proof of theorem 2.1 has established the Fettgolution to the optimal economic growth probleran aggregative
closed economy exist. Efforts made by researcheigviestigating the problem in various ways aredfae not a
waste.

This paper has established a need for the develupohi€omputational procedures that will addressptoblem on the
computer. By so doing, further investigations oa tomputational results can be carried out throagblication to
various real life systems that operate close ¢opttoblem as formulated. This may lead to findingay of optimizing
the welfare of those within such organization ariety.
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