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Abstract

A nonlinear model on HIV epidemic under contact tracing is studied, where
we assume that the rate of recruitment of HIV positives is proportional to the
population. We determine the criteria for stability of the epidemic free equilibrium
and the endemic equilibrium..
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1. Introduction:

Contact tracing has been used as a method of dorgreontagious diseases [1,2]. While there i#l stidebate about
contact tracing for the HIV infection [3,4] the megence of infectious tuberculosis and outbreaksirofy resistance
tuberculosis secondary to HIV induced immunodejoests forcing many public health departments teexamine this
policy[5,6].

2 Mathematical Formulation

We shall consider the differential system that dbss the model which is proposed by Arazazo §fal

The model [7] is

dN
E——aNX—uN+5

X — aNX — (k+up+ B)X +v(1)

dat

ad = kX +p)Y

az ,
E=ﬁX+ﬁY—uZ+p
Where

N-the population of sexually active person or spbée

X-the number of HIV positives that do not know trerg infected.
Y- the number of HIV positives that do know theg arfected.
Z-the number of AIDS cases

k- the rate at which the HIV positives are detected

B- the rate at which the HIV positive develops AIDS.

p-the death rate of the sexually active population.

|’-the death rate due to AIDS.

3-the recruitment into the class of the susceptible.

L-the immigration of unknown HIV positives.

p-the immigration of AIDS cases.
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In this paper we assume that the rate of recruitroeHIV positive is proportional to the population
The model becomes

dn _ NX — uN + 6N
a ¢ #
dx
EZQNX—(I('FII-FB)X'FUN
2
dY—kX Y
iz _ X +BY —u'Z +
dt—ﬁ BY —uZ+p

After transformation (2) becomes

AN _ _NX = uN + 6N
a - #
‘;-’;:aNX— (k+pu+B)X +vN

3)

dY—kX +pB)Y
=KX=+ )

am _ X +BY —u'M

Descartes’ rules of sign
The number of positive zeros of polynomial withlreaefficients is either equals to the number afiations in sign of the

polynomial or less than this by an even number [4].

3 Results
(a) Stability of the Epidemic free equilibrium
Theorem 1:1f Ry< 1, then the zero solution of the epidemic fregildarium of (3) is asymptotically stable.

Proof: The Jacobian matrix of epidemic free eqtilliim is

o-u 0 0 0

- 0 —(k+u+p) 0 0

| o k -(u+p 0

0 B B -H

The eigenvalues ared; =§ — pu 4)
A=—(k+p+p) (5)
Aa=—u+p) (6)
= ™)

The zero solution epidemic free equilibrium of 8asymptotically stable if (4) is less than zdre (/]1 <0,if 60— u<0

then6<,u,é<l,R0 <1
U
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Theorem 2:If R, >1, then the zero solution of the epidemic free digiiilm of (3) is unstable

Proof: The Jacobian matrix of epidemic free equilibritam i

3-u 0 0 0
A= 0 -(k+u+p) 0 0
0 k ~(u+p) 0
0 B B -

The eigenvalues are

(O-u=A - (k+pu+B)=A)-(w+B)-A(-4~2)=0

Recall that Ia:é, Rou=4
Y7

= (R, ~L)(k + g+ B)+ Ak +2u + - 3)+ A*
and
A3 = _(ﬂ+,3), Ay = _,U'

Fadk+ B+ p2-R,)) - pu(Ry -1k + u+ g)=0 ®
It is sufficient to show that at least one eigeneak positive. Now
A2+ Ak + B+ p(2-Ry)) = Ry ~ 1)k + 1+ ) = 0
has one variation in sign when
(k +u+ ,B) >0,u>0and R, >1. Hence by Descartes’ rule of sign, (8) has a pasiti
root and then the critical point is unstable.
This completes the proof.

(b) Stability of the epidemic equilibrium

Theorem 3 If r3>, >,r,>0 and 0, the endemic equilibrium is asymptotically seabl
Proof: The Jacobian matrix of epidemic equilibri(@his

o _krurplo-p) o
%ﬂ+5+?
_ _ kK+tu+p
A=|Vv+o—u V(—,u+5+v) 0 0
0 k ~(u+p) 0
0 B B K
The eigenvalues of the epidemic equilibrium is oted by solving
|A-12]=0 ©)
A+ P, + %1, + A +1, =0 L0
(k+u+p)

e A g

Q:W+u+ﬂN¥#O+NOH¢ﬂ‘WV+”+ﬁh¥5g§£%
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rl=(k+/~l+,5’)(5‘/~1)(ﬂ'+ﬂ+ﬂ)_vﬂ'(ﬂ+’8)%

o= (k + g+ B)S — )it (1 + B)

(10) has zero variation is signs. Hence by Dessantde of signs\’s are all negative or two negative roots and tamplex
numbers. It they are all negative, and then thtecatipoint is asymptotically stable. Suppose

A=a+ifp, A, =a-if,A,=—a and A,=-b
We claim thaty < 0. The number of complex roots will be 2 or 0. kth are two negative roots then
(A-a-i)A-a+ip)A+a)(A+b)=0and=0 and
X +(a-2a +b) +(a? + B2 +ab-2a(a +b))1° +((a+b)a? + B7)- 2ab)i + abla? + %)= 0
r,=a—-2a+b
r,=a’+p*+ab-2a(a+h)
r, = (a+b)a? + B?)-2ab
r, = abla? + %)
But r;>0,,>0,r,>0,1,>0 (given)

0a-2a+b>0, a®+ B> +ab-2a(a+h)>0, (a+b)a? +B%)-2ab>0, abla® + 52)>0

Since “a” and “b” can be small as “@"0,“b” — 0 >0 = oa<0
Hence the equilibrium point is asymptotically stabl
This completes the proof.

Theorem 4:1f Ry >1, /(3 +V)+&(u+ B)> plp + B+ 17 )+ vik
(k+ u+ B + 8> +vo)+ u((u+ B)5+V))>
V(g + p+ B)k+ i+ )+ plpt' (p+ B)+ (k + p+ B)20 +v))

(,u' +ﬁ+lu)(,u2 + 02 +v5)>
i+ B)+ il + i+ B)25+v)'

then the endemic equilibrium is asymptotically &ab

and

Proof: The Jacobian matrix of epidemic equilibrium (3) is

o _krurplo-u4) o
%ﬂ+5+?
_ _ K+u+p
A=|Vv+o—u V—(—,u+5+v) 0 0
k ~(u+p) 0
0 B B -y

We want to show thag*0,,>0,r;>0 and §0

s :(ﬂ'+ﬂ+ﬁ)_v((_k;f;_|’_83)
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Note that

(k+u+p) :(,u'+,u+,6)(—,u+5+v)—v(k+,u+,8)
~H+3+V) (~u+d+v)

(,U'"',U"',B)_V(

_ P = B S+ S+ B+ v+ v+ fu=vik + g+ )
(-u+a+v)

“HH - B O O+ PO+ UV VK
(~u+o+v)

since (S+v)+3(u+B)> ply' + p+ B)+vk
this implies that  4>0.

Clearly §>0  if ﬂ'(#+lg)+(k+lu+,3)(5—,u)—v(,u'+ﬂ+ﬁ)%>O

put Bt 8 +v)+(k+ p+ BIS-p)p+S+v)—vw' + p+ Bk + 1+ B)
(-u+3+v)

(k+u+ B)u? + 3% +v3)+ ' (u+ B)3+v)-
(' (e + B)+ (k+ u+ B)20 -v)) = vl + 1+ B)k + p+ B)>0

(k +,u+,8)(,u2 + 072 +v5)+ w(u+ B)o+v)>
plpd (u+ )+ (k+ p+ )20 +v))+vlw + p+ B)k + 1+ )

This implies thaty>0
Here we want to show that>0

rFW+u+ﬂ%¥1MM+#+m‘W“”+mé%%%¥%

Note. that (k+ﬂ+ﬁ)(5—ﬂ)(ﬂ'+wﬁ)-w’(wﬁ)%
(k+pu+B)o—p)u' +p+ B -p+d+v)-vu'(u+p)k+p+pB)
(Fu+o+v)
(k+p+BN(0—p)u' +u+B)-p+d+v)-vu'(u+p)
(-u+3+v)

(k+u+ BN = p)u + p+ B)=p+S+v)=vp'(u+B))>0

(k+pu+p)>0and (5-p)(u' +p+B)-p+d+v)-vu'(u+B)>0
(k+u+p)>0and -y +p+ B)25+v)-vit' (u+ B)+ (i + p+ B)u? + 3% + &) >0

since (' + g2+ B)? + 82 + &) > p(us' + pa+ B)25+V) + vt (e + )
This implies that 0
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And lastly, we want to show that>0

o= (k + g+ B)O - )t (e + )
forry,>0,0>u
impliesthatR, > 1

Hence 0
By theorem (3) endemic equilibrium is locally areymptotically stable. This completes the proof

4. Discussion of Result

From the result obtained in (4) and (8),the basproduction number Rs less than 1, then the epidemic free equilibrism
globally asymptotically stable but otherwise, tipddemic free equilibrium is unstable i.e if>R. From the result obtained in
(10), the epidemic equilibrium is asymptoticallylse if R>1. From what we had in (4) and (10), both the epid free
equilibrium and endemic equilibrium are stable #meir stability depends on the basic reproductiominer R. Therefore
contact tracing could be used as a method of clintahe spread of the virus.
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